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Abstract 

We present the results on Giant magneto-impedance effect 
(GMI) effect in amorphous and nanocrystalline microwires 
at frequencies till 4 GHz paying special attention to 
tailoring the frequency and magnetic field dependence of 
GMI effect. Correlation between magnetoelastic anisotropy 
and magnetic field dependences of diagonal and off-
diagonal impedance components are observed 

1. Introduction 

Ferromagnetic thin wires (with typical diameters from 5 
till 120 m) gained considerable interest owing to their good 
soft magnetic properties and giant magneto-impedance, 
GMI, effect [1, 2]. Industrial applications required 
miniaturization of the magnetic sensors. Therefore soft 
magnetic wires with reduced dimensionality recently gained 
much attention [1, 2]. GMI effect, consisting of large 
sensitivity of the impedance of magnetically soft conductor 
on applied magnetic field, attracted great attention [2, 3] due 
to excellent magnetic field sensitivity. The shape of 
magnetic field dependence of the GMI effect (usually 
presented as magnetic field dependence of 
magnetoimpedance ratio, Z/Z) is determined by the 
magnetic anisotropy [1-3] Magnetic anisotropy of 
amorphous and nanocrystalline microwires is determined 
mostly by the magnetoelastic term and can be tailored by the 
metallic nucleus composition and by the thermal treatment 
[1,4, 5]. 

Latest development of industrial applications required 
miniaturization of the magnetic sensors. Therefore reduction 
of diameters of magnetically soft wires is one of the 
prioritary tasks in the field of applied magnetism. 
Consequently families of soft magnetic wires with reduced 
dimensionality and outstanding magnetic characteristics, 
such as melt extracted wires (typically with diameters of 40-
50 m) [6, 7] and glass-coated microwires with even thinner 
diameters (between 1-40 m) [4, 5] recently gained much 
attention. The advantage of the Taylor-Ulitovski method 
allowing the fabrication of glass-coated metallic microwires 
consists of controllable fabrication of long (up to few km 

long continuous microwire) and homogeneous thin 
composite wires [1,4]. 
Recently, certain progress on achievement of excellent soft 
magnetic properties and high GMI effect of glass coated 
microwires has been reported at the laboratory level [1,4]. 
This gives rise to development of industrial applications for 
low magnetic field detection in various industrial sectors [8].  
Cylindrical shape and high circumferential permeability 
observed in amorphous wires is quite suitable for 
achievement of high GMI effect [4, 9]. It is worth 
mentioning, that the cylindrical shape is quite suitable for 
achieving of high GMI effect [1-9].  
As mentioned above, the magnetic field dependence of the 
GMI ratio is intrinsically related with the magnetic 
anisotropy and peculiar surface domain structure of 
amorphous wires [1-4]. Magnetic anisotropy of amorphous 
microwires in the absence of magnetocrystalline anisotropy 
is determined mostly by the magnetoelastic term [5, 10, 11]. 
Therefore the magnetic anisotropy can be tailored by 
thermal treatment [4, 13, 14]. On the other hand at certain 
conditions of thermal treatment and for certain composition 
amorphous microwires can exhibit nanocrystalline structure 
after partial crystallization [15, 16]. In some cases, 
nanocrystallization allows achieving good magnetic softness 
and enhanced GMI effect in ferromagnetic microwires [15-
17]. Such soft magnetic character is though to be originated 
because the magnetocrystalline anisotropy vanishes and the 
very small magnetostriction value when the grain size 
approaches 10 nm [15-18]. Like for conventional 
nanocrystalline Finmet-type materials, average anisotropy 
for randomly oriented -Fe(Si) grains is negligibly small 
when the average grain is about 10-20 nm. Low values of 
the magnetostriction are essential to avoid magnetoelastic 
anisotropies arising from internal or external mechanical 
stresses.  
  As mentioned above in the case of amorphous glass-
coated microwires the magnetic anisotropy in the absence of 
magnetocrystalline anisotropy has mostly the magnetoelastic 
origin, i.e. determined by the metallic nucleus composition 
and by the internal stresses [5, 10, 11]. The strength of 
internal stresses is mostly determined by the ratio, , 
between the metallic nucleus diameter, d, and total 
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composite wire diameter, D, (=d/D). Such stresses arising 
during simultaneous solidification of the composite wires 
originate from the difference in thermal expansion 
coefficients of metallic alloy and glass coating [10-11].  

The magnetoelastic energy, Kme, is given by 

Kme = 3/2 λsσ,       (1) 

where σ =σi + σa – total stresses, σi –are the internal 
stresses,  σa – applied stresses and s - magnetostriction 
constant [19]. As regarding the magnetostriction constant, 
λs, in system (CoxFe1-x)75Si15B10  λs changes from -5x10-6 at 
x= 1, to λs≈35 x10-6 at x≈0.2, exhibiting nearly-zero values 
at Co/Fe ration of about 70/5 [19, 20]. 
 Consequently, the magnetoelastic anisotropy of amorphous 
microwires can be tailored either through the metallic 
nucleus composition and by changing the samples geometry 
(-ratio) or by thermal treatment [1,4].  

Consequently in this paper we studied the GMI effect (GMI 
ratio, Z/Z,) and hysteretic magnetic properties in ultra-thin 
amorphous and nanocrystalline glass-coated microwires 
with vanishing magnetostriction constant and report results 
on correlation of GMI effect with magnetic anisotropy and 
possibilities to tailor magnetic field dependence of GMI 
effect. 

2. Experimental details and discussion 

We have measured dependences of the diagonal Zzz and 
GMI ratio on external axial magnetic field H in amorphous 
as-prepared and annealed  microwires, as described 
elsewhere [4, 19].  
The magneto impedance ratio, Z/Z, is defined as usually 
accepted [1-4]:  
 
Z/Z = [Z (H) - Z (Hmax)] / Z (Hmax),            (2)
   
where  Hmax  is  the axial DC-field with maximum value up 
to few  kA/m.  
The microwires were placed in a specially designed 
microstrip cell. One wire end was connected to the inner 
conductor of a coaxial line through a matched microstrip 
line while the other was connected to the ground plane [21]. 
The wire impedance was measured using vector network 
analyzer. The frequency range for the diagonal impedance 
component has been measured till 4 GHz. 
Hysteresis loops have been measured by the induction 
method, as described elsewhere [4]. 
We studied Finemet-type Fe70.8Cu1Nb3.1Si14.5B10.6, 
Fe70.8Cu1Nb3.1Si16B9.1, Fe71.8Cu1Nb3.1Si15B9.1 and Fe73.8Cu1 

Nb3.1Si13B9.1; amorphous Co69.12Fe4.01Ni1.46B11.63Si10.83Mo1.46 

C1.49, Co66.87Fe3.66C0.98Si11.47B13.36Mo1.52  and Co69.4Fe4.3Ni1.5 

B11.7Si11.9Mo1.2 microwires with different diameters of 
metallic nucleus, d, total diameters, D, and consequently 
different  - ratios (d/D) fabricated by the Taylor-
Ulitovsky method [4]. Finemet-type samples have been 
annealed at conventional furnace.  X-ray diffraction (XRD) 
measurements were carried out by means of a D8-Advance 
(BRUKER) diffractometer CuK ( = 1.54 Å) radiation was 
used in all the patterns. 

 

3. Results and discussion 

3.1. Magnetic properties and GMI effect of amorphous 
microwires  

As mentioned above, value of GMI ration and magnetic 
field dependences of GMI effect are intrinsically related 
with magnetic softness of magnetic materials, which is 
determined by the magnetic anisotropy. In the case of 
amorphous materials there are a few sources of magnetic 
anisotropy, such as surface defects, clusters, magnetoelastic 
anisotropy related with internal and applied stresses [4, 
10,11].  
Effect of –ratio (which affects the internal stresses) on 
hysteretic properties of Co69.12Fe4.01Ni1.46B11.63Si10.83Mo1.46 

C1.49 amorphous as-prepared microwires with similar 
metallic nucleus diameter, d, ranging between 9.8 and 
d=12.4 m and with ratios ranging between 0.53 and 0.86 
is illustrated in Fig.1. All studied samples present similar 
values of coercivities (about 3 A/m), but magnetic 
anisotropy field and consequently magnetic permeability of 
these samples are rather different: microwires with thicker 
glass coating and consequently with stronger internal 
stresses present higher magnetic anisotropy field and lower 
magnetic permeability (Fig.1). It is worth mentioning, that 
samples with rather different diameters of metallic nucleus 
(11 and 12.4 m) and glass coating thickness, but with 
similar  - ratio present quite similar hysteresis loops with 

similar magnetic anisotropy field and consequently similar 
magnetic permeability (Fig.1). Similar dependences have 
been observed in other Co-rich microwires [4, 22] 
Accordingly magnetic field dependences of GMI effect 
measured in Co69.4Fe4.3Ni1.5B11.7Si11.9Mo1.2 microwires of the 
same composition and different geometry are also different 
(see Figs.2).  Here we present dependences of GMI ratio, 
Z/Z on magnetic field, H, measured for microwires with 
metallic nucleus diameters 6.0 and 21.0 m and with rather 
different -ratios (0.53 and 0.92 respectively). General 
features of measured Z/Z dependences on magnetic field, 

-400 -300 -200 -100 0 100 200 300 400

-0.9

-0.6

-0.3

0.0

0.3

0.6

0.9

 

0.64, d=11.8m
 0.86, d=11m
 =0.83, d=12.4m
 =0.53, d=9.8m

 
M

, 
(T

)

H, (A/m)

Figure 1: Effect of microwires geometry on hysteresis 
loops of Co69.12Fe4.01Ni1.46B11.63Si10.83Mo1.46C1.49 
microwires 
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H, is that the magnetic field of maximum shifts to the higher 
field region increasing the frequency, f.  
From Fig. 2 we can also conclude, that Z/Z and its 
frequency dependence are strongly affected by the 
magnetoelastic anisotropy determined by the ratio Much 
higherZ/Z ratio has been obtained for the simple with 
thicker metallic nucleus diameter. On the other hand 
significant GMI effect has been obtained even for thin 
microwires (with metallic nucleus diameter about 6 m). 
Frequency dependence of maximum Z/Z ratio, Z/Zmax 
present maximum for both samples (see Fig.3), but both 
Z/Zmax and frequency of maximum are rather different.  
For both samples there is an optimal frequency where the 
Z/Zmax exhibit maximum value.  
 We measured GMI ratio, Z/Z, at different 

frequencies in considerable amount of 
Co66.87Fe3.66C0.98Si11.47B13.36Mo1.52 microwires with metallic 
nucleus diameters between 8.5 and 9 m and presented 
obtained results in the similar way as in Fig.3, i.e. Z/Zmax 
(f). For these samples the optimum frequency for 
achievement of highest GMI ratio is between 100 and 200 
MHz (see Fig.4). Additionally all the samples exhibited 
similar Z/Zmax (f) dependences. The origin of the 
maximum on Z/Zmax(f) dependences might be determined 
by the magnetic anisotropy field.  Therefore one can expect 
similar Z/Zmax(f) dependences for microwires with similar 
-ratios.   

3.2. Magnetic properties and GMI effect in 
nanocrystalline microwires 

 
 All as-prepared and even annealed below first 
crystallization process Finemet-type microwires present 
squired hysteresis loops similar to Fe-rich amorphous 
microwires (Fig.5). Like in other amorphous Fe-rich 
microwires, coercivity, Hc, exhibit remarkable dependence 
on -ratio (Figs. 5, 6).   
Generally we observed that annealing results in decrease of 
coercivity, Hc, and hysteresis loops present rectangular 
shape at least until relatively high annealing temperature, 
Tann. 
Annealing temperature dependence of coercivity of 
Fe71.8Cu1Nb3.1Si15B9.1 microwires shown in Fig.7 present 
considerable magnetic softening at Tann between 800 and 
900 K as previously observed in other Finemet-type 
materials and Finemet-type microwires [15, 23].  Generally 
GMI effect in as-prepared Finemet-type microwires (like for 
all amorphous Fe-rich microwires) is rather small. Some 
exceptions are partially crystalline microwires, where some 
amount of nano-sized crystals has been observed in as-
prepared state. 
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Figure 3: Frequency dependence of 
Co69.4Fe4.3Ni1.5B11.7Si11.9Mo1.2 microwires with different 
metallic nucleus diameters 
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Figure Z/Z(H) dependences of  
Co69.4Fe4.3Ni1.5B11.7Si11.9Mo1.2 microwires with 
different ratios: 0.59; d=6; D=10.m (a) and 
0.92; d=21 m; D=22.8 m (b). 
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Particularly in as-prepared Fe73.8Cu1Nb3.1Si13B9.1 microwire 
we observed existence of -Fe nanocrystallites with average 
grain size about 12 nm (Fig.8a). The grain size has been 
estimated the average grain size can be estimated from the 
width of the crystalline peak using the Debye–Scherrer 
equation. For comparison X-ray diffraction pattern of 
completely amorphous as-prepared Fe70.8Cu1Nb3.1Si14.5B10.6 
microwire is shown in Fgi.8b. In as-prepared 
Fe73.8Cu1Nb3.1Si13B9.1 microwire we observed GMI effect 
(Z/Z ≈10% at 600 MHz, see Fig. 9). After annealing we 
observed increasing of the GMI effect (Figs.9a and 9b).   For comparison we present GMI results for as-prepared and 

annealed at 673 K Fe70.8Cu1Nb3.1Si14.5B10.6 microwires 
(d=8.m, D=16.6 m, = 0.49) with amorphous structure 
(Fig.10). 
As-prepared Fe70.8Cu1Nb3.1Si14.5B10.6 amorphous sample 
exhibit much lower maximum Z/Z values, Z/Zmax(3% at 
600 MHz, see Fig. 10a). Like in the case of 
Fe70.8Cu1Nb3.1Si14.5B10.6 nanocrystalline microwires we 
observed improvement of Z/Zmax after annealing at 673K 
(Fig.10b) 
Higher GMI effect in as-prepared Fe73.8Cu1Nb3.1Si13B9.1 

microwire must be related to it nanocrystalline structure. In 
fact previously partially crystalline structure consisting of 
nano-sized grains embedded in amorphous matrix have been 
already reported [15, 24].  
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Figure 8: X-ray diffraction patterns of as-prepared 
Fe73.8Cu1Nb3.1Si13B9.1 (a) and Fe70.8Cu1Nb3.1Si14.5B10.6 (b) 

microwires. 
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different ρ-ratios. 
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     Enhancement of the Z/Z ratio must be related enhancing 
of magnetic softening observed in studied microwires after 
annealing (Figs. 5, 6).  
Observation of GMI effect in as-prepared 
Fe73.8Cu1Nb3.1Si13B9.1 microwires must be attributed to lower 
magnetostriction constant in partially crystalline samples 
containing nanocrystallites. 
Finally we measured GMI effect in Finemet-type microwires 
with different ratio.  Z/Z (H) dependences for 
Fe73.8Cu1Nb3.1B9.1Si13 are presented in Fig.11. As can be 
appreciated although generally GMI is rather small, the 
sampleswith higher ratio (lower internal stresses) 
generally present higher Z/Zmax values.  
Generally, measurements of the GMI effect in 
nanocrystalline microwires involve preparation of the 
electrical contacts of rather brittle nanocrystalline samples 
obtained by recrystallization of amorphous samples after 
annealing. Therefore preparation of less brittle 
nanocystalline microwires directly by rapid quenching of 
composite microwire from the melt might be useful from the 
point of view of applications. The work on optimization of 
the GMI ratio during nanocrystallization is in progress.   
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Figure 11: Z/Z(H) dependences of as-prepared 
Fe73.8Cu1Nb3.1B9.1Si13 with  =0.56, d=12.3 m (a) 
and =0.87, d=25.1 m (b) measured at different 
frequencies. 
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Figure 9: Z/Z(H) dependences of Fe73.8Cu1Nb3.1Si13B9.1 
microwires (d=20.3m, =0.71) measured in as-
prepared and annealed at 673 K samples at 600 MHz (a) 
and in annealed at 673 K Fe73.8Cu1Nb3.1Si13B9.1 
microwires at different frequencies (b). 
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Figure 10: Z/Z(H) dependences of in as-prepared (a) 
and annealed (b) Fe70.8Cu1Nb3.1Si14.5B10.6 microwires 
(d=8.2m, =0.49) measured at different frequencies. 
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4. Conclusions 

GMI magnetic field and frequency dependences and 
magnetic softness of composite microwires produced by the 
Taylor-Ulitovski technique can be tailored either controlling 
magnetoelastic anisotropy of as-prepared microwires or by 
heat treatment. The magnetic softness, magnetic field and 
frequency dependences of GMI effect are determined by the 
magnetoelastic anisotropy. GMI effect has been observed in 
as-prepared Fe-rich microwires with nanocrystalline 
structure.  
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Abstract 

The idea presented in this paper concerns the design of new, 

ultra-thin, polarization-insensitive, wide-angled 

metamaterial absorbers that operate in mutli-frequency 

bands within the microwave regime. The basic structure 

geometry is presented firstly and used to create multi-band 

highly absorbing structures, exploiting the scalability 

property of the metamaterials. Simulation results verify the 

high absorption of the structure. The multi-band absorbers 

are promising candidates as absorbing elements in scientific 

and technical applications because of its multiband 

absorption, polarization insensitivity, and wide-angle 

response. Finally, the current distribution for those structures 

is presented to gain an insight into the physics behind the 

multiple absorption mechanism. 

1. Introduction 

Metamaterials have been effectively used to produce highly 

absorbing structures which led the microwave engineers to 

research a new scientific field, with a direct impact on 

modern microwave systems. Since metamaterial absorbers 

are thinner than the traditional microwave absorbers, due to 

diffraction limit restrictions, they are perfect candidates to 

replace them as absorbing elements in scientific and 

technical applications. Essentially, metamaterials are 

inherently inhomogeneous structures, usually fabricated 

from metallic particles embedded in a host dielectric 

medium, and their properties mainly arise from the 

geometric details rather than their constituting material 

properties. Since the size of the comprising particles is often 

much smaller than the free-space wavelength, they are 

frequently described via effective-medium theories, i.e. by 

extracting effective electromagnetic parameters [1]. In the 

meanwhile, a considerable variety of  metamaterial 

structures have been proposed in order to produce almost 

perfect absorption in the microwave, terahertz, and infrared 

frequency regions [2-5]. The initial proposed designs were 

fabricated in low-cost FR-4 substrate by means of standard 

photolithographic techniques and have been very sub-

wavelength (around λ0/35 at the resonant frequency). 

However, their performance has often been angle- and 

polarization-dependent, while the absorption bandwidth is 

usually narrow, due to the resonant behavior of metamaterial 

elements. Since there is still need for improvement of their 

performance, a lot of research is carried out in order to 

produce a wide range of incident angles and  bandwidth-

enhanced frequency spectrum [6-10]. This is a subject of 

huge importance for many different electromagnetic 

interference/electromagnetic compatibility (EMI/EMC) 

problems.  

The purpose of this paper is to present a family of 

ultrathin, polarization-insensitive, metamaterial structures 

with wide angles of incidence that can achieve high 

absorption in multiple frequencies within the microwave 

regime. Having determined the optimized unit-cell 

dimensions [11] for an absorber operating in the middle of 

the microwave X-band (8.2-12.4 GHz) we proceed to the 

design of multi-band absorbers. They consist of a periodic 

array of different scales of square electric ring resonators (S-

ERRs) [12] and a full metal back plate separated by a 1mm 

thick FR-4 dielectric substrate, resulting in an electrically 

thin structure.  The proposed concept is successfully used in 

various cases of oblique incidence.  The absorbing capability 

of the proposed absorber is directly resulted from the 

resonant structures of the unit cell. Through simply scaling 

up and down the dimensions of the original S-ERR it is 

possible to tune the absorbing frequency over a significant 

electromagnetic frequency spectrum. 

 

2. Theoretical background and S-ERR absorber 

design 

Absorbers are incorporated in various applications to 

eliminate unwanted scattering electromagnetic energy. In 

free space this is accomplished by presenting an impedance 

to an incoming wave equal to the impedance of free space. 

At a material interface, the incident, reflected and refracted 

waves must obey the boundary condition which states that 

the sum of both electric and magnetic fields of the waves 

must be continuous. This requirement of continuity of the 

amplitudes leads to the well known Fresnel’s equations. For 

the design of an efficient and reliable metamaterial absorber, 

it is necessary to minimize both the reflection and 

transmission of the incident waves, exploiting the complex 

interactions of the metamaterial with the impinging 

radiation. Such a requirement stems from the definition of 

the absorption, obtained in terms of the S-parameters, as 

A(ω) = 1−R(ω)−T (ω), with R(ω) = |S11|
2 
and T (ω) = |S21|

2
 

being the reflectance and transmittance, respectively.  
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Following the theoretical analysis, our proposed 

structure of an efficient metamaterial absorber, is realized  

by imptinting a S-ERR at the front face of a 1 mm thick FR-

4 dielectric substrate with a relative permittivity εr = 4.1 and 

loss tanδ = 0.025 (at 10 GHz) as in Fig.1(a). Note that the 

substrate is ultra thin and lightweight and determines the 

overall design’s characterization as ultrathin. The bottom 

layer is a full copper plane to ensure zero transmission 

through the slab and is designed such that the incident 

magnetic field drives circulating currents between the two 

layers. The metallic parts are made of copper, which 

behaves as a perfect electric conductor (PEC) at the 

microwave regime. The specific S-ERR has been chosen due 

to its four-fold rotational symmetry around z-axis that 

renders the structure's response insensitive to the 

polarization of the impinging waves. An array of infinite 

unit cells is formed by applying periodic boundary 

conditions along the x- and y-axis. All simulations in this 

paper are carried out through the frequency domain solver of 

CST MWS™ computational package [13]. 

 

 
                 (a)  (front view)                        (b) (side view) 

 

Figure 1: Optimized unit cell with a = 8 mm, b = 4.2 mm, 

c = 0.5 mm, l = 1.9 mm, g = 0.56 mm, and w = 0.32 mm. 

Thickness of the copper layer (yellow color) is 35 μm, 

while the thickness of the substrate (purple color) is 1 

mm. 

 

The absorption peak (Fig. 2) of 95.8 % occurs at the 

frequency of 10.3 GHz, while the reflectance is minimized 

at the same frequency. 

 

 
Figure 2: Absorption A, reflectance R and transmittance T 

of the proposed metamaterial absorber described in Figure 

1. The peak value for the absorption is found to be 95.8% 

at 10.3 GHz. 

The wide-angle performance of the proposed structure is 

verified in Fig.3 where high absorption curves, centered 

almost at the same frequency as the one referring to normal 

incidence, are acquired even for large  angles of incidence.  

In the first case, the electric field component is parallel to 

the x-axis and we vary the angle theta between the 

wavevector and the z-axis on the yz-plane. In the second 

case we keep the magnetic field component parallel to the y-

axis and modify the angle phi between the wavevector and 

the z-axis on the xz-plane. Note that, due to the absorber's 

four-fold rotational symmetry around the z-axis, these two 

cases are equivalent to the propagation of TE- and TM-

polarized plane waves, respectively. 

Finally, an interesting observation points out how 

sensitive the structure is to changes of the substrate’s 

dielectric properties. When the electric permittivity of the 

dielectric fluctuates from εr = 4 to εr = 4.3, the geometric 

features of absorption curve remain unchanged whereas the 

center frequency is slowly up- and down-shifted. 

Depending on the application‘s operating frequency a small 

change in the dielectric properties of the substrate can 

significantly influence the accuracy of the results.   

 

 
 

Figure 3: Absorption efficiency of the proposed device for 

obliquely-incident waves for two different cases.  

Figure 4: Absorption curves for various values of εr. 

                        

Table 1: Different values of εr. 

Electric 

permittivity 

Absorption Frequency 

4 95.8% 10.42GHz 

4.1 95.8% 10.3GHz 

4.2 95.8% 10.15GHz 

4.3 95.8% 10GHz 
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3. Towards multi-band absorption 

Designing an absorber that operates efficiently in the desired 

frequency band, for oblique incident waves is of major 

importance when at the same time it can work as a multi- or 

broad band absorber. Multi-band metamaterial absorbers can 

be implemented by properly scaling the original structure. 

Specifically, by multiplying the dimensions of the original 

S-ERR along the x- and y-axis by a scaling factor s, the 

center absorption frequency can be downshifted (s > 1) or 

up-shifted (s < 1), without changing the absorption curve’s  

original shape and fractional bandwidth. This property, 

frequently called metamaterial scalability property, will be, 

herein, used for the synthesis of multiband absorbers. This 

feature can also be used to offer broad-band absorbers [14, 

15] by very slightly changing the scaling. Generally, the 

realization of broadband metamaterial absorbers  can be 

seen as the borderline case of multi-band designs, with 

scaling factors of the respective ERRs approaching unity. It 

is important to highlight that no scaling is applied along the 

z-direction, since the metal thickness has no efect on the 

overall behavior of the absorbers. An example confirming 

the scalability feature for different scales of the original 

structure is presented in Fig.5. 

 

 
Figure 5: Absorption curves of the scaled versions of 

the proposed device. 

 

Table 2: Different scales of the ERR. 

Scales s Absorption Frequency 

0.80 95.8% 13GHz 

0.90 95.8% 11.7GHz 

1.00 95.8% 10.3GHz 

1.10 95.8% 9.46GHz 
 

 

3.1. Dual-band absorption  

Utilizing the conclusions drawn in the previous paragraph, 

we proceed in the design of a dual-band metamaterial 

absorber. Four electric resonators are imprinted at the front 

face of an FR-4 dielectric substrate, as in Fig. 6. The S-

ERRs that are placed along the same diagonal have the same 

dimensions. Two of them are scaled versions of the original 

S-ERR structure illustrated in Fig. 1(a), with a scaling factor 

s2 = 0.90, while the other two have the dimensions of the 

original ERR, and thus can be considered to be scaled by s1 

= 1.00. The opposite side of the dielectric is covered by a 

full copper plane to guarantee zero transmission through the 

slab in order to enhance the absorption. 

  From the results of the absorption curve in Fig. 7, two 

distinct absorption peaks can be observed, as expected. The 

first is located at the frequency of 10.4 GHz, producing an 

almost perfect absorption of 99.3%, while the second occurs 

at 11.7 GHz and is reaching the value of 96%. Furthermore, 

note that the absorption peak of the original S-ERR (in 

Fig.1) is increased from 95.8% to 99.3% in the dual-band 

structure showing that the addition of a second scaled S-

ERR in the unit cell is slightly enhancing the structure’s 

absorbing efficiency as well as offering another high 

absorption peak. 

 
 Figure 6. Unit cell of a dual-band metamaterial absorber, 

consisting of four properly scaled S-ERRs where s1 = 1.00 

and s2 = 0.90. 

 

Figure 7. Absorption spectrum of the dual-band structure. 

The first peak reaches a maximum of 99.3% at the 

frequency of 10.4 GHz, while the second one corresponds 

to 96% absorption at 11.7 GHz. 

 

  Equally important to the multi-bandwidth performance 

of the absorber is proven to be its ability to absorb obliquely 

incident waves, even for large angles of incidence. To this 

end, an analysis of the absorbing efficiency is held for two 

cases of oblique incidence. 

Varying the angle theta, while retaining the angle phi=0
0
, 

results in a very promising peak absorbances over 70% up to 

a 60
o
 angle at almost the same center frequencies as in the 

case of normal incidence.  The absorbing efficiency 



4 

 

deteriorates beyond that critical angle, yet remains at a 70% 

peak for an incidence of 80
o
 (omitted for clarity reasons). 

This deterioration phenomenon is attributed to the fact that 

the incident magnetic field can no longer efficiently drive 

circulating currents between the two metallic layers due to 

polarization. On the other hand, for the variation of angle 

phi, the absorber’s performance remains almost 

unchangeable and up to 99% and 96% respectively verifying 

the wide-angle dual-band characteristic of the proposed 

structure.  

 

 
Figure 8: Absorption efficiency of the dual-band absorber 

for obliquely-incident waves in two different cases.  

 

Table 3: Various angles of incidence for the dual-band. 

Angle of 

incidence 

Degrees Abs. peak 1 Abs.peak 2 

φ(phi) 0
0
 99.3% 96% 

φ 30
0 

99.3% 96% 

φ 60
0 

99.3% 96% 

θ(theta) 0
0
 99.3% 96% 

θ 30
0 

96% 93% 

θ 60
0 

75% 74% 

 

For various scaled versions of the S-ERR (Fig.9), the 

dual-band absorber exhibits high absorptive regions in 

different resonant frequencies. Observe the transition from 

dual-band absorption to broad-band, compared to the 

original S-ERR, in the cases where s1 = 1.00 and s2 = 0.97. 
Although two distinct peaks can be clearly identified in the 

resulting curve, the broadband structure absorbs over 85% 

for twice the frequency band than the original structure 

(Fig.1). 

 

 
Figure 9. Absorption curves of the scaled versions of the 

dual-band structure. 

 

 

           Table 4: Dual-band absorber scaled variations. 

Scale S1 Scale S2  Abs.peak 1 Abs.peak 2 

1.00 0.70 98% 98% 

1.00 0.80 98.4% 97% 

1.00 0.90 99.3% 96% 

1.00 1.10 99.5% 94% 

0.70    0.90 84% 97% 

1.00    0.97 93% 99% 

 

3.2. Triple-band absorption 

The design concept of the dual-band structure can be easily 

extended to the construction of multi-band devices. A more 

complicated setup is the triple-band absorber, presented in 

Fig. 9. The unit cell consists of a set of 3x3 S-ERR scaled 

elements. The selected scaling factors are s1 = 1.00, s2 = 

0.80, and s3 = 0.70 for the larger, medium, and smaller 

ERRs, respectively. From the simulation results depicted in 

Fig. 10, we observe three discrete absorption peaks. The first 

peak corresponds to an almost perfect 99.7% at the 

frequency of 10.4 GHz, the second one to 95.8% absorption 

at 13 GHz, while the third one reaches a maximum of 

95.5%, at the frequency of 15 GHz. 

 Electric ring resonators with the same scaling factors 

can be combined in different ways inside the complex unit 

cell. Multiple variations were simulated in order to test the 

effect of their arrangement on the performance of the 

structure. The outcomes of the comparison unveiled that the 

proposed structure is the optimal choice for the specific 

triple-band absorber. It is also possible to change the scaling 

of each S-ERR depending on the applications requirements, 

as was exemplified in the case of the dual-band absorber in 

the previous section. 

The wide angle performance is investigated also for the 

case of the triple-band absorber, proving the structures 

efficient operation for the various scenarios of oblique 

incidence. Firstly, we vary the angle theta which leads to 

high absorption rate over 75% up to a 60
o
 angle at almost 

the same center frequencies as in the case of normal 

incidence.  Secondly varying the angle phi, we observe that 

the performance of the proposed triple-band structure 

remains almost unchangeable and up to 99% and 96% 

respectively verifying the wide-angle triple-band feature of 

the absorber. 

Furthermore, the surface current distributions at the 

three resonant frequencies are illustrated in Fig.12. From 

this result, we can better interpret the absorption mechanism 

of the triple-band absorber. At 10.4 GHz, surface currents 

indicate the resonant behavior of the larger S-ERRs, while 

at 13 GHz the electric resonance of the medium S-ERRs is 

apparent. 
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Figure 10. Unit cell of a triple-band absorber, consisting of 

nine properly scaled ERRs. The dimensions of the bigger, 

medium, and smaller ERRs are those of Fig. 1 scaled by s1 

= 1, s2 = 0.8 and s3 = 0.7, respectively. 

 

Figure 11: Absorption spectrum of the triple-band device. 

The first peak reaches 99.7% at 10.4 GHz, the second one 

to 95.8% at 13 GHz, while the third one reaches a 95.5%, 

at 15 GHz.   

 

 
Figure 12. Absorption efficiency of the triple-band 

absorber for obliquely-incident waves in two different 

cases.  

Table 5: Various angles of incidence. 
Angle  Degrees Absorption

%  

Absorption

% 

Absorption 

% 

φ(phi)  0
0
 99.7% 97% 96% 

φ 30
0 

98.8% 97% 96% 

φ 60
0 

98.8% 96.6% 97% 

θ(theta) 0
0
 99.7% 97% 96% 

θ 30
0 

98% 94% 92% 

θ 60
0 

76% 75% 77% 

Finally at 15GHz the smaller S-ERRs are responsible for 

the resonance. These outcomes suggest that the combination 

of unit cells with different absorbing frequencies can yield 

the superposition of their absorptive spectra, verifying our 

idea for the realization of multiband components. 

 

 
                         (a)                                                 (b) 

 
(c) 

Figure 13. Surface current distributions on the front side of 

the triple-band absorber  at (a) 10.4 GHz, (b) 13 GHz and 

(c) 15 GHz. The lower absorption frequency is due to the 

resonance of the bigger ERRs, the intermediate peak 

corresponds to the resonance of the medium-sized ERRs 

while the higher one can be attributed to the resonant 

behavior of the smaller ERRs. 

 

 

4. Conclusions 

The concept of designing new, polarization-independent, 

wide-angled, multi-band metamaterial absorbers in the 

microwave regime has been introduced. The proposed 

structures have been proven to exhibit several attractive 

characteristics by remaining electrically thin at the 

resonance frequency implementing a low-cost FR-4 

dielectric substrate. By exploiting the geometrical scalability 

of the S-ERR elements, we have achieved multiple 

absorption peaks at the desired frequencies, thus extending 

our idea to dual-band and triple-band structures. Using this 

feature, these absorbers could be designed to work at other 

EM frequency range with nearly perfect absorption. 

Furthermore, the possibility to create broad-band absorbers 

was successfully exemplified using the dual-band 

arrangement with closely-located resonances. The presented 

results from various incident angles constitute a strong 

indication for the angle-insensitive performance of the 

proposed absorbers. Finally, current distributions for the 

triple band structure verified our idea towards the realization 
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of multi-band absorbers by combining unit cells with 

different absorbing frequencies. Such a composite 

microwave metamaterial may find numerous applications 

ranging from the active element in a bolometer to stealth 

technology. Future work will focus on the quantitative 

explanation of the power loss mechanism within the 

structure as well as the experimental verification of the 

acquired numerical results by measuring fabricated 

prototypes for the triple- and dual-band absorbers.  
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Abstract 

Cadmium doped zinc oxide polycrystalline thin films were 
prepared by sol-gel process. The sol was prepared from zinc 
acetate dehydrate and cadmium acetate was used to it. 
Methoxyethanol and monoethanolamine were used as 
solvent and stabilizer, respectively. The quantity of 
cadmium in the sol was 0, 1, 5 and 10 at % Cd. Structural 
investigation including microstructure was carried out by X-
ray diffraction (XRD) analysis. The films give a hexagonal 
wurtzite structure with diffraction peaks at (100), (002) and 
(101). It is found that the particle size of the films change 
with Cd doping. Optical properties of the thin films were 
determined by using UV-VIS-NIR spectrometer. It was 
found that the band gap of the thin films decreased from 
3.16 eV to 2.6 eV as the concentration of Cd was increased. 
Such films can be applied on silicon solar cells as the 
changes in the band gap are acceptable as a requirement for 
good anti-reflecting coating element. 

 

1. Introduction 

Zinc oxide is an inexpensive n-type semiconductor having 
direct band gap of 3.3 eV which crystallizes in hexagonal 
Wurtzite structure (c = 5.025 and a = 3.249) [1]. Due to 
large exciton binding energy of 60 meV, they have potential 
applications in Optoelectronic devices such as in solar cells, 
Optical wave guide, Light emitting diodes (LED). Various 
gas, chemical and biological sensors were based on ZnO 
thin film. Thin films of Zinc oxide can be prepared by 
various techniques; among them are Sputtering, Chemical 
Vapor Deposition (CVD), Laser ablation, Sol- gel methods 
[2- 4]. Properties of ZnO thin films show dependence on the 
technique used. Apart from doping, to increase the 
functionality of ZnO thin film, the effect of preparation 
conditions on the properties have to be considered for its 
effective technological applications. In the present work we 

have used sol-gel methods to prepare ZnO liquid and spin 
coating process for film preparation. Zinc acetate dihydrate 
was used as the precursor material. The Sol-gel process has 
the advantages of controllability of compositions, simplicity 
in processing and is cost effective [5]. We have studied the 
effect of concentration of Cd on the structural and optical 
properties of  ZnO thin films. X-ray diffraction (XRD) was 
used for structural characterization. UV-Vis spectrometry 
was used for optical characterization. 
 

2. Experimental details 

Zinc acetate dehydrate (Zn(CH3COO)2_2H2O) and 
cadmium  hexahydrate were dissolved in a solution of 
isopropanol and monoethanolamine. The molar ratio of 
MEA to zinc acetate was 1.0 and the concentration of zinc 
acetate was 0.7 mol/l. The quantity of cadmium in the sol 
was 0, 1, 5 and 10 at % Cd. The resultant solution was 
stirred at 50 °C for 1 h to yield a clear and homogeneous 
solution. The solution was finally aged at room temperature 
for 24 h. Cd-doped ZnO (AZO) films were prepared on glass 
substrate by repeated coating. Spin coating was performed at 
room temperature, with a rate of 3000 rpm for 30 s. After 
depositing each times, the films were preheated in air at 275 
8C for 10 min. After repeating the coating procedure five 
times for the final film thickness of approximately 200 nm, 
the films were finally postheated at 500 °C for 1 h in air 
using an electronic furnace. For measuring the optical 
absorption of thin films, a double beam UV/VIS/NIR 
Spectrophotometer (Camspec-M550) was used. The XRD 
measurements were carried out using an X-Ray 
Diffractometer PW 1830 PANalytical which has tube anode; 
copper using the wavelength 1.54056Å.   
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3. Results and Discussion 
3. 1. Structural Properties 
 

The structure of ZnO:Cd thin films were studied using 
high resolution X-ray diffraction (XRD). XRD spectra 
of the thin films were showed in Fig. 1. The XRD peaks 
of 31.48°, 35.26° and 37.17° were correspond to ZnO 
(100), (002) and (101) respectively in Fig. 1 A. Theses 
peaks confirmed that the film was polycrystalline in 
nature and the type of structural was a hexagonal 
wurzite[5]. The crystalline size (grain diameter (D)) of 
the crystallites can be determined using the Scherrer’s 
formula from the full width at half maximum (FWHM) 
β [6, 7]; 
  D = 0.94λ/βcosθ   (1) 
where λ is the wavelength of the X-ray used, β is the 
FWHM and θ is the angle between the incident and 
scattered X-ray. The grain size of ZnO was 32.01 nm.  
Fig. 1 B, C and D show XRD of ZnO: Cd thin film 
when concentration of Cd are 1% , 5% and 10%. The 
structural of ZnO: Cd thin films were a hexagonal 
wurzite. The full width at half maximum (FWHM) of 
the thin films increased after Cd doping. The grain size 
of ZnO: Cd thin films were 13.65, 13.65 and 18.42 nm. 

 

 
Figure 1: XRD of ZnO: Cd thin films before and after 
Cd doping. 

 
3.2: Optical properties 
 
       The optical absorption spectra of ZnO and ZnO: Cd thin 
films, Cd concentration 1%, 5% and 10%. The thin films 
deposited onto a glass substrate were studied at room 
temperature in the range of wavelengths 300–750 nm. 
Figure 2 shows the variation of absorption spectra with 
wavelength (λ).  
 

 
Figure 2: Absorbance spectra with wavelength (λ). For ZnO: 

Cd system films. 
The value of optical band gap ‘Eg’ is calculated using the 

following relation [8,9]; 

  α = A (hν − Eg) 
n/hν                           (2) 

where A is a constant and n is equal to 1/2 for direct band 
gap semiconductors. The plots of (αhν) 2 versus hν are 
shown in Fig. 3 for ZnO and ZnO: Cd system films. We find 
the optical band gap decreased with Cd content. The 
decrease in the optical band gap on the addition of Cd in the 
ZnO system films may be explained on the basis of the 
model of density of states in amorphous semiconductor 
proposed by Mott and Davis [10]. According to this model, 
the width of localized states near the mobility edges depends 
on the degree of disorder and defects presented in the 
amorphous structure. In particular, it is known that 
unsaturated bonds together with some saturated bonds [11] 
are produced as a result of insufficient number of atoms 
deposited in the amorphous films [12]. The unsaturated 
bonds are responsible for the formation of some defects in 
the films. Such defects produce localized states in the 
amorphous solids.  
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Figure 3. Optical band gap of Zno: Cd thin films. 
 
4. Conclusion 

             We have instigated the optical and structure propties 
of the ZnO thin films. In spit of the insignificant change in 
the structure with the variation of (Cd) content the grain size 
decreased for thin films variation of Cd increase, it is found 
that the optical band gap decrease with increasing (Cd) 
content, a result has been attributed to the increase in the 
localized tail states. 
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Abstract— The idea aim of this paper is to describe the 

potentiality of sub-wavelength resonators, namely, Split-Ring 

Resonators, complementary split-ring resonators, and related 

structures to the suppression of undesired spurious bands in 

microwave filters, a key aspect to improve their rejection 

bandwidths. The utilization of such resonant structures as 

efficient microwave filter is also demonstrated. The coupling 

between 7- SRRs can be quite complex and strongly depends on 

their geometrical arrangement. These materials have in certain 

bands a frequency of negative permittivity and permeability 

with promising applications in the field of microwaves such as: 

antenna, waveguides, filter…First of all we will examine the 

electromagnetic behavior of those materials focusing mainly on 

their response on an external electric field and its crucial role in 

the achievement of left-handed behaviour. Later we will study 

the applications of these metamaterials in the filter design.  

INTRODUCTION  

  Metamaterials show negative permittivity and 
permeability in certain frequency range or what is known as 
left-handed material (LHM), it provides another alternative to 
the existing right-hand rule. With this theory, it offers a new 
dimension to the antenna applications as well as optic. The 
negative refractive index [1,2] and the convergence of the 
electromagnetic waves when passing through the metamaterial 
is benefit for optical applications. Also, the relationship 
between different dimensions can affect the frequency 
response in order to understand the metamaterial structure and 
its properties.  

The structure is optimized to get the left-handed properties 
in X-band frequency which is around 8GHz-12GHz. 
Although, the metamaterials structure gives a limited negative 
range within the X-band, it fits the theory with the co-
existence of both negative permittivity and negative 
permeability [3]. the simulation via HFSS simulation tools is 
used to optimize and confirm the theoretical result. Then the 
simulation being performed on the filter with metamaterial 
structure is observed and analyzed so we notice a frequency 

shift occurs.Our study aims to represent recent investigations 
about implementation to the left handed metamaterials in the 
design of band pass filter and cutoff band filter. 

 The introduction includes the definition of the 
metamaterials, the early theory to the negative index of 
refraction, the structure that shows the left-handed properties 
and the applications to the Left Handed Materials (LHM) in 
the filter. The rest of the search is organized as follows. In 
section II, we tried to introduce the left handed material, the 
Split Ring Resonator « SRR ». The design procedure various 
prototype devices of the filter and their simulated frequency 
responses will be presented in section III. Section IV is 
reserved for the conclusion. 

STUDY OF METAMATERIALS  

This part consists of brief theory of metamaterial, which 
includes the properties of metamaterial in electromagnetic 
field, the behavior of negative index of refraction, and the 
other prominent properties of metamaterial that is refraction 
and the Snell’s Law. Besides, there are also discussions based 
on few literatures in metamaterials areas performed by other 
researchers. The idea of metamaterial or negative index of 
refraction was first proposed theoretically in 1968 by 
V.G.Veselago [4]. This metamaterial exhibits a negative 
permittivity and permeability which is also known as left –
handed material (LHM). The negative permittivity is easily 
obtained by an array of metallic wires and was theorized in 
1996 [1,2]. JB Pendry [5]also theorized the structure of 
negative permeability which was established in 1999 with split 
ring resonator (SRR) structure. The transmission – reflection 
problem is translated by the inversion method,[1,2] which is 
calculating the effective permittivity and the effective 
permeability µeff from the coefficients of transmission and 
reflection. These two coefficients are obtained from 
simulations under the software HFSS:  

��� = �cos	
�� − �� �� + ��� sin		
��� ����  (1) 



 
 

 

 

 

    
 

 

 

 

Where k = ��   is the wavenumber of the incident wave, the 

length d and n is the refraction index. The reflection coefficient 

is also related to n and z by: 

 

 !" = − #� �z − �%� sin	nkd   (2) 

Equations (1) and (2) can be inverted to find n and z as 

functions of t and r. The permittivity ε and the permeability µ 

can be easily obtained from the following relations:  

 ε = (%          μ = nz    (3) 

 when ∶ 	cos	nkd = ��! 	1 − r� + t� And:  

z = ±2	1 + r� − t�	1 − r� − t� 

According to studies by Kafesaki, M. et.al. (2005), magnetic 

resonance with negative permeability μ, can be calculated 

using Split Ring Resonator SRR. The various dimensions of 

the squared SRR for a functioning in band X [8,2 GHz; 12,4 

GHz] are given  figure 1. Figure 1 shows the square for 

double-ring SRR, dielectric used is the Rogers R04003 with 

ε=3.38 and tanδ = 0.0027. figure 2(a) shows the reflection and  

transmission coefficients for the single SRR, SRRs give a dip 

in the transmission coefficient which is associated with a 

negative permeability regime. The frequency of this dip, that is 

the magnetic resonance frequency. In this resonance frequency 

at 8.55GHz, the transmission coefficient is -36.44 dB for the 

single SRR. However, in figure 2(b), we compare the 

characteristics between the single and the array of SRR as part 

of our study on the filter. The resonance frequency of array of 

SRRs presented is 8.75 GHz with a transmission of -65.16 dB. 

Real and imaginary permeability are given in figure 3, such as 

in figure 3(a), we note that at 8.62 GHz the real part of 

permeability goes negative with a bandwidth  0.9 GHz. Figure 

3(b) shows the real and imaginary parts of the permeability for 

the array of  7 SRRs, as configured in figure 2(b). we notice a 

region of negative permeability over the range from 8.4 GHz to 

9.3 GHz. This is consistent with the region of attenuated 

transmission. 

III. STUDY OF FILTER USING SRRS 

A band-pass filter is a device that passes frequencies within 
a certain range and rejects (attenuates) frequencies outside that 
range. An example of an analogue electronic band-pass filter is 
an RLC circuit. These filters can also be created by combining 
a low-pass filter with a high-pass filter 

This section is devoted to a bandpass filter under SRRs and 
microstrip resonators. here, we represent the  characteristics of 
band-pass structure composed of microstrip resonators. Then, 
we associate the SRRs with the microstrip resonators and we 
comment on the results of simulation. In the first part we 
describe a filter-pass using microstrip resonator only [6]. 
Several values for width and length of microstrip resonators 
are taken to behave bandpass to22 GHz. The resonators are 
five in number and each have a length of 3.43 mm and a width 
of 1.2 mm. The input lines and output have  

(a)                                                                       (b) 

Figure 1. (a) SRR single structure. (b) Array of SRRs structure 

(a)                                                                   (b) 

Figure 2. (a) Transmission and reflection coefficient of single SRR. (b) Transmission for single and array of SRRs in dB. 



 

(a) 

 

(b) 

Figure 3. (a) Real and imaginary effective permeability for a single SRR. (b) 

Effective parameters for an array of SRRs. 

the same width and a length of 9.825 mm. The width of gaps is 
0.2 mm. The    total   length   of    the   circuit   is  38 mm  as 
shown in Figure 4 (a) and the substrate used is ROGERS 
RO4003C with 3.38 of permittivity and 0.0027 of tangδ. The 
results obtained from numerical simulations using Ansoft’s 
HFSS show a band-pass character for the filter on use around 
22 GHz frequency. Noticing transmission curve, structure 
shows high insertion loss. This does not in any way considered 
a problem. In fact, the frequency band of interest here is below 
the bandpass, where the signal is not transmitted. The second 
part is devoted to describe the second type of the filter in use. 
Here, structure represented is made from a blend of microstrip 
resonators, Split Ring Resonators and an electrical shielding 
(Figure 4.(b)). The microstrip resonators are used to realize the 
bandpass filter modeled in the previous section, whose center 
frequency is 22 GHz with a bandwidth of 0.8 GHz (Figure 
5(a)). The input and output lines of bandpass filter can also 
feed SRRs. Indeed, SRRs produce a resonance effect mainly 
when magnetic field penetrates through the rings. Thus, an 
electromotive force is generated around the ring giving rise to 
the creation of a current flowing on them. This current 
disappears in the cut rings and many charges of opposite sign 
accumulate at the ends of each ring. In our case, the magnetic 

field of the fundamental mode, from microstrip resonators 
forms a loop around the ribbons. As a result, SRRs must be 
placed along the axis of propagation perpendicular to the tape 
drivers to  

 

(a) 

 

(b) 

Figure 4. (a) Pass-band filter using microstrip resonator. (b) Associated SRRs 

to microstrip resonator 
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Figure 5. (a) Transmission and Reflection Coefficients for pass band filter 

without SRRs, (b) Transmission and reflection Coefficients for band pass 

filter using SRRs. 

ensure good magnetic coupling. The type of substrate used for 
SRRs is the same as for the bandpass filter in Figure 4.(a), in 
other words the RO4003C having a relative permittivity of 
3.38, tangential loss of 0.0027, a thickness of 0.81 mm, a 
height of 3.63 mm, a length of 25.41 mm, a copper layer on 
each side of 35µm thickness and periodicity of elements is 3.63 
mm. 

The guide shaped shield has a cross section of 4, 475 × 10 
mm2. This shielding reduces the insertion loss of the structure 
by creating a capacitive effect. As the dimensions of SRRs 
were calculated for a resonance X-band [8.2 GHz, 12.4 GHz], 
simulation results (figure 5.(b) show behavior bandpass 
centered around 10 GHz instead of 22 GHz (figure 5.(a)) with 
a bandwidth of 0.3 GHz.  

CONCLUSION 

This part is devoted; on the one hand to the study of Split 
Ring Resonator and their application in bandpass filter on the 
other hand. The structure of microstrip resonators used is 
coupled with capacitive gaps to obtain a bandpass filter. The 
most interesting area to us is the band offset being below the 
bandwidth, where we have the resonance of SRRs. By 
combining the SRRs microstrip resonators and the use of an 
electrically shielded, we would have transmission in the 
evanescent field of microstrip resonators. This study shows 
that it is possible to lower the center frequency of a bandpass 
filter in combination with SRRs. 
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Abstract
A possibility to greatly enhance frequency-conversion effi-
ciency of stimulated Raman scattering is shown by making
use of extraordinary properties of three-wave mixing of or-
dinary and backward waves. Such processes are commonly
attributed to negative-index plasmonic metamaterials. This
work demonstrates the possibility to replace such meta-
materials that are very challenging to engineer by readily
available crystals which support elastic waves with contra-
directed phase and group velocities. The main goal of this
work is to investigate specific properties of indicated non-
linear optical process in short pulse regime and to show
that it enables elimination of fundamental detrimental ef-
fect of fast damping of optical phonons on the process con-
cerned. Among the applications is the possibility of cre-
ation of a family of unique photonic devices such as unidi-
rectional Raman amplifiers and femtosecond pulse shapers
with greatly improved operational properties.

1. Introduction

Extraordinary features of coherent nonlinear optical NLO
energy conversion processes in negative-index metamate-
rials (NIMs) that stem from wave-mixing of ordinary and
backward electromagnetic waves (BEMW) and the possi-
bilities to apply them for compensating optical losses have
been investigated in [1–10]. Essentially different proper-
ties of three-wave mixing (TWM) and four-wave mixing
processes on one hand and second harmonic and third har-
monic generation have been revealed in [1, 11–18]. Ul-
timately, it was shown that NLO propagation processes
that involve BW enable a great enhancement of energy-
conversion rate at otherwise equal nonlinearities and inten-
sities of input waves. A review can be found in [11,12].

In [19], three-wave mixing (TWM) of continuous waves
(CW) was investigated in the scheme of stimulated Ra-
man scattering (SRS) as an analog of parametric interac-
tion of waves in a medium with negative dispersion. Two
of the coupled waves were ordinary electromagnetic waves
and the third one was backward elastic wave correspond-
ing to optical phonons which exhibit negative dispersion
dωv(k)/dk. The latter gives rise to contra-directed group
and phase velocities of propagation of lattice vibrations,
i.e. backward elastic waves. Such waves exist in crystals

containing more than one atom per unit cell. Indeed, back-
wardness is a main property of EM waves propagating in
NIMs. Such BWs were predicted by L. I. Mandelstam in
1945 [20], who also had pointed out that negative refrac-
tion is a general property of the BWs. Optical phonons
with wave vector much smaller than the reciprocal lattice
vector have been considered in [19]. The focus was placed
on a coupling scheme where the fundamental radiation was
converted to co-propagating Stokes and contra-propagating
vibrational waves under the phase-matched conditions. The
possibility of the extraordinary SRS was shown, which is
typical for TWM whereas one of the coupled waves pos-
sesses negative dispersion [1, 2]. The latter results in gain
of the Stokes component along the medium much greater
than the exponential growth [21].

The basic idea underlying the proposed concept is as
follows. The dispersion curveω(k) for optical phonons is
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Figure 1: Negative dispersion of optical phonons and two
phase matching options for short- and long-wave vibra-
tions: (a) – co-propagating, (b) – contra-propagating funda-
mental, control, and Stokes, signal, waves. Insets: relative
directions of the energy flows and the wave-vectors.

depicted in Fig. 1. It is negative in the range from zero to
the boundary of the first Brillouin’s zone. Hence, the group
velocity of such phonons,vgr

v , is antiparallel with respect
to its wave-vector,kph

v , and phase velocity,vph
v , because

S = vgU, vg = (k/k)[∂ω/∂k], ∂ω(k)/∂k < 0. (1)

Optical vibrations can be excited by the light waves due
to the two-photon (Raman) scattering. The latter gives



the ground to consider such a crystal as the analog of the
medium with negative refractive index at the phonon fre-
quency and to employ the processes of parametric interac-
tion of three waves, two of which are ordinary EM waves
and the third is the wave of elastic vibrations with the di-
rections of the energy flow and of the wave-vector opposite
to each other. For continuous wave SRS in the coupling
geometry depicted in Fig. 1(a) and diamond crystal, esti-
mates made in [19] have shown that the minimum intensity
of the fundamental fieldImin, required to reach the afore-
mentioned extraordinary Raman amplification is on the or-
der of Imin ∼ 1018 W/cm2, which exceeds optical break-
down threshold. The main process that determines such
a high intensity is fast phonon damping, which is charac-
terized by the optical phonon relaxation rate on the order
of τv = 6 · 10−12 s, and relatively small group velocity
of the elastic oscillationvv ∼ 102 ÷ 103 cm/s for optical
phonons with small optical wave vectors [22,23]. Diamond
is a representative of a wide class of transparent crystals
which support optical phonons [22–26].

The goal of this workis to show that this seemingly
formidable obstacle can be removed and the threshold in-
tensity of the fundamental fieldImin required to realize
such extraordinary coupling can be significantly reduced.
It is possible by making use of short laser pulses with dura-
tion τp less then the lifetime of the vibrational oscillation of
τv. Some of the properties of the output fundamental and
Stokes pulses, such as duration and pulse shape are investi-
gated.

2. Equations and model

Consider lowest-order SRS process [27,28]. The waves are
given by equations

El,s = (1/2)εl,s(z, t)e
ikl,sz−iωl,st + c.c., (2)

Qv = (1/2)Q(z, t)eikvz−iωvt + c.c. (3)

Here,εl,s, Q, ωl,s,v andkl,s,v are the amplitudes, frequen-
cies and wave-vectors of the fundamental, Stokes and vi-
brational waves;Qv(z, t) =

√
ρx(z, t); x is displacement

of the vibrating particles,ρ is the medium density. With ac-
count for the frequency and phase matching exppressions,

ωl = ωs + ωv (kv) , ~kl = ~ks (ωs) + ~kv,

one obtains following partial differential equations for the
slowly varying amplitudes in the approximation of the of
first order ofQ in the polarization expansion:

∂El
∂z

+
1

vl

∂El
∂t

= i
πω2

l

klc2
N

∂α

∂Q
EsQ

∂Es
∂z

+
1
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∂Es
∂t

= i
πω2

s

ksc2
N

∂α

∂Q
ElQ ∗

∂Q

∂z
+

1

vv

∂Q

∂t
+

Q

lv
= i

1

4ωvvv
N

∂α

∂Q
ElE∗

s . (4)

Here,vl,s,v are the projections of the group velocities of the
fundamental, Stokes and vibration waves on the z-axis,N

is the number density of the vibrating molecules,α is the
molecule polarizability,lv = τvvv is the mean free path of
phonons.

For the sake of simplicity, we consider model of a rect-
angular pulse of input fundamental radiation with duration
much shorter that the phonon lifetimeτv. In the coordinate
frame associated with this pulse and within the fundamen-
tal pulse range, complex amplitudes of two other interact-
ing fields become time independent, and Eqs. (4) transform
into set of ordinary differential equations whose solutionis
known in the approximation of constant pump amplitude or
can be relatively easily found numerically when depletion
of the pump is accounted for. Here, the boundary condi-
tions must be fulfilled not at the boundaries of the medium
but at the boundaries of the fundamental pulse. The latter is
correct for the period of time after the instant when gener-
ated waves reach the boundaries of the fundamental pulse
due to the difference in their group velocities or direction
of propagation. Such approximation becomes true after tra-
vailing a distancel > Lmax

g , whereLmax
g = max{Ls

g, L
v
g}.

Here,Ls,v
g , which is further referred to as group length, is

defined as
Lg = τpv

2
l /|vs,v − vl|, (5)

wherevs,v are negative if their energy fluxes are opposite
to that of the fundamental wave. Hereinafter, the waves
are referred to as co-propagating waves if Poynting vector
of the Stokes wave is co-directed with that of fundamental
wave (Fig. 1a), and as counter-propagating in the opposite
case (Fig. 1b). In the approximation of constant pump am-
plitude, in the coordinate frame locked to the pump pulse
and within the pulse, equations for generated Stokes and
backward vibration waves take the form:

dQ/dξ = −igvE∗
s −QKv/lv

d Es/dξ = igsQ
∗, (6)

where gv = −KvN(dα/dQ)El/(4ωvvv), Kv,s =
vv,s/(vv,s − vl), gs = KsN(dα/dQ)Elπω2

s/(ksc
2).

Here, intensity of the laser beam is taken constant. Deple-
tion of the fundamental beam is neglected. Equations (6)
may describe significant amplification of the Stokes signal,
however they remain valid until only relatively small part
of the strong input laser beam is converted. Equations (6)
do not depend on time and are similar to those describing
CW TWM [19]. Here, group velocitiesvv < 0, vs > 0
and wave vectorks > 0 for co-propagating andvs < 0,
ks < 0 for counter-propagating phase matching configura-
tions. Since the Stokes frequency is less than that of the
fundamental one,vs > vl and is much greater than the
magnitude of phonon group velocityvv.In the case of co-
directed laser and Stokes waves, the boundary conditions
take the form:

Es(ξ = 0) = E0
s , Q(ξ = lp) = 0. (7)

In the opposite case of counter-propagatingStokes and laser
waves, the boundary conditions are given by equations

Es(ξ = lp) = E lp
s , Q(ξ = lp) = 0. (8)
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Here,lp = τpvl is length of the fundamental pulse.
Solution to Eqs. (6) can be presented in the form:

T ↑↑
s =

∣

∣

∣

∣

∣

eγ
′ξ′ {R1 cosZ + γ′ sinZ}

R1 cos (R1) + γ′ sin (R1)

∣

∣

∣

∣

∣

2

,

T ↑↓
s =

∣

∣

∣

∣

∣

β1e
β2(1−ξ′) − β2e

β1(1−ξ′)

2R2

∣

∣

∣

∣

∣

2

. (9)

Here, T ↑↑
s =

∣

∣Es(ξ)/E0
s

∣

∣

2
and T ↑↓

s =
∣

∣

∣
Es(ξ)/E lp

s

∣

∣

∣

2

are transparency (amplification) factors,γ′ = γlp, γ =

−Kv/(2lv), R1,2 =
√

g′2 ∓ γ′2, Z = R1(1 − ξ′), ξ′ =
ξ/lp, β1,2 = γ ±R2, g′ = glp, g =

√
g∗vgs.

For γ ≪ g, phonon damping can be neglected and
Eqs. (9) take the form

T ↑↑
s =

∣

∣

∣

∣

cos [glp(1 − ξ′)]

cos (glp)

∣

∣

∣

∣

2

,

T ↑↓
s =

∣

∣

∣

[

eglp(1−ξ′) + e−glp(1−ξ′)
]

/2
∣

∣

∣

2

. (10)

3. Enhancing coherent energy transfer
between electromagnetic waves through

backward optical phonons

In the given approximation of neglected depletion of the
fundamental wave, solution to Eq. (10) tends to infinity for
certain pulse length and intensity. This indicates the possi-
bility to greatly enhance the conversion efficiency provided
that the following requirements are met:

cos (glp) = 0; lp = (π/2)/
√

g∗vgs (11)

Corresponding threshold intensity of the fundamental field
Ipmin, which is required for realization of great enhance-
ment of energy conversion due to NLO coupling with BW
phonon, is given by equations:

g > γ, Ipmin =
Kv

Ks

cnsλs0ωv

16π3vvτ2v

∣

∣

∣

∣

N
∂α

∂Q

∣

∣

∣

∣

−2

(12)

Here, ns is refractive index at Stokes frequency,λs0 is
Stokes wavelength in the vacuum.

3.1. Factors discriminating BW SRS in continuous
wave and pulsed regimes

Threshold intensity of fundamental radiation required for
realization of BW SRS in CW regime is given by [19]

Imin =
(

cnsλs0ωv/8π
3lpτ

)

|N∂α/∂Q|−2 . (13)

It differs from the threshold value in pulse regime by factor

Ipmin

Imin
= −Kv

Ks
≈ −vv

vl

vs − vl
vs

. (14)

For the same typical crystal parameters as employed in [19],
Eq. (14) yieldsIpmin/Imin ≈ 10−11. Hence,Ipmin decreases

down toIpmin ∼ 107 W/cm2, which is achievable with com-
mercial femtosecond lasers and falls below optical break-
down threshold for most transparent crystals.

Equation (14) displays two factors that determine sub-
stantial decrease ofIpmin in pulsed regime compared to that
in CW one. First factor is ratio of phonon group velocity to
fundamental pulse velocity−vv/vl which is of the order of
∼ 10−8. This factor is attributed to the fact that phonons
generated in the front edge of the laser pulse propagate
in opposite direction and hence exit from the fundamen-
tal pulse area very fast, practically with the optical group
velocity. Hence, effective phonon mean free pass becomes
commensurable with the fundamental pulse length, which
mitigates detrimental effect of phonon damping. Second
factor in Eq. (14) that determines substantial decrease in
Ipmin is due to small optical dispersion in the transparency
region of the crystal. Hence, Stokes pulse surpasses slowly
the fundamental one, which also increases NLO coupling
length.

3.2. Numerical simulations,τp ≪ τv.

Numerical analysis is done for the model with parameters
typical for diamond crystal [22, 23]: carrying wavelength
of the fundamental pulseλ = 800 nm, pulse duration
τp = 60 fs, ωv = 1332 cm−1, vibrational transition width
(cτv)

−1 = 1.56 cm−1, vl = 1.228 ·1010 cm/s,vs = 1.234 ·
1010 cm/s, vv = 100 cm/s for co-propagating andvv =
2000 cm/s for counter-propagating waves,Ndα/dQ =
3.78 · 107 (g/cm)1/2. Partial differential equations (4) were
solved numerically in three steps: TWM in the vicinity of
the entrance to the Raman medium, TWM and propaga-
tion through the medium and TWM in the vicinity of the
exit from the Raman slab. Numerical simulation for the
first and third medium intervals were made in the labora-
tory reference frame with the boundary conditions applied
to the corresponding edges of the slab. NLO propagation
process inside the slab was simulated in the moving frame
of reference with the boundary conditions applied to the
pulse edges. Such a computing approach allows for signifi-
cant reduction of the computation time since, for each given
instant, integration is required only through a space interval
covered by the fundamental pulse and not through the en-
tire medium. Shape of the fundamental pulse was chosen
nearly rectangular and symmetric with respect to its center

El =
1

2
E0
l {tanh[(t0 + tp − t)/tf ]− tanh[(t0 − t)/tf ]},

the slopetf = 0.1, the pulse duration at half-maximum
tp = 1 and pulse delayt0 = 0.6 were scaled to the funda-
mental pulse widthτp. The amplitude of input CW Stokes
signal was chosenE0

s = 10−5E0
l .

Figure 2 displays output quantum conversion efficiency
ηsq = (ωl/ωs) ·

∫

t Is(z, t)dt/
∫

t Il(z = 0, t)dt vs. input
pulse intensity (the same as vs. input pulse energy) both for
co-propagating (z = L) and counter-propagating (z = 0)
geometries. A great increase of the conversion efficiency
due to BW effect in the case of co-propagating waves is

3
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Figure 2: Quantum conversion efficiency vs. intensity (en-
ergy) of the input pulses for co-propagating and contra-
propagating phase matching geometries.

explicitly seen. Saturation atI0l /I
p
min ≈ 7 · 104 is due to

depletion of fundamental radiation caused by conversion to
Stokes radiation.

Simulations also show that shape of the output Stokes
and fundamental pulses differ and vary significantly de-
pending on the intensity of the input fundamental wave. In-
put seeding signal at Stokes frequency is assumed a weak
CW broadband radiation. Figure 3 depicts amplified out-
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Figure 3: Pulse shape of amplified Stokes radiation at the
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is depicted by dashed line. Here,
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min = 4× 104.
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Figure 4: Pulse shape of amplified Stokes radiation (solid
line) and of transmitted fundamental radiation (dashed
line) at the exit of crystal of L = 1 cm. ηs =

(ωl/ωs) ·
∣

∣Es(L, t)/E0
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is conversion efficiency,Tl =

∣

∣El(L, t)/E0
l

∣

∣

2
is transmittance. a.I0l /I

p
min = 8.3 × 104.

b. I0l /I
p
min = 1.67× 105

put pulseTs =
∣

∣Es(L, t)/E0
s

∣

∣

2
of Stokes radiation for rel-

atively small amplification of the signal and small deple-
tion of the fundamental beam. Here, shape of the funda-
mental pulse remains unchanged. Pulse shape of ampli-
fied Stokes signal is different and determined by the fact
thatvs > vl and Stokes pulse surpasses fundamental one.
In contrast, atI0l /I

p
min = 8.3 × 104 and I0l /I

p
min =

1.67× 105 (Figs. 4a,b), conversion efficiency becomes sig-
nificant (ηq = 0.8 andηq = 0.93, respectively). Cor-
responding depletion of the output fundamental pulse and
changes in its shape is explicitly seen. Note that in the case
shown in Fig. 4(b), the output Stokes pulse significantly
overtakes the pump pulse. In the latter case, major con-
version occurs in the middle of the medium, after which
both pulses propagate almost without interacting and inde-

4



pendently from each other. It is seen that output Stokes
pulse narrows with increase of the input fundamental inten-
sity. Here, crystal length of 1cm corresponds to more than
1000 input pulse lengths (T/tp = L/Lp = 1357). Thresh-
old intensityIpmin = 6 · 106 W/cm2, which corresponds
to 60 fs pulse of 5µJ focused to the spot of diameter D
= 100µm. Intensity of seeding Stokes signal was chosen
I0s /I

0
l = 10−10.

Described NLO propagation processes are in striking
contrast with their counterparts in crystals where only
phonons with positive group velocity exist [27, 28]. Such
NLO properties are also different from those inherent to
phase-matched mixing of EM and acoustic waves for the
cases where the latter have energy flux and wave vector di-
rected against EM waves [21]. Elaboration of the proposed
concept allows to utilize revealed extraordinary featuresfor
creation of a family of unique photonic devices made of or-
dinary Raman crystals such as optical switches, filters, am-
plifiers and cavity-free optical parametric oscillators. Pro-
posed here concept is different from earlier proposed in [29]
and does not require periodic poling of quadratic nonlin-
ear susceptibility of crystals at the nanoscale as described
in [30] (and references therein).

4. Conclusions

While the physics and applications of NIMs are being
explored world-wide at a rapid pace, current mainstream
focuses on fabrication of specially shaped nanostructures
which enable negative optical magnetism. It is challenging
task that relies on sophisticated methods of nanotechnol-
ogy. Engineering a strong fast quadratic NLO response by
such mesoatoms also presents a challenging goal not yet
achieved. This paper proposes to mimic similar extraordi-
nary backward-wave extraordinary nonlinear-optical prop-
agation processes, however, making use readily available
Raman active crystals. Among the prospective applica-
tion is a family of photonic devices with advanced func-
tional properties. Basic underpinning idea is to replace
one of the coupled backward electromagnetic wave by op-
tical phonons - elastic waves with negative group veloc-
ity.Operation in short pulse regime is proposed to remove
such a severe detrimental factor as fast phonon damping.
Significant decrease of the required minimum intensity of
fundamental radiation compared with that in continuous-
wave regime is shown down to that provided by commercial
lasers. Unusual properties of the investigated processes are
numerically simulated and the possibilities of pulse shape
tailoring are predicted. There are many Raman active trans-
parent crystals that support optical phonons with negative
group velocity can be utilized, some of them, such as cal-
cite, may offer further optimization of operational charac-
teristics of the proposed photonic devices.
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Abstract 
Permitivity and permeability distribution of a PMMA 
metamaterial host containing silver and gold nano-
particles are calculated at optical frequencies. The 
effect of the two nanoparticles on the material 
parameters of the host metamaterial through tunability 
of the plasmonic interactions between the metallic 
nano-particles is compared. 

1. Introduction 
Metamaterials with unusual properties and vast 
applications are usually inaccessible in nature. They can 
be fabricated artificially in various structures. Their 
applications for imaging beyond the diffraction limit [1-
6] and realization of negative refractive index materials 
[7-15] have made them very much attractive in recent 
years. The key element of these applications returns 
back to the field of transformation optics [16,17]. 
Implementation of many interesting features such as 
invisibility cloaks [16,18,19] and superlenses [20, 21] 
can be feasible through transformation optics, thanks to 
invariance of the Maxwell's equations under coordinate 
transformations. There have been many proposals for 
the realization of the cylindrical cloak for TM-polarized 
radiation [22]. In this reference radially elongated metal 
wires of sub wavelengths dimensions were embedded in 
a dielectric host material. In such works the most 
theoretical model which was used is Maxwell-Garnet 
effective medium theory (MGT) where the interactions 
between metal particles and plasmon excitations is not 
taken into account [23,24]. 

This paper however is devoted to gold spherical 
nano-particles embedded in a host medium of PMMA 
in array forms and compares the results with the case of 
silver nano-particles [25]. Utilizing spherical nano-
particles has many advantages compared to nano-wires: 
for example symmetry of the spherical nano-particles 
does not necessitate specific orientation of the nano-
particles within the host medium. 

2. Ideal versus reduced parameter sets 
For cylindrical cloaks, using cylindrical coordinate, 
transformation is given by [25]: 
 

𝑟𝑟 = �1−
𝑎𝑎
𝑏𝑏
� 𝑟𝑟′ + 𝑎𝑎    𝜑𝜑 = 𝜑𝜑′    𝑧𝑧 = 𝑧𝑧′                            (1) 

 
where 𝑎𝑎 and 𝑏𝑏 are the inner and outer radii of the cloak, 
𝑟𝑟,𝜑𝜑, 𝑧𝑧 and 𝑟𝑟′ ,𝜑𝜑′ , 𝑧𝑧′  are the transformed and 
untransformed coordinates. The results of this 
transformation are the following material parameters of 
the cloaking shell [16], called ideal parameters: 
 
 𝜀𝜀𝑟𝑟 = 𝜇𝜇𝑟𝑟 =

𝑟𝑟 − 𝑎𝑎
𝑟𝑟                                                                (2) 

 
𝜀𝜀𝜑𝜑 = 𝜇𝜇𝜑𝜑 =

𝑟𝑟
𝑟𝑟 − 𝑎𝑎                                                                (3) 

 

𝜀𝜀𝑧𝑧 = 𝜇𝜇𝑧𝑧 = (
𝑏𝑏

𝑏𝑏 − 𝑎𝑎)2  𝑟𝑟 − 𝑎𝑎
𝑟𝑟

                                              (4) 
 
The dependency of permeability on the distance should 
be removed somehow to avoid their divergence in the 
case of 𝑟𝑟 approaches𝑎𝑎 . This task can be performed 
through various ways and one of those simple ways to 
do that is to use polarized incident beam where the 
magnetic field vector is taken along the z-axis (TM 
polarization). By utilizing specific polarization similar 
to one mentioned, the so-called reduced parameter set 
for cylindrical cloak can be obtained:  
 

 𝜀𝜀𝑟𝑟 = �
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Figure 1: Coaxial cylinder for cylindrical cloak that 
composed of 𝑛𝑛  shell segment with equal thickness(𝑏𝑏 −
𝑎𝑎)/𝑛𝑛. 
 
 
Ideal and reduced parameter sets are also called 
continuous-ideal and continuous-reduced parameters 
and the reason behind this nomenclature is that the 
cylindrical cloak is considered as a continuum based 
material as a whole. On the other hand a set of discrete-
reduced parameters is usually defined in the literature 
and that refers to a set of parameters when the cloak 
material is assumed to be composed of 𝑛𝑛  cylindrical 
layers of equal thickness(𝑏𝑏 − 𝑎𝑎)/𝑛𝑛 . The permittivity 
values of each layer were calculated in the middle of 
each layer and it is kept constant within the layer 
(Fig.1). 

3. Simulation method   
The procedure and all parameter values in this work has 
been taken from reference [25] except that they have 
calculated the effective material parameters of PMMA 
containing nano-silver particles while our work is 
devoted to the case when nano-gold particles are 
embedded in PMMA. The main purpose of our work is 
to compare the values of the PMMA material 
parameters for both cases and to see the effect of the 
plasmonic excitations in each case. CST commercial 
software were employed to obtain reflection and 
transmission coefficients 𝑆𝑆11 and 𝑆𝑆21 . PMMA 
permittivity was taken to 2.25. The nano-particle 
diameter was assumed to be 12nm. The gold nano-
particles were assumed to being in the middle of 
rectangle unit cells and the unit cells are exposed to two 
different TM-polarized light propagating in the k 
direction as shown in the Figure (2). 
 
 
 

 
Figure 2: Unit cell with its dimension(𝑙𝑙𝑟𝑟 , 𝑙𝑙𝜑𝜑  , 𝑙𝑙𝑧𝑧) with a 
gold nano sphere in the center of unit cell (a) unit cell 
irradiated by a TM-polarized electromagnetic wave in k 
direction, incident along the 𝑟𝑟-direction and (b) incident 
along 𝜑𝜑-direction. 

4. 𝑺𝑺𝟐𝟐𝟐𝟐and 𝜺𝜺𝒓𝒓 
Figures (3) and (4) show the work of Diedrich et al [25] 
for the case of nano-silver and our work for the case of 
nano-gold, respectively. Close inspection of the two 
figures for the absolute value of |𝑆𝑆21| (transmission) 
shows that the range of frequency working for nano-
silver case is higher and broader whereas this range for 
nano-gold case tends toward lower frequencies that is 
one may conclude that nano-gold particles embedded in 
PMMA makes the cloak suitable for infrared regimes 
that is longer wavelengths and pushes the frequency 
range out of visible regime. Figure (3) and (4) also 
show that the direction of the shift of the value of S21 
and 𝜀𝜀𝑟𝑟 toward higher frequencies by increasing 𝑙𝑙𝑟𝑟  is the 
same. Moreover, the second branch occurring for the 
smallest value of 𝑙𝑙𝑟𝑟  which was seen in the nano-silver 
case is also appeared in the nano-gold case except that 
its intensity is lower than that of the silver case. As the 
two branches are related to plasmonic resonances of the 
nano-particle metals, one can conclude that at least in 
the frequency vicinity of the second branch, the 
plasmonic resonance of nano-gold case is weak and 
cannot be well exploited if good cloaking is desired. 
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Figure 3: (a) Magnitude of transmission coefficient for silver 
nano-particle versus frequency for different size  of unit cell 
in r-direction. Red curve shows |𝑆𝑆12 |  with 𝑙𝑙𝑟𝑟 =
12.5𝑛𝑛𝑛𝑛.  Diameter of sphere is 12nm. Blue curve shows |𝑆𝑆12 | 
with 𝑙𝑙𝑟𝑟 = 15.1𝑛𝑛𝑛𝑛   and green curve shows |𝑆𝑆12 |  with 
𝑙𝑙𝑟𝑟 = 18𝑛𝑛𝑛𝑛  (b) Retrieved radial permittivity corresponding to 
values of S21 above. 
 
 

 
Figure 4: (a) Retrieved radial permittivity corresponding to 
values of S21. (b) Magnitude of transmission coefficient for 
gold nano-particle versus frequency for different size of unit 
cell in r-direction. Red curve shows |𝑆𝑆12 |  with 𝑙𝑙𝑟𝑟 =
12.5𝑛𝑛𝑛𝑛.  Diameter of sphere is 12nm. Blue curve shows |𝑆𝑆12 | 
with 𝑙𝑙𝑟𝑟 = 15.1𝑛𝑛𝑛𝑛   and green curve shows |𝑆𝑆12 |  with 
𝑙𝑙𝑟𝑟 = 18𝑛𝑛𝑛𝑛   

 

5. Cloak 
Figures (5) and (6) show the quality of cloak and the 
component of 𝐸𝐸𝑦𝑦  for the two cases of nano-silver and 
nano-gold. The figures show that the cloak as a result 
of the ideal parameter set is almost the same for both 
cases. The cloak coming out of continuous-reduced 
parameter set is better for the nano-silver case than that 
of the nano-gold case. The comparison of the cloak for 
the discrete-reduced parameter set for the two cases 
shows that it is getting worse for the nano-gold case, so 
that one cannot safely recommend nano-gold particles 
embedded in PMMA for the optical frequency cloak. 
 
 

 
 
Figure 5: TM-polarized plane wave of frequency 
𝑓𝑓 = 6.65 × 1014𝐻𝐻𝑧𝑧 irradiating the cloak device with 
(a) continuous-ideal materials (b) Reduced-continuous 
materials (c) Discrete-reduced materials 
 
 
 

 
 
Figure 6: TM-polarized plane wave of frequency 
𝑓𝑓 = 5.23 × 1014𝐻𝐻𝑧𝑧 irradiating the cloak device with 
(a) continuous-ideal materials (b) Reduced-continuous 
materials (c) Discrete-reduced materials 
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6. Radial and tangential permittivity 
Based on the discrete-reduced cloak composed of 𝑛𝑛 =
8 𝑙𝑙𝑎𝑎𝑦𝑦𝑙𝑙𝑟𝑟𝑙𝑙 , Table (1) shows the calculated radial and 
tangential permittivity values. This table can be 
compared with Table (2) of reference [25] which is for 
the case of nano-silver. The comparison shows that 1) 
the range of 𝑙𝑙𝑟𝑟  for the case of nano-gold is shorter than 
that of nano-silver and this makes the nano-gold 
experimental work harder. Also, the change of filling 
factor (𝑡𝑡, the last column of tables) is almost the same 
for both cases which points out that good cloaking for 
both cases from filling factor point of view has the same 
difficulties.  
 
 
 
Table 1: Radial and tangential permittivity value for discrete , 
reduced cloak in PMMA medium filled with golden 
nanoparticle. 𝑙𝑙𝜑𝜑 = 21𝑛𝑛𝑛𝑛 𝑎𝑎𝑛𝑛𝑎𝑎  𝑙𝑙𝑧𝑧 = 20𝑛𝑛𝑛𝑛  𝑎𝑎𝑟𝑟𝑙𝑙 𝑐𝑐𝑐𝑐𝑛𝑛𝑙𝑙𝑡𝑡𝑎𝑎𝑛𝑛𝑡𝑡  

 
 
 
 
 
 

Table 2:Radial and tangential permittivity value for discrete , 
reduced cloak in PMMA medium filled with silver 
nanoparticle. 𝑙𝑙𝜑𝜑 = 28𝑛𝑛𝑛𝑛 𝑎𝑎𝑛𝑛𝑎𝑎  𝑙𝑙𝑧𝑧 = 20𝑛𝑛𝑛𝑛  𝑎𝑎𝑟𝑟𝑙𝑙 𝑐𝑐𝑐𝑐𝑛𝑛𝑙𝑙𝑡𝑡𝑎𝑎𝑛𝑛𝑡𝑡 

 
 

7. Conclusion 
We calculated the effective material parameters of 
PMMA containing nano-silver and nano-gold particles. 
Although much of the behavior of the material for both 
cases are similar, one can note that nano-gold cloak 
tends to have good cloak for frequencies less than 
optical frequencies and it is mostly suited for infrared 
regimes and higher wavelengths. Also, we can note the 
lesser plasmonic resonances of the gold nano-particle 
case compared with nano-silver one. Calculated radial 
and tangential permittivity components show that both 
cases suffer from short range of 𝑙𝑙𝑟𝑟 (distance between 
nano-particles) and smallness of nano-particle filling 
factors. 
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Abstract 

We have derived nonlinear couple wave equations in a 

metmaterial waveguide for both electric and magnetic 

component of electromagnetic wave. The coupled equations 

are not symmetric respect to electric and magnetic field. We 

also simulated the propagation of fundamental soliton in a 

nonlinear metamaterial waveguide and studied its behavior.  

1. Introduction 

It is evident that the two electromagnetic parameters of 

material i.e   and  , determine the behavior of the 

external fields widely. However the manifestation of 

artificial structure to manipulation electromagnetic 

properties is too marvelous so that novel phenomenon 

expose which have never seen before in nature intrinsically. 

This class of man-made materials is called metamaterials 

[1]. 

 

The "metamaterial" was terminated initially by Rodger M. 

Walser in 1999 at university of texas [2]. The idea of 

synthetic materials with both negative   and   is referred 

to Victor Veselago in 1968 [3] who theoretically survived 

several unusual properties in left-handed materials like 

negative index refraction, the reversal of Cherenkov 

radiation, the reversal of the Doppler shift and strikingly the 

reversal of Snell's law. Shelby et.al observed negative 

refraction experimentally primarily [4]. Pendry was the first 

one to propose a new design as split-ring-resonators to attain 

LHM [5]. However the revolution of metamaterials 

commenced by D. R. Smith and his team at the university of 

California [6] when they experimentally proved the 

possibility of contemporary negative   and    by Pendry's 

idea. 

 

The backward of verification in this field is so extensive that 

we can hardly mention all of them. But we can specify some 

of numerous and appealing applications such as perfect 

lenses [7], cloaking devices [8-9-10], sub-wavelength 

waveguides [11] and the enhancement of magnetic 

resonance imaging (MRI) [12].Stopping light [13], compact 

cavities, adaptive lenses, tunable mirrors, security imaging, 

bio molecular fingerprinting, remote sensing [14] are some 

other attractive applications in this new field. 

 

So far, linear features of metamaterials were studied 

predominantly when both  and  are intended to be 

independent of the intensity of the electromagnetic field. A 

nonlinear metamaterial is a tunable metamaterial to achieve 

nonlinearity more than nature materials. If we have authority 

to adjust varactors in unit cells of metamaterials, it is 

feasible to overcome and control and tune permittivity and 

permeability beyond their linear response. However variable 

capacitance diodes can be inserted into the split-ring-

resonators to upgrade linear medium to nonlinear 

metamaterials [15-17]. Nonlinear phenomena are developed 

by new structures such as harmonic generation [18-19], 

down-conversion [20] or tenability [21]. 

 

In this work we want to derive nonlinear couple wave 

equations in a metmaterial waveguide for both electric and 

magnetic component of electromagnetic wave. Besides that 

it is available to obtain refractive index for a special kind of 

metamaterial waveguide. 

 

2. Equations 

The planer waveguide system which we have considered 

here has boundaries in the x-y plane while the direction of 

propagation is taken to be in the z-axis. Here we presume 

that the core of the metamaterial waveguide consists of 

nonlinear split ring resonator units combined with straight 

thin copper wires. For simplicity we consider single gap 

SRR. Although the nonlinear aspect can be introduced in 

any circuit elements, the field amplification within the 

capacitive gaps estimates the best nonlinear response in the 

high-field regions of the circuit. Such system is influenced 

by an electromagnetic filed. 

 

So we assume that only the capacitance C(q) has a nonlinear 

response. The nonlinearity reaction can be yield by 

mounting a varactor onto the slit of SRRs. By this 

aforementioned illustration, it is feasible for our purpose to 

choose a Skyworks SMV 1231-079 hyper-abrupt tuning 

varactor. This approach suggests the nonlinear voltage-

dependent capacitance C (VD), as the following model [22]: 
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Where C0 is the zero basic capacitance, K is the gradient 

coefficient and VP is the intrinsic potential and VD is the 

voltage across the diode. For small field amplitudes, the 

time-dependent charge as a function of voltage can be 

computed as follows according to this chosen model: 
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Where 
pV is the intrinsic potential and K is the gradient 

coefficient. If we assume that 
PD VV  , then the voltage 

across the diode can be offered as a function of charge: 
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Overtly, according to equation (3) the inserted varactor 

exhibits the nonlinear relationship between charge and 

voltage [22]. 

The electromotive force )(t , turns out a current I so that: 
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In this equation L, R and 
t

D dI
C

V
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  are subsequently 

the distributed inductance, distributed resistance and the 

induced voltage. 

 

As we mentioned before, only the capacitance C (q) has a 

nonlinear response. So after expanding 
DV  in a Taylor series 

the equation (4 ) can be abbreviated to: 
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Where 2

0 a , 2

0 b , a and b are the nonlinear 

structural parameters and  is the linear damping constant. 

It is necessary to introduce 
0 as the resonance frequency. 

 

As regards the SRR submits a dominantly magnetic 

response, ultimately after solving equation (5) by standard 

methods [23], the intensity-dependent permeability is given 

by [24]: 
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In this equation, F is the structural constant, and 

 iD  22
0)(  and   is a loss parameter. 

As we illustrated previously, SRRs are synthesize with 

straight thin wires. The major portion of nonlinear dielectric 

permittivity function is related to this part. 

 
For simplicity the metallic structure is embedded into a 

nonlinear dielectric with a permittivity that depends on the 

severity of the electric field and the nonlinear dependence is 

relevant to Kerr nonlinearity. 

 

Finally the expression for the effective nonlinear dielectric 

permittivity is obtained [25]: 
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Where: 
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    and  )ln(2)( rddcp   . 

 

The planer waveguide system which we have considered 

here has boundaries in the x-y plane while the direction of 

propagation is taken to be in the z-axis.  

 

According to Maxwell's equations: 
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We could obtain Helmholtz equation as follows: 
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If we insert magnetic field in equation so that it propagates 

through z direction: 
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We would acquire two below equations by utilizing the 

separation of values method [26]: 
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Nevertheless we have: 
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Eventually the refractive index is attained: 
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Where its coefficients are: 
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We presented eigenvalue according to this equation: 
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Where: 
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On the other hand, we selected magnetic and electric fields 

as following relations: 
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Now we can insert equation (16) in (21) and gain this 

equation: 
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In equation (13) we can use this approximation: 
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It is helpful to approximate )(  in a Taylor series toward 

0  : 
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In such a manner we approximated other coefficients and 

substituted them in equation (16). Lastly converting )( 0   

to )(
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  leads us to have equation (13) in time-domain: 
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In equation (27) subscripts 1, 2 and 3 are respectively the 

first, the second and the third derivative of coefficients 

toward 0 . 

 

For simplicity we disregard the term 
3

3

t

 .Let us to introduce 

a time scale normalized and similarly a length scale one to 

the input pulse width as: 

 

0t
t                                                                             (28) 

L
Z                                                                              (29) 

 

At the same time we introduce normalized amplitudes for 

both magnetic and electric fields as follows: 
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Where 0q   and 0p  are the peak power of the incident pulse. 

In the end, this procedure derives us to these two uncoupled 

equations: 
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Where the coefficients are formed as: 
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As we are eager to achieve the standard Schrödinger 

equation, it is advantageous to omit some coefficients of 

equations (32) and (33). Afterwards, we altered the 

variable   to )(n  and also   to enT )( .So two 

coupled equations reduced to: 
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Here m, n and p are coefficients associated with 

metamaterial core construction. 

 

 After inserting experimental results [22], [24] and [25] in 

the coefficients of the equations (45) and (46), we can 

simulate and survey the behavior of fundamental soliton as 

follows: 

 

 

 

 

Figure 1: The simulation of propagation of electromagnetic 

wave in a metamaterial waveguide according to equation 

(45) and (46). 
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3. Discussion 

In spite of a regular nonlinear waveguide, fundamental 

soliton does not preserve its shape in a metamaterial 

waveguide. So it would better find another coupled 

soliton solution. 

4. Conclusions 

In this article we presented a waveguide with a metamaterial 

core. We have presented the effective permeability 

coefficient and the effective permittivity for this nonlinear 

structure. We perceived that the dependence of magnetic and 

electric fields is obvious in these two parameters. While the 

straight thin copper wires are responsible to provide electric 

nonlinearity, the SRR obtained the magnetic nonlinearity. In 

addition we tried to solve the Helmholtz equation for 

propagating electromagnetic waves. For this special 

structure we could compute the refraction index. On the 

other hand, by using standard methods, we acceded 

propagating electromagnetic wave equations in this 

nonlinear meamaterial medium. Finally we normalized these 

two equations and omitted some coefficients to achieve 

standard nonlinear Schrödinger equations. We realized that 

these two equations are not symmetric but they are coupled. 

After that the behavior of fundamental soliton was survived 

and it was seen that the fundamental soliton is not a soliton 

solution of nonlinear metamaterial coupled electromagnetic 

wave equations.  
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Abstract 

Metamaterials which have both negative permeability and negative 
permittivity have potential applications in optoelectronics and 
communications. These materials are fabricated in laboratories 
which is an added advantage. The focus of this work is on the 
propagation of surface wave at the interface between nonlinear 
MTMs and anisotropic materials in the optical range. The 
dispersion equation is derived from Maxwell’s equations. The 
dispersion equation is solved numerically to study the 
characteristics of the propagated wave. Only TE modes are 
considered. Results display the dependence of the propagating 
waves on the characteristics of the structure composite materials. 

1. Introduction 

The importance of anisotropic materials is due to the fact that they 
can be used as directional means for different optical equipment 
like fibers and convertors [1-4]. A dramatic research on wave 
propagations in anisotropic medium has been done [5-7]. It is 
shown that the propagation is coupled and depends on 
polarization. 
Metamaterials labeled a Left-Handed material as they satisfy the 
characteristic laws for left-handed substances. These materials 
were first theoretically investigated by Veselago [8]. Pendry et al. 
[9] presented a periodic group of nonmagnetic directing units 
having an effective permeability to broaden the electromagnetic 
properties range of effective media. The effective permeability is 
enhanced by making the basic units resonant.  This leads to large 
positive effective permeability close to the low frequency side of 
the resonance and negative effective permeability near the high 
frequency side of the resonance. The materials of negative 
effective permeability attracted attention because they can be 
united with negative permittivity materials to produce 
metamaterials.  The split ring resonator (SSR) can be used to 
create a material with negative permeability which can be used to 
build metamaterials. 
Smith et. al. [10] treated metamaterial as a square matrix of 
periodic arrays. An array encompasses splitting-ring resonators 
and conducting wires. This combined structure shows a frequency 
in the microwave region with negative permeability and negative 
permittivity. These MTMs have several engineering applications 
because their permeabilities and permittivities can be adapted 
according to particular necessities. MTMs have various 
applications in sensors [11-13] and isolators [14-20].  
The term negative index of refraction is an essential development 
of metamaterials. To get negative refraction, both permeability and 
permittivity should be negative.  This can be done by using 

metamaterials where the frequency of negative permittivity can be 
reduced using wires whereas the negative permeability can be 
attained with resonant particles [21-24]. Furthermore, theoretical 
[25] and experimental [26-28] researches demonstrate that the 
properties of negative refraction occur in some anisotropic media 
labeled anisotropic-MTMs media. 
Nonlinear electromagnetic responses in MMs is established by the 
addition of nonlinear elements inside the MMs, for example by 
inserting the split-ring resonators (SRRs) in a Kerr-type dielectric 
[29], or by introducing certain nonlinear elements like diodes in 
the split-ring resonators [30]. When ultrashort pulses propagate in 
nonlinear electric polarization MTMs, the permeability combined 
with the nonlinear polarization leading to a self-steepening effect 
and a higher order nonlinear term [31-34]. 
The purpose of this work is to study surface wave propagation at 
the interface between nonlinear MTMs (NMTMs) and anisotropic 
materials. Next section is dedicated to introduce the proposed 
structure and the theory of the problem. In section 3, results are 
presented followed by discussion in section 4. Conclusion is given 
in section 5.  

2. Structure of the problem and dispersion 
equation 

In this work, we propose to study the effect of nonlinear 
metamaterials (NMTMs) on the propagation of the surface 
waves at the interface of the anisotropic media.  Fig. 1 
shows the proposed structure. The structure consists of two 
semi-infinite planes. The lower half of the space x<0 is 
filled by NMTMs and the upper half x>0 is filled by 
anisotropic media. We considered two cases of anisotropy: 
anisotropic dielectric with positive permittivity and 
permeability and the second case is by replacing dielectric 
anisotropic media with anisotropic-media with negative 
permittivity and negative permeability (anisotropic-MTMs). 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: The proposed configuration. 
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The nonlinear MTMs have characteristic parameters 
defined as follows: 
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where I is the field intensity, α is the strength of the 
nonlinear term taken to be equal  2x10-9.  
In general, anisotropic media has the following dielectric 
tensor: 
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The material is chosen such that only diagonal elements are 
not zero. We assumed the fields are oscillatory and have the 
following TE polarization as follows,  
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where β = neff k denotes the propagation constant, neff the 
effective refractive index, ω = ck the frequency, k is the 
propagation constant in free space, and c is the speed of 
light.  
Applying equation (4) and equation (5) into Maxwell's 
equations, we get the field equations and their solutions in 
the two media. 
 
For x<0, the field equation and its solution are written as 
follows 
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where 2q  = 2 2 2k   , and x0 is the integration 

constant and indicates the location of the maximum power. 
For x>0, the field equation and its solution are expressed as  
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where A is the constant of integration can be found from 

boundary conditions and 2q  = 1 1 1k   .  

The dispersion equation can be easily derived by imposing 
the boundary condition at x=0 into the field equations.  
 

                           2
0

1

1
2

2

tanh
q

q x
q




                        (11) 

 
Equation (11) shows the relation between the characteristic 
constants of the two media and gives the needed information 
about the propagated surface waves between the two media. 
The time averaged power flowing in the z direction per unit 
beam width is calculated: 
 

                   1 *Re
2

P HxE dx
z


  


                (12) 

 
The dispersion equation (11) is solved numerically for the 
range of tanh(q2x0) between -1 to +1. The value of neff is 
used to obtain the power of the propagated waves.  
The fields (equations (7) and equation (9)) in the two media 
are also solved numerically. In all the calculations, the linear 
parts of equation (1) and equation (2) values  are taken in the 
optical range at λ = 812 nm [35] where the permittivity ε and 
permeability µ are simultaneously negative. 

3. Discussion 

Fig.2 illustrates the propagated power flow at the interface 
between the NMTMs and the dielectric anisotropic media 
where we notice that as the wave goes from the nonlinear 
media to the anisotropic media the power increases until it 
saturates around the cutoff at neff = 2. Moreover, the power 
has a definite power threshold where the surface waves 
starts to propagate. The field distribution at different values 
of neff at different positions for the proposed structure is 
plotted in Fig. 3. It is noticeable that increasing the wave 
index increases the field maximum which explains the 
increase in the power as the index increases. 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
Figure 2 The variation of the total power flow at the 
NMTMs/anisotropic dielectric interface with neff. 
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Figure 3 The field amplitude as a function of position for 
different values of neff: 1.2 for curve 1, 1.5 for curve 2 and 
1.9 for curve 3. 
Replacing the dielectric-anisotropic material with 
anisotropic-MTMs media we get the power distribution for 
the proposed structure as shown in fig. 4. We noticed that 
the power has no saturation value. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4 The dependence of the total power flow at the 
NMTMs/anisotropic-MTMs interface on neff.  
 

4. Conclusions 

 
In this work we studied the surface wave propagation at the 
interface between nonlinear-MTMs and anisotropic media. 
We studied two cases of anisotropic media: one case in 
which the anisotropic media has positive permittivity and 
permeability and the second case both permittivity and 
permeability is negative. We found that the dispersion 
equations which explain the behavior of the surface waves. 
In the first case we noticed that the power increases as wave 
index increases and has a saturation limit. While in the 
second case we found that the power increase as the wave 
index increases without saturation limit. The field amplitude 
distribution at different wave index for different positions is 
plotted. The plot shows that as the wave index increases the 
maximum of the amplitude increases. 
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Abstract

Finite difference time–domain (FDTD) technique can be
used to model metamaterials by treating them as disper-
sive material. Drude or Lorentz model can be incorporated
into the standard FDTD algorithm for modelling negative
permittivity and permeability. FDTD algorithm is readily
parallelisable and can take advantage of GPU acceleration
to achieve speed–ups of 5x–50x depending on hardware
setup. Metamaterial scattering problems are implemented
using dispersive FDTD technique on GPU resulting in per-
formance gain of 10x–15x compared to conventional CPU
implementation.

1. Introduction

Standard FDTD algorithm cannot cater for negative val-
ues of permittivity or permeability. This is because of the
Courant stability criterion. As soon as the permeability or
permittivity becomes less than unity the algorithm will not
be stable. A metamaterial object can be modelled as a dis-
persive substance using either the Lorentz or Drude disper-
sive models. These models can yield negative values of per-
mittivity (or permeability) for certain frequency ranges [1].
Using these dispersive models, FDTD update equations are
modified and permittivity and permeabilities are replaced
with terms dependent on frequency of operation.

Two problems are chosen for GPU implementation.
First is the electromagnetic wave scattering by a slab with
negative permittivity and permeability; also known as DNG
(double negative) medium. Second problem is the simula-
tion of cylindrical cloak. An incident Gaussian pulse on
DNG slab will undergo dispersion resulting in different fre-
quency components being separated. Refractive index and
transmission coefficient are calculated numerically to ascer-
tain the validity of implementation. The cylindrical cloak
was first proposed and tested by Pendry et. al. [2]. The
first FDTD implementation was by Zhao et. al [3] and im-
plemented on Comsol, a commercial electromagnetic sim-
ulation software. Simulations are implemented on Matlab,
C++ and GPU. Performance comparison reveals a 10–15
times increase in performance with GPU implementations.
Performance gain is greater for larger problem sizes and
greater simulation times.
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Figure 1: εr plotted against ω/ωp for ε∞ = 1 and γ = 0

2. Drude Dispersion Model

In ideal conditions the permittivity (and permeability) of a
material remain constant for any frequency and through-
out the structure of that material. Speed of electromag-
netic waves in such a medium remain constant if frequency
changes. Additionally, there is no loss in energy as the
waves pass through the medium.

In reality, such a material does not exist. Speed of EM
waves varies with frequency of operation. Also, there is
a loss associated with the material. A material is disper-
sive if its permittivity or permeability is dependent on fre-
quency [4, Ch. 10].

The relative permittivity in Drude model is given by

ε̂r(ω) = ε∞ −
ω2
p

ω2 − jγω
. (1)

Where, ωp is plasma frequency and γ is collision frequency.
Setting γ = 0 and ε∞ = 1, relative permittivity comes
out to be negative for ω/ωp > 1 (figure 1). Thus, Drude
model can be effectively used to model metamaterials with
permittivity or permeability less than one by incorporating
it into FDTD update equations.



3. FDTD Update Equations
Faraday’s Law and Ampere’s Law in differential form are
given by

∇× E = −∂B
∂t
, (2)

∇×H =
∂D
∂t
. (3)

From [5], the update equations for a wave propagating in z
direction are given by
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(5)

In the conventional FDTD algorithm future magnetic field
components are first computed from past electric field com-
ponents (eq. 4). Using the updated magnetic field compo-
nents, future electric field components are then calculated
(eq. 5) and the simulation proceeds in a leap–frog manner
[5].

4. FDTD Update Equations Based on Drude
Model

Electric flux density and electric field are related by

D = εE. (6)

Where ε = εrε0 and εr for Drude model is given by equa-
tion 1. Substituting Drude model εr, equation 6 can be writ-
ten as

ω2D− γ(jω)D = ε∞ω
2E− ω2

pE− ε∞γ(jω)E. (7)

Following the treatment of [3] and [4], frequency domain
quantities can be converted to time–domain using the re-
lationships jω → ∂/∂t and ω2 → −∂2/∂t2. Moreover,
fields multiplying with ω2

p are averaged in time. Second–
order difference scheme is used, both for single and dou-
ble derivatives to keep all the terms in accordance with the
second–order nature of whole expression. This will result
in easier implementation. The final form is given by

En+1
x = ae

(
Dn+1
x − 2Dn

x +Dn−1
x

)
+ be

(
Dn+1
x −Dn−1

x

)
+ ce

(
2Enx − En−1x

)
+ de

(
2Enx + En−1x

)
+ eeE

n−1
x .

(8)

This is also known as the auxiliary update equation for elec-
tric field where ae–ee are scalars given by

ae = 4/g, be = γ (2∆t) /g, ce = 4ε0ε∞/g,

de = −ε0ω2
p (∆t)

2
/g, ee = ε0ε∞γe (2∆t) /g,

g = 4ε0ε∞ + ε0ω
2
p (∆t)

2
+ ε0ε∞γ (2∆t)

A similar procedure can be carried out to obtain auxiliary
update equation for magnetic field.
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(9)

For a wave propagating in z direction, FDTD update equa-
tions are

Bn+1
y (k) = Bny (k) +

∆t

∆z
(Enx (k)− Enx (k + 1)) (10)

and

Dn+1
x (k) = Dn

x (k) +
∆t

∆z

(
Hn+1
y (k − 1)−Hn+1

y (k)
)
.

(11)
Equations 10 and 11 drive the FDTD algorithm which give
future values of By and Dx from past fields. Equations 8
and 9 are auxiliary equations which give future fields Hy

and Ex at n + 1. A dry run without any scatterer is car-
ried out before actual simulation to record incident fields.
After simulation any post–processing is done to calculate
required parameters like refractive index. The whole algo-
rithm is depicted in figure 2.
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Compute Transmission and Reflection Coefficients

Compute Refractive Index of Slab

Play Time-Domain Simulation Movie

Figure 2: FDTD algorithm
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5. GPU Considerations
With the evolution of 3D graphics arose a need for faster
computing means to handle real–time graphics processing.
The graphics processing unit or GPU was originally meant
to act as a separate processor to handle graphics computa-
tions. A modern GPU has several hundred small processors
that can work in parallel. Generally, these processors are
referred to as shaders. The idea is to divide a problem into
smaller sub–problems meant to execute in parallel. To take
advantage of GPU acceleration a problem must have either
task–parallel or data–parallel nature.

5.1. Task–Parallelism

In task–parallelism computation consist of several indepen-
dent tasks that run concurrently. These tasks may be com-
pletely unrelated but the end result is dependent on their
outputs. Consider summation of a series, where we want to
compute the value of ex from Taylor series. The mathemat-
ical expression is given by

ex = 1+
x1

1!
+
x2

2!
+
x3

3!
+
x4

4!
+
x5

5!
+
x6

6!
+ ...+

xn

n!
(12)

A single–threaded conventional implementation would
have to calculate all the terms one–by–one and then sum up
the result in the end. However, in a multi–threaded imple-
mentation, each thread would calculate only one term. All
the treads will perform their computation in parallel and the
end result is then summed up. The computation–intensive
task of calculating factorials and higher powers of x is par-
allelised and results in significant reduction of computation
time.

5.2. Data–Parallelism

In data–parallelism same operation is performed on indi-
vidual elements of data. A simple example is that of scalar
matrix multiplication. Consider an array of size n being
multiplied with a scalar constant c. The result of each mul-
tiplication can be calculated independently by assigning a
separate thread for the task. This is illustrated in figure 3
where input array is A[] and resultant array is B[]. Data–
parallelism applies to any scenario where values in resultant
data array only depends on values from input array. FDTD
is a good example of data–parallelism and a GPU imple-
mentation can take advantage of accelerated computing.

6. Simulation of 1D DNG Slab
6.1. Problem Specification

An electromagnetic wave travelling in z direction is inci-
dent on a slab with negative values of permittivity and per-
meability (DNG) at the frequency of operation [6]. Sinu-
soidal wave, Gaussian pulse and Ricker wavelet are used as
sources. Transmission and reflection coefficients are calcu-
lated at the air–slab interface. Refractive index of slab for a
range of frequencies is also computed. By varying parame-

A[] A[0] A[1] A[2] A[3] A[4] A[5] A[6] A[n]...

...

B[]=c*A[] cA[0] cA[1] cA[2] cA[3] cA[4] cA[5] cA[6] cA[n]...

Figure 3: Data–parallelism

ters, the simulation can be scaled to any desired frequency
or wavelength.

6.2. Simulation Results

The simulation is run for both lossless and lossy cases with
sinusoidal, Gaussian and Ricker wavelet sources. The slab
parameters are set such that at frequency of operation, f0,
the permittivity and permeability of slab are both negative
and result in a refractive index n = −1.

6.3. Simulation Parameters

The number of spatial steps is set as 4096 and simulation
is run for 4× 4096 time steps. The slab is located between
steps 1365 and 2731. ∆z or spatial step is set as 3 mm and
time step, ∆t, is set as 50 ps. Frequency of operation is
f0 = 0.1953125 GHz and Courant number for this config-
uration comes out to be Sc = 0.5. In order to obtain relative
permittivity and permeability of −1 at required f0, plasma
frequencies are set as ω2

pm = ω2
pe = 2 × (2πf0)2 with

ε∞ = µ∞ = 1. First order absorbing boundary condition
(ABC) are applied on fields at end points.

6.4. Incident and Transmitted Fields

Simulation with Gaussian pulse reveals that low frequency
components are reflected at the interface which is confirmed
from the transmission and reflection coefficients obtained
for the air–slab interface. At f0, the transmission coeffi-
cient is 1 and there are no reflections when a sinusoidal
source with f0 is incident on the slab. Under steady–state
conditions, transmitted wave inside the slab has negative
phase velocity while energy is propagating in +ẑ direction
as expected.

6.5. Refractive Index

Following [6], the refractive index was calculated from

nFDTD =
1

jk0(z1 − z2)
log

∣∣∣∣Ex(ω, z2)

Ex(ω, z1)

∣∣∣∣ . (13)

Where, k0 was the wave number set as ω0/c and the
fields were recorded at locations z1 = 1415∆z and z2 =
1424∆z. For both, Gaussian pulse and Ricker wavelet,
Re(n) was −1 at f0 while Im(n) was sufficiently close
to 0.
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Figure 4: Incident Gaussian pulse
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Figure 6: Transmitted Gaussian pulse

7. Simulation of 2D DNG Slab
7.1. Update Equations

The most common 2D configurations are TEz or TMz po-
larisation where the problem space is confined to xy–plane.
In TEz , electric field components are transverse to z–axis
and vice versa. For 2D simulation of DNG slab, TMz
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Figure 7: Transmitted Gaussian pulse beyond slab
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Figure 8: Refractive index

polarisation is assumed. The field components of interest
would be Ez , Hx and Hy . Following the approach for 1D

4
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Figure 10: Steady-state under lossy conditions

case FDTD update equations are

Dn+1
z [i, j] =Dn

z [i, j] +
∆t

∆

(
H
n+ 1

2
y

[
i+

1

2
, j

]
−Hn+ 1

2
y

[
i− 1

2
, j

]
−Hn+ 1

2
x

[
i, j +

1

2

]
+H

n+ 1
2

x

[
i, j − 1

2

])
,

(14)

B
n+ 1

2
x

[
i, j +

1

2

]
=B

n− 1
2

x

[
i, j +

1

2

]
+

∆t

∆
(−Enz [i, j + 1] + Enz [i, j])

(15)

and

B
n+ 1

2
y

[
i+

1

2
, j

]
=B

n− 1
2

y

[
i+

1

2
, j

]
+

∆t

∆
(Enz [i+ 1, j]− Enz [i, j]) .

(16)

It is important to note here that DNG slab medium is as-
sumed anisotropic. The auxiliary update equations (9 and

x

y

PBCPBC

Lower PML Region

Upper PML Region

DNG Slab

Plane Wave

Figure 11: Simulation geometry

8) to obtain electric and magnetic fields, Ev and Hv (v ∈
x, y, z), from corresponding flux densities, Dv and Bv , re-
main unchanged.

7.2. Simulation Geometry

The DNG slab interface is perpendicular to incident plane
wave propagating in +y direction. Periodic boundary con-
ditions (PBC) are applied at x = 0 and x = xmax. In y
direction the grid is terminated at both ends by perfectly
matched layer (PML) to absorb any incoming waves. The
solution geometry is depicted in figure 11. The arrangement
of field nodes is shown in figure 12. Magnetic field com-
ponents are updated first and then used to update electric
field.

The solution space is bounded in y direction at both
ends by Hx which acts as the boundary for PML. Hx at
these end points is set to 0 so that any out–going fields are
reflected back into PML. Essentially, the j size ofHx arrays
is one greater than Hy and Ez arrays.

7.3. Simulation Parameters and Results

The solution space is 512 cells in both x and y directions
without taking into account the width of PML, which is 50
cells wide. The plane wave source is located 10 cells from
the lower PML layer. The spatial and temporal steps are set
as ∆x = ∆y = ∆ = 3 mm and ∆t = 50 ps, respectively;
with a Courant number of 0.5. Frequency of operation is
f0 = 1.5625 GHz. The DNG slab parameters are same as
in the case of 1D DNG simulation.

Figure 13 shows the refractive index obtained for a
range of frequencies with a Gaussian pulse excitation.
Again, real part of refractive index at f0 is close to -1,
whereas, imaginary part is close to 0.
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8. FDTD Modelling of Lossless Cylindrical
Cloak

8.1. The Electromagnetic Invisibility Cloak

It is well known that we can only see things when light
bounces off them and reaches our eyes. This is the reason
why transparent objects can sometimes be difficult to spot,

x

y

PBCPBC

Lower PML Region

Upper PML Region

Cloak

ra

rb

Plane Wave

Figure 14: Simulation geometry

like window panes. If we can somehow make light bend
around the corners of an object so that it continues on its
trajectory then that object will appear invisible. Invisibility
has, for ages, remained confined to only fiction books but in
modern day world of optical transformations and artificially
engineered materials, this no longer is a mystery.

An electromagnetic cloak at microwave frequencies
was proposed and tested for the first time by Pendry et.
al. [2]. The cloak is cylindrical in shape meant to hide a
circular object. This is probably the simplest implementa-
tion sufficient for proof of concept. To bend light around
the circular object the cloaking material must exhibit neg-
ative values of permittivity and permeability. The cloaking
medium itself is anisotropic. The first attempt at modelling
this electromagnetic cloak using the FDTD algorithm was
by Zhao et. al. [3]. Their FDTD implementation was tested
using simulation software Comsol.

8.2. Problem Specification

The implementation in [3] is for TEz while in this paper
TMz approach is followed as in the case of DNG slab prob-
lems. The cloaking parameters are same and given by

µr(r) =
r − ra
r

, (17)

µφ(r) =
r

r − ra
, (18)

εz(r) =

(
rb

rb − ra

)2
r − ra
r

. (19)

Here, ra and rb are the inner and outer radii of cloaking
shell. ra and rb are chosen as 0.1 m and 0.2 m respec-
tively. The FDTD implementation is first tested on Matlab,
then implemented using C++ and finally on GPU. The prob-
lem geometry is depicted in figure 14. The FDTD update
equations for TMz are completely analogous to those for

6



Figure 15: Ez under steady state for lossless cloak

Platform/ Compiler/
Configuration Toolchain

Matlab x64 NA
C++ x64/O3 VC++, gcc/g++

OpenCL x64/O3 VC++, gcc/g++
CUDA x64/O3 nvcc for win/linux

Table 1: Operating system, platform/configuration and
compiler/toolchain used for performance testing

TEz presented in [3]. The update equations for Dz , Hx

and Hy remain the same as in the case of 2D DNG prob-
lem. Figure 15 shows Ez under steady–state. All simu-
lation c1odes are available at http://code.google.
com/p/computational-electromagnetics/

9. Performance Analysis
9.1. Hardware and Software Set–up

Matlab, C++, CUDA and OpenCL implementations are
tested with respect to space and time. Operating system,
platform/configuration and compiler/toolchain for these
implementations are listed in table 1. Simulations use
double data type for arrays on 64 bit optimised platform.
The CPU is an Intel Core 2 Duo E8400 @3.00 GHz with
4 GB RAM. For CUDA simulations, GPU is GTX 500 Ti
with 192 shaders and 1 GB of memory. Visual C++ 2010
Express is the IDE used on 64 bit Windows 7. The flavour
of linux is Fedora 14 64 bit. Hardware and software config-
uration is listed in table 2.

10. Conclusions
The goal of this paper was to analyse GPU performance
gain of dispersive FDTD and GPU implementation of loss-
less cylindrical cloak. It was shown that materials with neg-
ative permeability and permittivity can be effectively mod-
elled using Drude dispersive model. The numerical results
showed good agreement with theoretical values in the case

CPU Intel Core 2 Duo E8400 @3.00 GHz
RAM 4.00 GB DDR2
GPU nVidia Geforce GTX 550 Ti 1 GB
Matlab 2010a 64 bit
Linux Fedora 14 64 bit
Windows Win7 64 bit
Cygwin 64 bit on Win7

Table 2: Hardware and software used for performance test-
ing

of DNG slab problem
The 1D and 2D cases of slab problem was then im-

plemented using C++ and GPU. A comprehensive perfor-
mance analysis showed that GPU was able to perform much
better both, as the problem domain and maximum time
stepping are increased. For smaller problems, however, it
is better to use Matlab or C++ due to data copying over-
head associated with GPU implementation.

The lossless case of cylindrical cloak, as presented by
Zhao et. al. in [3], was implemented using Matlab, C++ and
finally on GPU with minor modifications. The simulations
showed adequate similarity to accepted results.
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Abstract 

The spontaneous down-conversion of laser light in a 
dielectric plate and/or metal-dielectric interface is 
considered. It is found that strong enhancement of the 
process takes place near the critical intensity of excitation. 
The further increasing of intensity will cause weakening of 
the emission. The crossover of the efficiency takes place if 
the amplitude of oscillations of the eikonal coincides with 
the wavelength of excitation. 

1. Introduction 

Spontaneous nonparametric down-conversion of photons – 
the creation of photon pairs on the expense of the single 
photons of laser in case of absence of the feedback is the 
nonlinear quantum phenomenon which takes place due to 
existence of the zero-point fluctuations. In this process the 
laser field, due to second-order nonlinear interaction 
perturbs the refractive index which causes the periodical in 
time perturbation of the zero-point state and the emission of 
the photon pairs [1-11]. The process belongs to the 
phenomena of general importance while it is a consequence 
of the fundamental fact established by the quantum theory 
that the vacuum of space is not empty: it is full of quantum 
fluctuations. The latter show up e.g. as emitted photons if 
the zero-point state undergoes the time-dependent 
perturbations. It is of remarkable interest also from practical 
point of view while generated photon pairs are in the 
entangled state. At the usual conditions the process has 
extremely low probability and is observed only in case of 
positive feedback, e.g. in parametric oscillators. However, 
at present there exist possibilities not only to use strong 
laser light but also to enhance the interaction of light with 
matter using e.g. surface plasmon-polaritons, and in this 
way to increase the intensity of the down-conversion.  
The time-dependence of the zero-point state of the field 

can also be achieved if the boundary conditions in time are 
changed, e.g. by taking a resonator and modulating in time 
its length. The two-photon emission, which arises in this 
case, is called the dynamic Casimir effect [10-15], referring 
to the fact that the usual (static) Casimir effect [12] -  the 
attraction of the mutually parallel light reflecting plates, 
displays the existence of the zero-point energy of the 
electromagnetic field. The emission, which is generated in a 
resonator with periodically changing boundary conditions 
has been studied by several authors (see, e.g. [12-21]). In 

this case, the frequency of the one or several modes of the 
resonator is periodically changed. If the half of the period of 
modulation of frequency coincides with the period of the 
mode then the parametric resonance takes place resulting in 
the excitation of the mode. In this case the energy of the 
mode is exponentially growing in time.  
However, this mechanism of the enhancement of radiation 

takes place only in case of a resonator (cavity) having 
discrete modes with rather different frequencies: only in this 
case the periodical change of the frequency of a mode will 
not mix it with other modes of the cavity which would 
destroy the parametric resonance. This mechanism can be 
used for the microwaves, when the characteristic size of the 
resonator is of the order of cm. In case of visible light this 
mechanism cannot be used due to very small size of the 
resonator which in this case should be comparable to the 
wave length of light. The dynamical Casimir effect for 
microwaves was recently observed in [22, 23]. 
In this communication we consider the two-photon 

emission in visible frequency excited by the standing laser 
wave in a dielectric plate or a metal/dielectric interface. In 
the latter case the plasmon-polaritons can be generated. 
Here the field enhancement takes place allowing one to 
increase the intensity of the down conversion. Two possible 
geometries of the set-up are considered: the wave front of 
the standing wave of the laser is 1) parallel or 2) 
perpendicular to the interface. In the first case the dielectric 
is supposed to have the non-zero second-order susceptibility 

(2)χ . In the second case this non-zero value of (2)χ  of the 
dielectric is not needed while for the waves propagating 
along the interface the required components of (2)χ differ 
from zero due to the inherent asymmetrical structure of the 
interface. 
The arising emission results from the field-induced fast 

modulation of the optical length (eikonal) in time which, in 
its turn, leads to a fast modulation of the zero-point state of 
the quantum field. In the case under consideration the 
emitting system is open, i.e. the feedback coupling is 
absent. The process under consideration is (quasi)stationary. 
The emission has a noticeable intensity only if the velocity 
V of the oscillations of the optical length is approaching the 
velocity of light c0. Although usually the latter condition is 
very difficult to fulfill, modern light sources may have 
sufficient power to modulate the dielectric so strongly that 
the case with V = c0 or even with V > c0 can be achieved. 
Obviously it is of interest to know how the light conversion 



2 
 

depends on the laser power in this case. Below we propose 
an answer to this question.  

2. Emission of dielectric with oscillating in time 
optical length 

Let us first consider the quantum emission of a dielectric 
with a periodically time-dependent refractive index n(t). 
The time-dependence of n may be achieved, e.g. if the 
dielectric is exposed in a strong standing laser wave. We 
restrict ourselves to the consideration of the emission in a 
fixed direction. Then the equation for the field operator   
has the form [9-11]  

 2 2 2 2 2
0

ˆ( ( )) 0,t c n t x A ∂ ∂ − / ∂ ∂ =   (1) 

where 0 0( ) cos ,n t n n tω′≈ + (2)
0 0 ,n Eχ′ = 0E  is the 

amplitude of the standing laser wave, 0c  is the velocity of 
light in vacuum. For the convenience of consideration, we 
suppose that the dielectric is placed into a resonator, the 
length of which L0 tends to infinity. We also suppose that 
only a part of the dielectric is excited; at that the refractive 
index slowly changes with x. This allows one to use Eq. (1) 
with ( )n t  replaced by ( ).n t x, The field operator satisfies the 
boundary conditions, which means that it turns to zero at the 
borders at any time moment. Taking for the coordinates of 
the mirrors 0 0x =  and 1 0 ,x L= both, Eq. (1) and the 

boundary conditions are satisfied if ˆ( )A x t,  is chosen in the 
form  

 ˆ ˆ( ) sin( ( ) ( )) ( )k
k

A x t kl t x l t A tπ, = , / ,∑  (2) 

where 0 1 2k …= , ± , ± ,
0

( ) ( )
x

l t x dx n t x′ ′, = ,∫  is the optical 

length (eikonal) at the coordinate x  and the time moment 
,t ( )l t  is the full optical length. 

Full paper should be submitted electronically via 
http://metaconferences.org/ocs/index.php/META/
index/pages/view/submission/ as a processed PDF. 
Acknowledgement of receipt of the submission will be sent 
to the contact-author e-mail address. 
 

To find the rate of emission caused by the time-
dependence of ( )n t  we will calculate the correlation 

function ˆ ˆ( , ) 0 ( ) ( ) 0 ,k k kD t A t At t=′ ′ where 0  is the 

zero-point state of the field. Here we refer to [24,25], where 
it was shown that in the large ,t t′ this limit 

 ( )( )) )2 2( (1
( , ) 1 | | | |

2
,k ki t t i t t

k k k

k

D t e et ω ων ν
ω

′ ′− − −= + +′

  

where the coefficient 2| |kν  describes the number of the 

generated photons Nk with the frequency .kω The intensity 

of emission is then given by 2
kd dtν . 

To find Nk  we insert Eq. (2) into Eq. (1) and neglect the 
terms ( )dn t x dx∝ , . We get  

2 2 2 ˆ ( )sin( ( ) ( )) 0.( ( ))
kk

t kl t x l tt ck l t A ππ   , / =∂ /∂ + /∑ (3) 

Let us consider x outside the excited area. For such x Eq. (1) 
reduces to the usual wave equation of a non-dispersive 
dielectric with a constant refractive index n0. Inserting Eq. (3) 
into this equation, we find for large L0 

( )
2

2
,2 2

0 0

ˆ
ˆ ˆ ˆ2 cos 0k

k k k q k
k

A k x kx
A LA LA

t L L
π π

ω
  ∂

+ − + = ,  ∂   
∑ r&& && (4) 

where 0 ,k ck Lω π= / 0c c n= is the velocity of light 
(polariton) in the dielectric. Taking into account the identity  

 ( ) 1
0 0 01

2 ( 1) sin( )mx L m mx Lπ π
∞ −= − − /∑   

we get  

 ( )2 2 2 ˆ ˆ 0k k k kt A Bω ω∂ ∂ + + ,;  (5) 

where 

 

2 21 ˆ ˆˆ ( 1) (2 ( ) ( ) ) /( )

0, 1, 2 .

j k
k j jc

j k

B j L t A L t A j k

j

π
−

≠

= − + − ,

= ± ±

∑ && &&

…
  

Eq. (5) can be presented in the following integral form: 

 (0)
1 1 10

ˆ ˆ ˆ( ) ( ) sin( ( )) ( )
t

k k k kA t A t dt t t B tω= − − ,∫  (6) 

where (0)ˆ ( )kA t  is the field operator in vacuum. From Eq. (6) 

it follows that in the t → ∞  limit the operator ˆ ( )kA t  

consists of the terms ki te ω−∝  and .ki te ω∝ The terms with 

0k jω ω ω+ ;  make a largest contribution to the integral; 
other terms are small and may be neglected (this 
corresponds to the RWA, which holds in case when the laser 
field is weaker than the atomic field). Therefore, the only 
essential contribution to this integral comes from the terms 

with 0 1( )
1 1

ˆ( ) ( ) e ,ji t
jL t A t ω ω± −∝  for which 

2 2ˆ ˆ2 ( ) ( ) ( ) ( ) .j jL t A t t L t A t j k∂ ∂ + ∝ −& && As a result, the factor 
2 2j k−  in the equation for ˆ

kB  is cancelled and we get  

 0
ˆˆ ( ) cos( ) ( )kB t V t Q tω≈ ,  (7) 

 
0

0

1 1
0 0

ˆ ˆ( ) ( 1) ( )k
j

j

Q t L jA t
κ

κ

κ − −

=−

= − ,∑  (8) 

0κ  is the integer part of 0 0 .L cω π/  From Eqs. (6) and (7) it 
follows that the number of the emitted photons in the large t 
limit equals 

 ( ) 10 1( )( )2
0 1 1 1 10

2 ( , ),k
t i t t

kN V c k dt dt e D t tω ω− − ′′ ′∫ ∫;  (9) 
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where ˆ ˆ( , ) 0 ( ) ( ) 0 .D t t Q t Q t′ ′= One can see that the 

number of the emitted photons is determined by the Fourier 
transform of the pair correlation function ( , )D t t′  for the 
large t and t’.  

3. Low velocity limit 

If V c=  then one can replace in Eq. (8) for Q̂  the field 

operator ˆ
jA  by (0)ˆ

jA . In this approximation  

 
0

2 1
0 2 2

10 0

( ) ( )
2

ji t
k k j

j

D t d t j e
L

κ
ωω

κ
−

,
=

= = ∑h  (11) 

Replacing the sum over j  by the integral over 

0 0j jω ω κ= /  one gets the following equation for the 

Fourier transform of 
0 ( ) :kd t,

   

 
0 3

0 0 0

( )
( ) k

k

n
d

c L
ω ω

ω
ω
′ −

=
h  (12) 

where ( )kn n ω ω′ = −  is the refractive index for the 

frequency .kω ω− This gives the following rate of 

generation of photons of the mode k :  

 
2

0
0 3

0 0 0

( )
.

2
k k

k
V nn

N L c
ω ω ω

ω
′ −

=&  (13) 

We take now into account that the full number of modes 
passing through the irradiated area in the spectral interval 
between ω  and dω ω+  equals  

 0 0( ) ,d L d cρ ω ω ω π= Ν  (14) 

where  

 2 2 2
0( 2 )( 1)S nπ λΝ / −∼  (15) 

is the number of the modes with frequency ω  in the 
irradiated area of the dielectric with the cross section 

0 0, ( ),S n n ω= λ  is the characteristic wave length. Taking 
into account that photons are emitted by pairs with the 
frequencies ω  and 

0ω ω−  we get  

( )( )22 2 2 2 2 2
0 00 8n nω ω λω ωλ

− ′= + /−  

where 
0 0 .cλ ω= / Therefore in the case 

0/ 1v V c= =  the 
spectral rate of emitting photons equals  

 ( ) ( )
2

2
0 0 02 2

0

( ) 1
2
v nn S

N n
π

ω ω ω ω
ω λ

′
≈ − −&   (16) 

(here ( )n n ω≡  and 
0( )n n ω ω′ ≡ −  are the refractive indexes 

for the frequencies ω  and 0ω ω− ). We see that the 
emission under consideration is different from the emission 
in small resonator considered in Refs. [1,4-8,12-21]: it is 
stationary, its spectrum is broad, while in the case of small 

resonator it is non-stationary (exponentially increasing in 
time) and quasi-monochromatic.  
The full rate of the generating of photons in the small 

velocity v limit is  

 ( )0
2

20
0 02 20

0

( ) 1 .
160

V S
N d nN c

ω π ω
ω ω

λ
≈ ≈ −∫ &&  (17) 

 

4. Arbitrary velocity 

To find the emission for an arbitrary velocity, we follow the 
calculations given in [9-11] (see part 2.2.1, the k=2 case). 
We use the equation of motion for the operator Q̂ : 

 (0)
0 1 1 0 1 10

ˆ ˆˆ( ) ( ) 2 ( )cos( ) ( )
t

Q t t v dt G t t t Q tQ ω ω= + −∫ (18) 

(
0t t≤ ), which directly follows from Eqs. (6) – (7). Here 

(0)Q̂  is given by Eq. (8) for Q̂  with (0)ˆ
jA instead of ˆ

jA ,  

 
0

2
0

1

( ) ( ( ) ) sin k
k

G t t k t
κ

πκ ω
=

= Θ / ∑    

is the Green function. Using Eq. (18) once again (this time 
for 1

ˆ ( )Q t ) and inserting it into ( )D t t′,  we find  

 0 1 1 0 1 1 10
( ) ( ) 2 ( )cos( ) ( )

t
D t t d t t v dt G t t t D t tω ω ∗′ ′ ′, , + − ,∫;  

 
1

0 1 2( )2 2
0 1 2 1 1 2 20 0

( ) ( ) ( )
t t i t tv dt dt G t t G t t e D t tωω − − ′+ − − , ,∫ ∫  

where (0) ˆˆ( ) 0 ( ) ( ) 0 ,d t t t Q tQ′ ′, = | | and an analogous equation 

for ( )d t t∗ ′, . We take into account only 0 1 2( )i t te ω −  term of 
the factor 0 1 0 24cos( )cos( );t tω ω  other terms oscillate fast 

and drop out. Above the term v∝  may be omitted while it 
also oscillates fast. Taking into account that in the large time 
limit the correlation functions ( , )D t t′  and  ( , )d t t′  depend 
on the time difference and using the relation  

 
1

2 1
1 2 2 10 0 0 0 0 0

t t i t ii t idt dt dt e dt e d e d eω ωτω ωττ τ
∞ ∞ ∞ ∞

=∫ ∫ ∫ ∫ ∫ ∫  

  

1 1 1 2( ),t t t t tτ τ′ → ∞, = − , = −  one gets the following 

equation for ( )D ω  [3-5] (the factor i te ω ′  cancels):  

 2( ) ( ) ( ) ( 1) ( )D d v G G Dω ω ω ω ω+ − ,;   

where 

 1 1
( ) [1 ln ] (1 )

2 1 2
i

G
ω ω ω

ω ω
π ω

| − |
= + + Θ − | | ,

| + |
 

 
and an analogous equation for ( )d ω∗  (we take 0 1ω =  for 
the frequency units). As a result, the number of the emitted 
photons with the frequency ω  per unit time and frequency 
equals:  
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 0
2 2

( )
( )

1 ( ) (1 )
N

N
v nn G G

ω
ω

ω ω∗= .
′| − − |

&&  (19) 

This expression describes the spectrum of emission under 
consideration for any value of v  (see Fig. 1). It is important 
to note that this spectrum is continuous although the 
excitation was monochromatic. This property of the 
emission under consideration was primarily predicted in [9-
11] and it was recently experimentally verified in [22,23]. 

 
Figure 1: The logarithm of the rate of the emission of 
photons N&  by a medium with periodically time-dependent 
refractive index 

0 0cosn n n tω′= +  as a function of the 

frequency of emission ω  and maximal velocity v   of the 
optical length (the units 

0 1ω =  and 
0 1c =   are used). 

 
 

If v <<1, then the intensity of the emission increases 
quadratically with .v  However, if v >>1, then the 
dependence on v  is the opposite: 2.N v−∝&  If v  approaches 

the value 2 24 (4 ln 3) 2 94rv π π= + − ≈ . ,  then the 
resolvent diverges at 1/ 2ω = and the emission is resonantly 
enhanced (Fig. 2). This corresponds to a very intense 
conversion of laser photons to other photons.  The given 
value of rv  is close to ,π i.e. the value of v, which 
corresponds to the resonance between the oscillation of the 
optical length and the generated wave, when the amplitude 
of oscillations coincides with the wavelength of the emitted 
photons with the main frequency close to 0 / 2.ω  

 

5. Estimation of the number of generated photons  

Let us present an estimation of the number of generated 
photons at the spontaneous down-conversion in a dielectric 
plate. First we estimate the velocity (v) of the periodical 
change of the optical length in the plate under the laser 
excitation with frequency 0ω  in visible. To this end we 
consider the field generated by the laser pulse with the 
energy E = 10-5 J and  duration  t = 10-11  sec  focused  on  the 

 
 

 

Figure 2: The intensity of the emission ( )I N dω ω ω= ∫ &  as a 

function of 
0v V c I= ∝  in the case of a monochromatic 

excitation (I0 is the laser intensity). 
 
area S = L x a, where L = 0.01 m is the length and a=10-4 m 
(0.1 mm) is the width of the irradiated area. This 
corresponds to 6 2.10 mS −= The intensity of light 

is 12 210 W m .I tS= =E This light intensity corresponds 
to the following strength of the electric field   

71.9 10E V m= ⋅ .   
The velocity v can be estimated as follows: 

 (2)V ELχ λ=   

We take (2)χ = 10 pm/V and λ = 10-6 m (1 µm). We get  

 1.9V c≈  
The number of generated photon per excitation pulse  

for the pulse 5
0 10tω =  equals 

 ( )
0 2

2 70
02 2

00

( ) 1 10
160

t S v
N t N d n

c

ω π ω
ω ω

λ
= −∫ & ∼ ∼   

i.e around million photons per light pulse. For repetition rate 
this means that ca one of every million of photons of the 
frequency 0ω  will be converted to two photons with the 

frequencies 0 2ω≈ .  
The efficiency of the conversion may be remarkably 

enhanced using plasmon-polaritons for which the nonlinear 
susceptibility (2)χ  may have much larger values than used 

here typical for usual dielectrics value of (2)χ = 10 pm/V. 
Another possibility is given by the resonance 2.9 :v V c= =  
a careful choice of the of excitation condition together with 
the dielectric or metal-dielectric interface would also allow 
one to essentially increase the efficiency of the spontaneous 
down conversion.  
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6. Down conversion in a SNOM tip 

Presented theory may be applied also for generation of 
entangled photon pairs in the metal-coated SNOM tip. If the 
pump laser beam is accessing the tip through the fiber (along 
its symmetry axis z), the inversion symmetry along this axis, 
should be broken. In these conditions, only three nonzero 

components of (2)χ  exist: (2)
zzzχ  and (2) (2)

zxx zyyχ χ=  (here the 

first index corresponds to the electric field component of the 
pump photon, while the second and the third indices – 
respectively to the electric field components of the signal 
and of the idler photons). One should interpret the action of 
these nonzero components in the following way. At the tip 
the incident pump wave has in addition to the transversal 
electric field also a longitudinal (z-polarized) electric field 

component. Therefore the (2)
zzzχ component describes the 

generation (at the tip output) of photon pairs of vanishing 

evanescent waves, while (2)
zxxχ and (2)

zyyχ  components 

describe the generation, in addition to the photons of 
vanishing near-field waves, the pairs of collinearly polarized 
(i.e. polarization-entangled) two photons propagating in the 
far field. Therefore the two photons of an entangled pair can 
be found propagating outside of the tip. In directions close to 
z  the polarization of photons is arbitrary; however both 
photons have the same polarization (i.e. their polarization 
states are entangled). The metal (gold) coating of the tip 
allows one to excite surface plasmons and to enhance the 
efficiency of the down conversion. 

7. Conclusions 

A theory of the nonparametric spontaneous down conversion 
of monochromatic light in dielectric with non-zero value of 
the second-order nonlinear susceptibility is proposed. The 
photons in the process are generated by pairs and they are in 
the entangled states. The intensity of emission is determined 
by the maximum of change of the velocity of the optical 
length (eikonal) in time caused by the laser light. The 
spectrum of emission is continuous. The later, in its turn 
linearly depends on the intensity of the light. In case of weak 
excitation the intensity of emission depends quadratically on 
the laser intensity. At strong excitation the dependence of the 
process on the laser intensity changes drastically. It is found 
that a strong enhancement of the emission takes place near 
the critical intensity of excitation. The emission then is 
quasimonochromatic; its frequency equals half of the 
frequency of the laser light. The further increasing of 
intensity will cause weakening and de-monochromatization 
of the emission. The crossover of the process occurs if the 
amplitude of oscillations of the optical length (eikonal) 
coincides with the wavelength of excitation. Numerical 
consideration shows that the efficiency of the down 
conversion under consideration for usual experimental 
conditions may be a pair of photons per million of exciting 
photons or more. 
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Abstract

This paper examines the possibility of designing an acoustic
cloak using a multilayered elastic cylindrical shell to elim-
inate the acoustic field scattered from a rigid cylinder im-
pinged by plane waves. This scattered field is calculated by
a semi-analytical code and depends on the dimensional and
mechanical characteristics of the elastic layers. Optimiza-
tion by genetic algorithm is led to determine the character-
istics of the layers minimizing the scattering. Realizable
elastic coatings leading to scattering reduction are eventu-
ally proposed.

1. Introduction
In the last years, different methods have been proposed to
make an obstacle transparent to acoustic waves. There are
two major approaches.

The first one is based on transformational acoustics and
consists in designing a cloak able to guide waves around
an object, without scattering. Indeed, thanks to a coor-
dinate transformation method similar to that employed by
Pendry [1] in the electromagnetic domain, Cummer and
Schurig [2] demonstrated that perfect acoustic cloaking
could be achieved in surrounding the obstacle with a spe-
cific anisotropic and inhomogeneous fluid. No such ma-
terial can be found in nature, however the recent develop-
ment of metamaterials offered new possibilities, and lately,
some experimental realizations of materials having effec-
tive properties close to those prescribed by the transforma-
tional acoustics theory have been reported [3, 4].

The second type of solutions, called scattering can-
cellation techniques, has been introduced by Alù and En-
gheta [5]. The idea is to design a layer that permits a drastic
reduction of the total scattering cross-section of the obstacle
over a given frequency bandwidth. This approach has first
been developed for electromagnetic cloaking, and has been
extended afterwards to acoustic waves. Different proposals
have been made. Bobrovnitskii [6, 7] studied the possibil-
ity of realizing coatings with tailored surface impedances.
Chen and Farhat [8, 9] proposed a pattern structure with ap-
propriate acoustic surface impedance leading to significant
reduction of the scattering of a sphere. In a different way,
but still relying on the minimization of the scattered field,
Garcı́a-Chocano et al. [10] designed an acoustic cloak for
a cylindrical obstacle in surrounding it with an important
number of cylinders of small diameter appropriately placed

to minimize the scattering. Guild [11, 12] showed numer-
ically that a drastic scattering reduction could be achieved
with a single isotropic layer wrapped around an elastic or
fluid sphere.

In this study, a scattering cancellation approach is
adopted. We examine the possibility of acoustic scattering
reduction with devices based on elastic vibration. The aim
is to determine if layers of elastic materials could be em-
ployed to significantly reduce the scattering in the case of a
rigid cylinder submitted to normal plane waves. First, the
method used to evaluate the scattered pressure field in this
configuration is described. Then, the inverse problem con-
sisting in searching the parameters of the layers allowing a
reduction of the acoustic scattering is exposed. The results
of numerical minimization using genetic algorithm in the
case of a bi-layer coating fixed on a rigid cylinder are pre-
sented, and finally a realizable configuration is proposed.

2. Evaluation of the scattered pressure field
2.1. Statement of the problem

Let us consider an infinite rigid cylinder of radius a placed
in a fluid of mass density ρ and speed of sound c. A coat-
ing made of N layers of orthotropic viscoelastic materials
is fixed on it. A plane acoustic wave of angular frequency ω
is impinging normally on the covered cylinder. e−iωt har-
monic time dependence is assumed. Coordinates systems
are chosen such that the direction of the incident wave co-
incides with the x-axis in cartesian coordinates and corre-
sponds to θ = π in cylindrical coordinates. The geometry
of the problem is depicted in Fig. 1.

a

b

�
x

y

~
~1

2
N...

incident 

plane wave

fluid (�,c)

r P

Figure 1: Multilayered coating made of N orthotropic vis-
coelastic materials and fixed on a rigid cylinder excited by
a plane wave.



2.2. Pressure field in the exterior fluid

The acoustic pressure field in the exterior fluid p satisfies
the Helmholtz equation

4p+ k2p = 0, (1)

where k = ω/c is the wave number. This pressure field
can be splitted up into two parts: the incident pressure pinc
and the scattered pressure pscat. The scattered pressure is
composed of a reflected part prefl, corresponding to the re-
flection of the incident wave on a rigid cylinder of radius b,
and a radiated part pel, due to the vibration of the surface
of the elastic coating. The sum of the incident pressure and
the reflected pressure forms the blocked pressure.

p =

pblocked︷ ︸︸ ︷
pinc + prefl + pel︸ ︷︷ ︸

pscat

(2)

The aim is to cancel the scattered pressure, that is to say
to tailor the elastic coating so that the radiated pressure pel
cancels the reflected one prefl.

2.2.1. Incident pressure

The pressure due to a plane wave of amplitude p0 travelling
in the positive x-direction is usually written

pinc = p0 e
−i(ωt−kx), (3)

but it can also be represented as a series of cylindrical
Bessel functions of integer order as follows:

pinc = p0 e
−iωt

+∞∑
n=0

inεnJn(kr)cos(nθ) (4)

where

εn =

{
1 if n = 0,
2 if n > 1.

2.2.2. Scattered pressure

The scattered pressure must satisfy the Helmholtz equation
and the Sommerfeld radiation condition (i.e. there can only
be cylindrical waves travelling from the scatterer to infin-
ity). Thus the scattered pressure can be written

pscat = e−iωt
+∞∑
n=0

An(ω)Hn(kr)cos(nθ) (5)

where An(ω) is the unknown scattering coefficient and
Hn(x) is the cylindrical Hankel function of the first kind
of order n.

The scattering coefficient An(ω) is determined using
the boundary condition on the outer surface of the coating,
stating that the acoustic radial velocity (resp. displacement)
at r = b is equal to the radial velocity (resp. displacement)
of the external surface of the coating. Thanks to the projec-
tion of the linearized Euler equation in the radial direction

ω2ρur =
∂p

∂r
, (6)

we obtain a relation between the displacement uNr (b, θ) of
the external surface of the coating and the unknown scatter-
ing coefficient An(ω):

uNr (b, θ) =
e−iωt

ωρc

+∞∑
n=0

[p0i
nεnJ

′
n(kb)

+An(ω)H
′
n(kb)] cos(nθ).

(7)

Thus, it is necessary to study the vibrations of the coating
excited by a plane wave. A semi-analytical code has been
developed to solve the equations of orthotropic elasticity
in cylindrical configuration, evaluate uNr (b, θ), and finally
pscat.

2.3. Vibration analysis

In each layer k considered as lineraly elastic medium, the
equations of motion are, in terms of stress components (σij)
and in the polar coordinates system (r, θ):

∂σkrr
∂r

+
∂σkrθ
r∂θ

+
1

r
(σkrr − σkrθ) = ρks

∂2ukr
∂t2

, (8)

∂σkrθ
∂r

+
∂σkθθ
r∂θ

+
2

r
σkrθ = ρks

∂2ukθ
∂t2

.

where ρks is the mass density of the solid material compos-
ing the layer k, and (ur, uθ) represents the material dis-
placement.

For a cylindrically orthotropic material, the generalized
Hook’s law can be written as:σkrrσkθθ

σkrθ

 =

ck11 ck12 0
ck12 ck22 0
0 0 ck33

 εkrr
εkθθ
2εkrθ

 (9)

where cij are the elastic constants, and εij are strain com-
ponents.

Moreover the strain components are related to the dis-
placements by the equations:

εkrr =
∂ukr
∂r

,

εkθθ =
∂ukθ
r∂θ

+
ukr
r
, (10)

εkrθ =
1

2

(
∂ukr
r∂θ

+
∂ukθ
∂r
− ukθ

r

)
.

In the case of orthotropic material, the system obtained
by substition of (9) and (10) into (8) is not readily solv-
able analytically. Therefore two approximate methods have
been employed here.

2.3.1. Method 1

The first method was proposed by Skelton and James [13]
and is based on a wave number domain approach and ap-
proximations classically used in the finite element method.

Circumferential variations of field quantities are repre-
sented by Fourier series, which gives, for instance for the

2



displacements:(
ukθ
ukr

)
=

∞∑
n=−∞

einθ
(
ukθ,n
ukr,n

)
e−iωt . (11)

To take into account the propagation of waves in the ra-
dial direction due to a possible important thickness or soft-
ness of the elastic materials, spectral displacements are rep-
resented by quadratic functions in r, and radial variations of
other field quantities are approximated by the finite element
method. In each layer, the dynamic stiffness matrix Skn is
calculated using a method of minimization of energy func-
tional, as described in [13, 14]. It relates spectral displace-
ments ukn and spectral excitations Fkn at the inner and outer
surfaces of the element (r = ak−1 and r = ak) and can be
written

Sknu
k
n = fkn (12)

with ukn =
(
ukθ,n(ak), u

k
r,n(ak), u

k
θ,n(ak−1), u

k
r,n(ak−1)

)T
and fkn =

(
fkθ,n(ak), f

k
r,n(ak), f

k
θ,n(ak−1), f

k
r,n(ak−1)

)T
.

A spectral dynamic stiffness “matrix” is also defined
for the exterior fluid, where it can be derived from equa-
tions (5), (7) and (11) that

ρωc
H|n|(kb)

H ′|n|(kb)
uNr,n(b) = fr,n(b). (13)

The N element stiffness matrices are assembled
together with the matrix of the exterior fluid in a
(2N+2)x(2N+2) block matrix, which gives the following
matrix equation, expressing the continuity of displacements
and stresses at layer interfaces:

Znun = en, (14)

where Zn is the system spectral stiffness matrix, un is a
vector containing the spectral displacements at the inter-
faces, and en a vector containing the spectral excitations
at the interfaces.

Boundary conditions are applied (no displacement at
the inner surface and radial excitation due to the blocked
pressure on the outer surface). Finally the solution of the
system of equations (14) gives the spectral displacements
at the layer interfaces, and particularly at the outer surface,
which allows the determination of the scattered field in all
the exterior fluid.

2.3.2. Method 2

The second method, similar to that employed by Chen [15],
Hasheminejad [16] and Jamali [17], is based on state space
formulation, wave function expansion and transfer matrix
approach.

Equations (8), (10) and (9) may be written as follows:

∂Yk

∂r
= MkYk, (15)

where Yk =
(
ukθ , u

k
r , σ

k
rr, σ

k
rθ

)T
is called the state vector

and Mk is a 4x4 complex matrix given in appendix.

The state vector Yk is expanded in terms of unknown
modal coefficients as

Yk =


ukθ
ukr
σkrr
σkrθ

 =

∞∑
n=0


bukθ,n(ξ) sin(nθ)

bukr,n(ξ) cos(nθ)
cN44σ

k
rr,n(ξ) cos(nθ)

cN44σ
k
rθ,n(ξ) sin(nθ)

 e−iωt,

(16)
where ξ is the dimensionless radial coordinate ξ = r/b.

The orthogonality of trigonometric functions gives

dVk
n

dξ
= Pkn(ξ)V

k
n, (17)

where Vk
n =

(
ukθ,n, u

k
r,n, σ

k
rr,n, σ

k
rθ,n

)T
is the modal state

vector. The modal matrix Pkn is given appendix.
Layers are assumed to be thin enough to consider the

matrix Pkn(ξ) constant within each layer. This constant ma-
trix can be evaluated at ξ = ξk−1, the inner interface of the
k-th layer. Then, it comes:

Vk
n(ξ) = exp

[
(ξ − ξk−1)Pkn(ξk−1)

]
Vk
n(ξk−1), (18)

where ξk−1 6 ξ 6 ξk and k = 1, 2, ..., N , which gives at
the outer surface of the k-th layer:

Vk
n(ξk) = exp

[
hkP

k
n(ξk−1)/b

]
Vk
n(ξk−1), (19)

where hk is the thickness of the considered layer.
For each layer, the state vector at the outer surface is

related to the state vector at the inner surface. Continuity
conditions at all interfaces between layers enable to relate
the state variables at the outer surface of the coating (ξN =
1) to the state variables at its inner surface (ξ0 = a/b).

VN
n (ξN ) = TnV

1
n(ξ0), (20)

with

Tn =

1∏
k=N

exp
[
hkP

k
n(ξk−1)/b

]
(21)

the global modal transfer matrix.
The boundary conditions at the inner and outer surfaces

of the coating are given by:

σNrr(b, θ) = −p(b, θ)
σNrθ(b, θ) = 0 (22)

u0r(a, θ) = 0

u0θ(a, θ) = 0.

Their transcription in conditions on the modal coefficients
leads to the following system:
−1 0 Tn,13 Tn,14
0 −1 Tn,23 Tn,24
0 −βn Tn,33 Tn,34
0 0 Tn,43 Tn,44



uNθ,n(ξN )

uNr,n(ξN )
σ0
rr,n(ξ0)
σ0
rθ,n(ξ0)

 =


0
0
αn
0

 ,

(23)
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with

αn = − 2p0i
n+1εn

πbcN33H
′
n(kb)

βn = −ωρcbHn(kb)

H ′n(kb)
.

The solution of this system gives, in particular, uNr,n(ξN ),
which allows the calculation of the pressure in the exterior
fluid:

p(r, θ, ω) = e−iωt
∞∑
n=0

p0inεn
(
Jn(kr)−

J ′n(kb)

H ′n(kb)
Hn(kr)

)
︸ ︷︷ ︸

pblocked

+ωρcbuNr,n(ξN )
Hn(kr)

H ′n(kb)︸ ︷︷ ︸
pel

 cos(nθ).

(24)

2.3.3. Discussion

Both methods rely on series expansion of the displacements
with regard to the circumferential variable θ. In the first
case, general Fourier series is used, whereas the second case
is based on particular solutions in sine and cosine valid for
cylindrical configurations.

Another difference lies in the fact that the continuity of
displacements and stresses at the interfaces is not written
in the same way in the two approaches. In the first one, a
(2N+2)x(2N+2) matrix corresponding to the whole multi-
layered shell is formed. In the second approach, the matrix
corresponding to the total system is of constant size (4x4),
independently of the number of layers. A comparison of
the two methods in terms of computational time (cf Fig-
ure 2) showed that the CPU time increases linearly with
the number of layers N with the first method, whereas it
stays roughly constant with the second one, which is con-
sistent with the above remark. Besides, it can be noted that
method 2 is interesting for a significant number of layers
(N > 10), and method 1 seems more appropriate for coat-
ings with few layers. For the next step, i.e. the search of
parameters of the different layers conducting to a scattering
reduction, the study has been restricted to bi-layer coatings,
and the simulations have thus been conducted with the first
method.

Finally, the pressure fields obtained on a set of config-
urations with these two methods are very similar and fully
comparable to those obtained for the same cases with the
finite element simulation software COMSOL, which vali-
dates both approaches.
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Figure 2: Comparison of CPU times with the two methods
(same configurations)

3. Search for parameters minimizing the
scattering

3.1. Method

Optimization techniques have been employed to find the di-
mensional and mechanical characteristics of the elastic lay-
ers leading to scattering reduction. Those parameters, that
constitute the optimization variables, are, for each layer:

• thickness h,
• Young modulus in the radial direction Er,
• Young modulus in the tangential direction Eθ,
• shear modulus Grθ,
• Poisson’s ratio νrθ,
• mass density ρ,
• structural loss factor η.

The study has been restricted to bi-layer coatings to limit
the number of optimization variables.

A genetic algorithm (SOGA from the DAKOTA soft-
ware) has been coupled with the vibro-acoustic approach
described above. Simulations have been conducted to find
the parameters of the layers minimizing the objective func-
tion, defined as the ratio of the scattering cross-section σsc
in the “cloaked” case to the scattering cross-section in the
“uncloaked” case.

Fobj =
σ
(cloaked)
sc

σ
(uncloaked)
sc

(25)

The scattering cross-section is defined as

σsc =

∫
S

< Isc >

< Iinc >
dS, (26)

where I is the acoustic active intensity in the radial direc-
tion

I = −iωpur, (27)

and < . > denotes a time-averaged quantity. As a result of
the non-absorption of the fluid medium, the acoustic energy
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conservation law allows us to calculate the intensity on any
surface enclosing the obstacle. Here, it has been chosen
to evaluate it on a cylinder of radius 0.75 m (for tests with
a rigid cylinder of radius comprised between 0.05 m and
0.2 m).

The scattering gain σgain provided by the coating is
mesured in decibel as follows:

σgain = 10 log10

[
σ
(cloaked)
sc

σ
(uncloaked)
sc

]
. (28)

3.2. Numerical results

3.2.1. Bi-layer coating

In the first simulations, the elastic and dimensional parame-
ters characterizing the two elastic layers have all been con-
sidered as independent optimization variables, and could
therefore vary independently of each other. Each parameter
has been allowed to vary between bounds corresponding to
existing materials, but no condition ensured that these pa-
rameters could all be achieved simultaneously. However
this first step permitted us to note that a very good scat-
tering reduction could be obtained with bi-layer coatings
composed of an external isotropic and stiff layer, and an in-
ternal orthotropic and soft layer. For instance, in the case of
a rigid cylinder 30 cm in diameter placed in air, a scattering
reduction of 13 dB in comparison with the uncloaked case
theoretically occurs at 380 Hz. The corresponding pressure
fields are represented in Fig. 3.

As said previously, it is very unlikely that such materials
could be found in pratice, but these simulations highlighted
the importance of the orthotropy of the internal layer. In-
deed, optimization have also been conducted with coatings
made of two isotropic layers, but no configuration leading
to scattering reduction coul be found so. Considering an in-
ternal orthotropic layer and an external isotropic one, scat-
tering reduction has been observed when the Young mod-
ulus of the internal layer in the radial direction was much
smaller than the Young modulus in the tangential direction.

Table 1: Elastic and dimensional parameters obtained
through optimization on a bi-layer coating made of an
internal orthotropic layer and an external isotropic layer.
Rigid cylinder 30 cm in diameter, optimization frequency:
380 Hz.

layer 1 2
h (mm) 2.4 0.6
Er (MPa) 0.1 800
Eθ (MPa) 0.8 800
Grθ (MPa) 0.25 308

νrθ 0.4 0.3
ρ (kg/m3) 100 1200
η (%) 0.5 1
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Figure 3: Absolute value of the complex pressure field
around an uncloaked (a) or a cloaked (b) cylinder 30 cm in
diameter, excited by a unit plane wave at 380 Hz. Coating
entirely determined by optimization, cf Table 1.

3.2.2. Realizable cloak

Further investigations have then been conducted for differ-
ent sizes of obstacle, using a 10 mm orthotropic polyethy-
lene foam for the internal layer, the aim being to find an
existing material for the external layer that could lead to a
substantial reduction of the acoustic scattering. Thanks to
the genetic algorithm, interesting values of the thickness h2
and the structural loss factor η2 of the external layer have
been determined, as well as the interesting frequency range.
With all these parameters fixed, direct computation of the
scattering cross-section σsc as a function of the Young mod-
ulus E2 and the mass density ρ2 of the external layer has
been carried out. It appeared that, for a given size of ob-
stacle, scattering reduction is only possible with a few pairs
(E2, ρ2), and that, although the attenuation is not as impor-
tant with these coatings as it is with those founded in the
first step, the phenomenon can still be observed. An ex-
ample is given in Fig. 4 and Table 2, with a scattering gain
of 5 dB. For smaller cylindrical obstacles, the curve repre-
senting the interesting zone moves towards lower (E2, ρ2),
and the frequency at which the scattering reduction occurs
becomes higher (and inversely if a bigger obstacle is con-
sidered), cf Fig. 5.

As a concrete example, according to these simula-
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tions and for an appropriate choice of obstacle size and
frequency, coatings composed of orthotropic polyethylene
foam and polymers like polymethylpentene, polycarbonate
or poly(methyl methacrylate) can enable scattering reduc-
tion.

Table 2: Elastic and dimensional parameters given by op-
timization on a bi-layer coating having as internal layer a
10 mm polyethylene foam. Rigid cylinder 26.6 cm in di-
ameter, optimization frequency: 680 Hz.

layer 1 2
h (mm) 10 1
Er (MPa) 1.2 1820
Eθ (MPa) 14 1820
Grθ (MPa) 0.1 700

νrθ 0.3 0.3
ρ (kg/m3) 89 661
η (%) 11 9
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Figure 4: Absolute value of the complex pressure field
around an uncloaked (a) or a cloaked (b) cylinder 26.6 cm in
diameter, excited by a unit plane wave at 680 Hz. Coating
with an internal layer of polyethylene foam and an external
layer determined by optimization, cf Table 2.
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Figure 5: (E2, ρ2) leading to a scattering gain of at least
4 dB, in the case of an internal layer of polyethylene foam
and an external isotropic layer with h2 = 1 mm and η2 =
9%.

3.3. Frequency band

The observed scattering reduction is effective on a narrow
frequency band. The scattering gain of the configurations
described in Table 1 and Table 2 is represented with regard
to the frequency in Fig. 6. The configuration corresponding
to the example 1 has a 3 dB-bandwidth of 142 Hz, whereas
the configuration of the example 2 has a 3 dB-bandwidth of
48 Hz.
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Figure 6: Variations of the scattering gain with frequency
for the coatings described in Table 1 (example 1) and Ta-
ble 2 (example 2).

4. Conclusions
Numerical simulations involving genetic algorithm showed
that scattering reduction could be achieved by fixing an
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elastic coating made of an internal orthotropic layer and
an external isotropic layer on a rigid cylinder excited by
a plane wave. Practical configurations have been proposed
and are now to be tested experimentally in order to vali-
date these numerical results. Further studies are considered
to try to broaden the frequency range on which the coating
effectively reduces the scattering. The effects of a greater
number of layers are also going to be investigated.

5. Appendix

Mk =


mk

11 mk
12 mk

13 mk
14

mk
21 mk

22 mk
23 mk

24

mk
31 mk

32 mk
33 mk

34

mk
41 mk

42 mk
43 mk

44


where

mk
11 =

1

r

mk
12 = − ∂

r∂θ

mk
13 = 0

mk
14 =

1

ck33

mk
21 = −c

k
12

ck11

∂

r∂θ

mk
22 = −1

r

ck12
ck11

mk
23 =

1

ck11

mk
24 = 0

mk
31 =

ek

r2
∂

∂θ

mk
32 = ρks

∂2

∂t2
+
ek

r2

mk
33 =

1

r

(
ck12
ck11
− 1

)
mk

34 = − ∂

r∂θ

mk
41 = ρks

∂2

∂t2
− ek

r2
∂2

∂θ2

mk
42 = −e

k

r2
∂

∂θ

mk
43 = −c

k
12

ck11

∂

r∂θ

mk
44 = −2

r

with

ek = ck22 −
ck12

2

ck11
.

Pkn =


pkn,11 pkn,12 pkn,13 pkn,14
pkn,21 pkn,22 pkn,23 pkn,24
pkn,31 pkn,32 pkn,33 pkn,34
pkn,41 pkn,42 pkn,43 pkn,44



where

pkn,11 =
1

ξ

pkn,12 =
n

ξ

pkn,13 = 0

pkn,14 =
cN33
ck33

pkn,21 = −c
k
12

ck11

n

ξ

pkn,22 = −1

ξ

ck12
ck11

pkn,23 =
cN33
ck11

pkn,24 = 0

pkn,31 =
ek

cN33

n

ξ2

pkn,32 =
1

cN33

(
−ρksω2b2 +

ek

ξ2

)
pkn,33 =

1

ξ

(
ck12
ck11
− 1

)
pkn,34 = −n

ξ

pkn,41 =
1

cN33

(
−ρksω2b2 +

ekn2

ξ2

)
pkn,42 =

ek

cN33

n

ξ2

pkn,43 =
ck12
ck11

n

ξ

pkn,44 = −2

ξ
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Abstract 

The enhanced emission of waveguide thermal emitter (WTE) 

by incorporating metallic nanoparticles in periodic hole 

arrays is investigated in the mid-infrared regime. Different 

metallic films were deposited inside the holes and then 

annealed to form randomly sized nanoparticles. It is found 

that the randomly distributed nanoparticles significantly 

enhanced the emission intensity of the WTE. It is believed 

that the plasmoinc-like resonance between different nano-

sized particles is greatly enhanced by accumulative scattering 

events from all directions that leads to the enhancement. This 

unique design by integrating localized and propagating 

surface plasmons together provides an easy way to improve 

the emission intensity of waveguide thermal emitter and a 

better device for IR application.  

 

 

1. Introduction 

Recently, numerous studies have been conducted to 

investigate the emission and transmission properties through 

the periodic hole arrays by using various metallic 

nanoparticles (NPs) [1,2] and coupled structures since the 

discovery of the extraordinary optical transmission (EOT) in 

1998 by Ebbesen et al. [3-5]. This phenomenon was 

attributed to the generation of surface plasmon polaritons 

(SPPs) at the interface between the metallic and dielectric 

films [3]. However, very few studies focused on the mid-

infrared regime due to the weak intensities of infrared sources. 

Numerous applications of nanoparticles have been applied in 

plasmonic devices, biosensors, solar cells, and surface 

enhanced Raman scattering (SERS) etc. [6-9] to improve the 

performance. In this paper, we incorporate different kinds of 

nanoparticles into micro-scaled periodic hole arrays of the 

WTE [10] and investigate its emission properties in the mid-

infrared regime. The coupling between the localized surface 

plasmons (LSPs) and propagating SPPs is expected to 

enhance infrared emission of the WTE. This provides a new 

way to increase the emission in the mid-infrared regime. 

 

 

2. Experimental 

Fig.1 displays the fabrication processes of WTE structure 

embedded with metallic nanoparticles. The WTE consists of 

tri-layer Au / SiO2 / Au deposited on the front surface 

whereas a 450 nm Molybdenum (Mo) layer was sputtered on 

the back surface of the silicon substrate as electrode. The 

bottom 150nm Au layer was deposited by E-gun evaporation 

as a reflector. Then a 2 μm SiO2 layer was deposited on top 

of Au by PECVD at 350
o
C. The top Au film with circular 

holes arranged in hexagonal lattice was produced by thermal 

evaporation of Au on patterned photoresist and lifted-off. The 

hole array has a period of 2.3μm and hole diameter of 

1.15μm. Next, different kinds of 3 nm thick metallic film 

were deposited inside the holes followed by rapid thermal 

annealing (RTA) at 450
o
C for 2 minutes to form randomly 

sized nanoparticles. The SEM pictures of a single empty hole 

and 3 nm thick Au, Ag and Cr film after RTA are shown in 

Fig. 2 (a), (b), (c) and (d), respectively. The outer part (white) 

of the circular hole (black) is the metal array. The 

nanoparticles are scattered around at the bottom of the hole. 

The electric current was sent into Mo layer to heat up the 

WTE and the waveguide mode was excited by black body 

radiation from the oxide film and emitted through the holes 

on the top metal. Fourier Transform Infrared Spectrometer 

(FTIR) Bruker IFS 66 v/s and PERKIN ELMER 2000 were 

used to measure the reflection and emission spectra of WTE 

in the normal direction. 

 

 

 

 

 

 

 

 

 

 

Fig. 1 Schematic diagrams showing the Fabrication processes 

of the WTE with metallic nanoparticles embedded inside the 

holes by rapid thermal annealing. 
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Fig. 2 SEM pictures of (a) an empty hole, hole with the  

random sized NPs made of (b) Au, (c) Ag, and (d) Cr. 

The magnification of SEM is 100,000X.  

 

Three samples were fabricated and deposited with Au, Ag, 

and Cr, respectively. The corresponding sample definitions  

are listed in Table. 1.    

 

 

Table 1:   Sample definitions 

Metal Before 

Deposition 

After 

Deposition 

Of 3 nm 

film 

After 

RTA 

Au A1 A2 A3 

Ag B1 B2 B3 

Cr C1 C2 C3 
 

 

 

3. Results and discussion 

The AFM landscape graph of samples A3, B3, and C3 are 

shown in Fig. 3. It is clear that the NPs are uniform in A3 and 

B3, and NPs are sphere-like and smaller. However, for C3, 

the sample deposited with Cr, the NPs are island-like and 

bigger. In average, the widths of NPs in sample A3, B3, and 

C3 are about 20 nm, 30 nm, and 70 nm, respectively.  The  

heights of NPs range from 20 to 25 nm for A3, 10 to 15 nm 

for B3, and 10 to 20 nm for C3. In addition, the gaps between  

neighboring NPs are larger than the NP size. So, the different  

gap sizes of random NPs may sustain sufficiently strong 

antenna-like plasmonic resonances in the mid-infrared. And 

these resonances may couple with the  waveguide modes.     

 

 

 
 

Fig. 3: AFM landscape measurements of three samples.(a) 

A3, (b) B3, and (c) C3 

 

 

 

 

 

3.1. Reflection Spectra 

During the reflection measurement, the samples were placed 

in xy plane and light incident in z direction.  Fig. 4 (a), (b) 

and (c) display the normalized reflection spectra of sample 

groups A, B and C, respectively. Here the normalization is 

based on the noise signal of the background. The dip around 

5.8 μm is the waveguide mode.  The theoretical wave guide 

mode wavelength is given by [10] 

 

 

 

(1) 

 

 

 

 

 

According to this equation, the theoretical peak wavelength is 

5.6μm. The experimental result is very close to tis value.  

WTE with Cr NPs (C3) shows lower reflection intensity as 

compared to samples C1 and C2 The decrease is larger than  

those using Au (A3) and Ag (B3) NPs. It is also found that 

the reflection of WTE become lower as holes were covered 

by thin metal  film as samples A2, B2 and C2. After treated 

with RTA at 450
o
C for 2 minutes, the reflectance is even 

lower for samples A3,B3 and C3. By calculating the change 

in reflectance, A3 is 32.7% lower than that of A1, B3 is 

27.3% lower than that of B1, and C3 is 15.1%lower than that 

of C1. So, the excitation of plasmon inside the cavity  of NPs 

may lead to the less reflection light. 
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Figure . 4 The reflection spectra of sample groups of (a) A, (b) 

B, and (c) C, which includes all samples w/ and w/o metallic 

film and w/ NPs. 

 

 

3.2. Emission Spectra 

Fig. 5 shows the emission spectra of WTE operated at 150
o
C. 

It is clear that the emission peak positions stay the same 

whatever the metal is. The maximum increase in emission 

intensity was found for WTE A3 with Au NPs, and the 

second one is WTE B3 with Ag NPs. The increase of 

emission intensity for samples A3, B3, and C3 are 35%, 27%, 

and 13%, respectively.   Theoretically, holes with random 

nanoparticles inside should screen out part of the emission 

light and result in lower emissivity. However, the results are 

opposite. Random metal NPs enhance the emission intensity 

due to the excitation of plasmon. It is believed that the 

plasmon resonance between different nano-sized particles are 

enhanced by accumulative scattering effect from all 

directions.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure. 5 The emission spectra of WTE incorporated w/o  

different kinds of metallic NPs  
 

 

4. Conclusions 

In conclusions, the enhanced emission with random 

metallic NPs embedded in periodic hole arrays were 

demonstrated. Different kinds of metallic films were 

deposited in hole arrays then annealed to form random 

NPs. There were no change in peak emission 

wavelength with different metal embedded. And the 

emissivity enhancement of samples with Au and Ag 

NPs are much larger than that with Cr NPs. It is due to 

the large accumulative scattering effect from all 

directions and plasmonic-like resonances between NPs. 

This unique design by integrating localized and 

propagating surface plasmons together provides a 

platform for electrical field confinement within 

individual hole and an easy way to improve the 

emissivity of WTE. It can be used as a better device for 

IR application, such as biosensors, solar cells, and 

surface enhanced SERS.  
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Abstract
This paper reports optical property of double-layered metal
films with periodic structure, which works as a half-wave
plate by itself. The advantage of this structure is that it can
tune the rotation angle of optical activity, with high
transmittance, by changing the relative angle of two films.
We analyze the optical property of the structure using
numerical calculation with conventional transfer matrix
method and FDTD method. We propose the design of an
anisotropic and chiral structure (3-D). The chirality is
controlled by simply changing the angle between the two
plates. The optical rotation is accompanied by a
transmission up to 80%. The proposed structure opens the
way to the design of a new kind of chiral plates in the
terahertz or microwave domains.

1. Introduction
Since  the  emergence  of  nano-optics  (near-field  optics,
photonic  crystals,  plasmonics,  metamaterials,  etc.)  in  the
1990s, scientists in the electromagnetic domain have tried to
generate artificial optical activity (chirality) using the
original properties exhibited by metamaterials.
Consequently, the main objective in the development of
artificial chiral periodic structures is to produce
simultaneously a large optical activity and a high
transmittance. Another property that gives importance to
artificial planar structures is their ability to exhibit nonlinear
optical properties due to their unusual broken symmetry
imposed by the chirality. Different phenomena observed in
planar metamaterials have attracted researchers in this
field[1-8]. Chirality in general and particularly chiral
structures, have driven for a long time researches in physics
and are still being very attractive. The optical activity
characterizes the rotation of the polarization plane of
linearly polarized waves. Many researches were done in this
field [1, 2, 3, 4, 5]. In these studies, a large optical rotation is
sometimes achieved, but often with relatively low
transmission. In this paper, we present a design of a chiral
structure based on a 3-D metamaterial composed of two
identical nanostructured metallic films each one playing the
role of a half-wave plate and working at normal incidence
[6]. Our chirality is obtained through a provoked optical

rotation induced by breaking the symmetry of one plate to
get artificial intrinsic chiral material with an enhanced
transmission up to 80%.

2. The proposed Structure
In the proposed Structure, the second plate is rotated by an
angle (α) with regard to the first one (see fig. 1). We assume
that the two plates are spaced by a distance d. For sake of
simplicity, we assume that the two plates are free-suspended
in vacuum and that the cavities are also devoid of dielectric.
Each layer consists of a perfectly conducting metallic film
similar to the one studied in ref [7]. With the geometrical
parameters of that reference, the metallic layer behaves as a
half-wave plate for a wavelength around λ=1.223p.

To demonstrate the optical rotation, we have to calculate the
transmission spectra for two incident orthogonal
polarization states. Unfortunately, for an arbitrary value of
α, the whole structure (L1 ,L2 ) becomes no longer periodic.
Consequently, two different approaches are developed
below. The first one is based upon a semianalytical
calculation of the total transmission that considers the two
plates as a conventional Fabry-Perot inter- ferometer. Only

Figure 1: Schematic of the proposed structure composed of
two half-wave plates (L1, L2) rotating by an α one with regard
to the other. A zoom-in over one unit cell of L1 is presented to
show one array pattern composed of two rectangular apertures.
The top view made over one period shows the geometrical
parameters of the slits.
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far-field transmission and reflection properties of each layer
are needed and the near-field coupling is then neglected
(only multireflections of homogeneous propagating waves
between the two elements are taken into account). The
second one is a homemade 3D-periodic FDTD code, used to
simulate the transmission spectrum of the whole structure
when the Bravais lattice of the two layers is the same (only
patterns of the second layer are rotated).

2.1. Semi analytical Approach

We consider the two plates as a conventional Fabry-Perot
interferometer. So, the near-field coupling between the two
plates is neglected and only multi-reflections of
homogeneous propagating waves between the two elements
are considered. The second plate is rotated by an angle (α)
with respect to the first one (figure 2). Each plate is
completely described by its corresponding transmission and

reflection Jones matrices Ti and Ri (i = 1, 2), respectively.
For the first plate, T1 and R1 are calculated using a
homemade FDTD code. Contrary to L1, the matrices T2 and
R2 of the second plate (L2) are numerically derived from T1
and R1 by a rotation of (α) through the relations:

    
1

1
21

1
2 RRandTT , (1)

Where  is the rotation matrix of angle α.

The transmitted field through the whole structure can then
be calculated with an algorithm similar to the one used for a
multilayered structure [8], and it can be expressed as:

tt ETE

 , (2)

Where T


is the transmission Jones matrix of the whole
structure in the linear basis (xOy) given by:

  1
12

212 1 TeRRTT i   , (3)

φ is the phase change due to the propagation between the
two plates. The optical activity is then deduced by
determining the rotation angle of the transmitted field with
regard to the incident one. This angle can simply be
calculated through the expression of the transmission Jones
matrix when expressed in the circular basis. This Jones
matrix in circular basis is obtained by:
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1 is the matrix of the basis change.

With this transformation, the transmission matrix directly
relates the incident and transmitted electric fields in terms of
right-handed (RCP), and left-handed (LCP), circularly
polarized components. The angle of rotation is then directly
deduced from the diagonal elements of Tc .















T
T

arg
2
1 , (5)

This corresponds to the phase difference between the
transmitted RCP and LCP waves.

The optical activity is then deduced by determining the
rotation angle of the transmitted field with regard to the
incident one. The case of two plates separated by a distance
d=1.8p and rotated by α=30° was studied. This leads to a
rotation by (ϕ=56.47°) instead of 2x30°=60°. This
discrepancy is due to the fact that the transmission through
a single plate at this wavelength is not perfect (equal to
0.92<100%). Therefore, the transmission is affected by the
multiple reflections between the two plates as shown in
figure 3c where a maximum of relative error of 4° is
obtained on the rotation angle.

Figure 2: Cascaded structure consisting of two plates (L1
and L2), the second is rotated by (α) with respect to the first
one. The polarization plane rotation is named ϕ.

Figure 3: (a) Semi-analytical calculated transmission
spectra versus the distance d separating the two plates. The
incident beam is polarized at θ = 45° from Ox and the angle
between the two plates is set to α=30°. (b) Transmission
variations at the operating wavelength of λ=1.223p as a
function of d. (c) Rotation angle ϕ function of the operating
wavelength.
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The obtained results demonstrate that the double layered
structure behaves as an anisotropic tunable chiral plate
because the polarization plane of the transmitted wave
rotates through an angle that depends almost exclusively on
the position of the second plate relative to the axis of the
first plate and independently of the incident polarization
direction. We note that, in this first method, only the zero-
diffracted orders, in transmission and reflection, are taken
into account while the diffracted evanescent waves are
neglected. Consequently, we use the FDTD  which is a
rigorous method, in order to involve these waves in the
whole structure transmission coefficient. For this reason, we
chose the distance between the two plates larger than one
wavelength (here d = 1.8p = 1.47λw).

2.2. 3D-FDTD simulations of the whole structure

The FDTD is a method which is usually used to study
periodic structures. Because of the periodicity breaking due
to the rotation of the second plate, instead of rotating the
second plate, the patterns (rectangular apertures) of this
latter are rotated (see figure 4a) by the same angle
considered above (α) without modifying the periodicity
directions, Although the effect of rotating the pattern
instead of the whole plate is very weak on the transmission
spectra, it greatly affects the transmission properties of the

double-layered structure but the optical activity is still
present. We are in front of a real limitation of periodic
methods to treat such cascaded structures. Only semi
analytical approaches can be accurate within their domain
of validity.

The transmission coefficient of the double-apertured-
double-layered structure calculated by the 3D-FDTD is
presented in Fig. 4(b) as a function of both the wavelength
and the distance d between the two plates. This result
should be compared with that of Fig. 3(a) obtained within
the semi-analytical approach. In both cases, the incident
plane wave is polarized at θ = 45° from the Ox axis.
Quantitatively, there is a very good agreement even if the
semi-analytical approach does not take into account
evanescent components of the electromagnetic field
generated by the light diffraction on the sub-wavelength
apertures. Only diffracted zero order is considered. In fact,
the coupling through the evanescent, i.e., nonpropagative,
waves occurs only for small values of the distance d. By
considering d >λ, we almost cancel the contribution of all
these waves, i.e., the tunneling is negligible.

3. Conclusions
This paper reports optical property of double-layered metal
films with periodic structure. In this paper, we have
presented a design of a chiral structure based on a 3D
metamaterial composed of two identical nanostructured
metallic films, each one playing the role of a half-wave
plate and working at normal incidence. The second plate is
rotated by an angle (α) with regard to the first one. In the
optical domain, it is well known that the combination of
these two half-wave plates is equivalent to an optical rotator
(rotation angle of 2α). Thus, chirality is obtained through a
rotation of one plate that breaks the symmetry of the whole
structure, creates a 3D intrinsic chirality, and induces
optical activity. We have presented an artificial chiral
structure based on the cascading of two identical half-wave
plates. We have analyzed the optical property of the
structure using numerical calculation. The optical activity is
demonstrated through a semi-analytical approach and a
homemade 3D-periodic FDTD code. The advantage of this
structure is that it can tune the rotation angle of optical
activity, with high transmittance by changing the relative
angle of two films. An exalted transmission (up to 80%) at
the operating wavelength is obtained accompanied by a
tunable rotation corresponding to twice the angle between
the two plates. The designed structure deserves to be
experimentally tested.
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Abstract 

In this paper, we first investigate the properties of a single 

prolate nanospheroid of different materials to determine 

basic element. Next, we study the behavior of a structure of 

four vertical prolate spheroids of same dimension with a 

center gap (g). Finally, simulation results for different 

parameters variation (element size and gap distance) have 

been presented by order. As a result, this semi-turnstile 

nanoantenna produces intense optical field enhancement 

when illuminated at the resonant wavelength.  

1. Introduction 

Properly designed plasmonic nanoantennas could have 

various applications in many fields such as optical 

communications, biological and medical sensors. Basically, 

an optical antenna is a dramatically miniaturized version of 

its much larger RF counterpart [1-2]. In antenna theory, 

antenna parameters are directly related to the wavelength λ 

of incident radiation, but this scaling fails at optical 

frequencies where metals behave as strongly coupled 

plasmas [3]. Recent advances in nano technology have 

opened doors to several next generation devices and 

sensors. Characterizing nanoplasmonic particles and 

structures in a simple and effective way is imperative for 

monitoring and detecting processes at nano scale in a 

variety of environments. 

As stated above, the development of plasmonic 

structures as nanoantennas has become an important topic, 

and different numerical simulations have been used for their 

design and optimization. CST is a convenient software for 

this purpose. An important requirement of this software for 

the study of dispersive media is the need of an analytical 

law of dispersion. Here, it seems good to use Drude model 

for describing the dispersion of metals at optical frequencies 

[4]. However, the parameters of modeled materials have to 

be applicable over broad frequency bands in order to 

perform broadband calculations. Since the constitutive 

parameters (, , , and ) must be specified as constants in 

simulations, the modified Debye model (MDM) is used here 

to describe the frequency-dependent behavior of metals [5]. 

Because of the resonant behavior at certain frequencies 

(plasmon generation) an accurate setting is demanded. For 

exact simulations, it is required to refine mesh resolution by 

setting its properties, locally. As incident light, a plane 

wave is used to excite the structure. For direct extraction of 

the Extinction Cross Section (ECS) the broadband 

scattering response is extracted. Ii is worth to mention that 

ECS of antenna element peaks at its resonance frequency, 

since an increase in antenna current result in greater 

scattering and absorption, and also more amount of field 

enhancement.  

2. Basic element: simulation and results 

As first step, we investigate the properties of a single 

prolate nanospheroid of different materials to make best 

choice for basic element (Fig.1 (a)). Main advantage of 

using the spheroidal particle is providing a means of 

adjusting the scattering resonant frequency by changing the 

ratio of radii. Also, what metals to use for optical antenna 

design is an open question, since metals behave very 

differently in optical domain. As an answer, noble metals 

such as gold and silver are good candidates for optical 

antenna design, mainly due to their specific optical 

property. The final choice for metal is silver whose 

permittivity at the frequencies of interest is well described 

by modified Drude model.  

 

Figure 1: (a) Single prolate spheroid as basic element (b) 

Semi-turnstile arrangement. 

In conclusion, a concentric (core-shell) spheroidal 

nanoparticle made of a given plasmonic material (silver) 

and an ordinary dielectric (silica) is employed to be the 

structural block of semi-turnstile nanoantenna in next step. 

This is because of the fact that one can tailor the resonant 

frequency in a wide range by properly controlling the 
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geometrical parameters (the cover thickness and the ratio of 

radii). 

Extinction Cross Section (ECS) for the cases of a nano-

sphere in both forms of pure metal (1 layer) and core-shell 

model (2 layer) versus frequency is plotted in (Fig. 2) for 

two different metal materials. The core which made of silica 

with permittivity 2.08 has a radius of 38 nm, while the shell 

has a thickness of 10 nm and it is made either of silver or 

gold. The peaks occur at wavelength around 920 THz for 

the case of silver sphere, while at frequency larger than 630 

THz for gold one. So, it is clear from the figure that 

replacing silver with gold causes a considerable 

enhancement in resonant value of electric field intensity. 

Although, single layer silver shows higher enhancement, 

but for the reason of more adjustability silver coated silica 

will be our final choice as antenna element. 

 

 

Figure 2: ECS vs. frequency for gold, silica covered with 

gold, silver, and silica coated by silver nanoparticle. 

3. Final structure: simulation and results 

During the rest of this paper, we model a structure of four 

vertical prolate spheroids of same dimension (a [major axis] 

× b [minor axis] × b) having common feed gap of width g at 

its center (Fig.1 (b)). This structure of vertical nanoparticles 

is normally illuminated by a plane wave source. Before 

performing calculations for our actual structures, we verify 

our model by the results published by the researchers in 

recent years [5-6]. The overall goal of this work is to 

investigate effects of cover thickness (h), the difference 

among major and minor axis () and gap size (g) using CST 

Microwave Studio. As final step, the near field pattern was 

calculated at resonance wavelengths for optimized antenna. 

As first step of this section, effect of exerting gradual 

increase in metallic cover thickness (h) for a silica nano-

ellipsoid with fixed dimension is considering. It is evident 

from (Fig. 3) that resonant field intensity will be greater for 

thicker metallic cover. The peaks occur at frequency around 

350 THz for the case of h = 4, while at frequency larger 

than 500 THz for h = 4. So, it is clear from the figure that 

an increase in metallic cover thickness causes a red-shift in 

the resonance. 

 

Figure 3: ECS vs. frequency for different thicknesses (h) of 

outer silver layer. 

As blow diagram shows, a gradual increase in ∆ and 

transforming from sphere to ellipsoid will cause a change in 

both resonant frequency and in maximum amount of ECS. 

All of these variations will happen as gradual as variation in 

∆. Based on (Fig.4), field enhancement is more considerable 

for  lower than 25 and greater than 40. Blue-shift in 

resonant frequency is another result of increasing . Also, 

multi-resonance can be observed for this structure, which 

has many potential applications. 

 

Figure 4: ECS vs. frequency to introduce an optimized 

value for difference among major and minor axis (). 

The feed-gap size of proposed model greatly influences the 

enhancement of near-field intensity. Smaller feed-gap gives 

rise to higher field enhancement. On reducing the feed-gap 

of this antenna from 17 to 11 nm, the intensity enhancement 

was found to be almost obvious. However, the geometry of 

the antenna puts a lower limit on its feed-gap dimension, 

which should be greater than the minor radii of nano-

spheroid comprising it. There are two different resonances 

for each g in 300 to 800 THz frequency ranges. It can be 

seen in (Fig. 5) that all the curves have nearly overlapped in 

second resonant frequency. The peak occurs at frequency 

around 370 THz for the case of g = 11, while at frequency 

larger than 400 THz for other values of g.  
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Figure 5: ECS vs. frequency in order to do an optimization 

for gap distance (g). 

The strong field enhancement localized in the feed-gap of 

optical semi-turnstile antenna can be seen in (Fig. 6). Key 

dimensions of this final optimum structure are a = 48,  = 

30, and h = 5. As it has been shown, the greatest value of 

field enhancement occurs at the center gap. 

 

Figure 6: Near field behavior of optimized antenna 

including 4 vertical elements. 

4. Conclusions 

All over this paper, we study the resonances behavior of 

nano-sized models under study. Special attention is focused 

on Extinction Cross Section (ECS) as output of simulations, 

because it experiences a peak at resonance frequency and its 

enhancement is also considerable for dimensions of this 

scale. We also calculated the electric field distribution 

around the vertical assembly of nano spheroidal particles in 

the presence of an incident electromagnetic field (a linearly 

polarized plane wave). And as final result, simulation 

outputs verify that a wise adjustment of gap size and two 

other parameters (cover thickness (h) and the difference 

among major and minor axis ()) will lead to a considerable 

field enhancement in center gap of this novel structure of 

offered element. 

Acknowledgements 

The authors have special thanks to Faculty of Micro-

Electronic (FME), and also Islamic Azad University 

(Khomein Branch, Faculty of Engineering) for their 

financial supports.  

 

References 

[1] Bharadwaj, P.; B. Deutsch, and L. Novotny, “Optical 

antennas,” Adv. Opt. Photon, No. 1, 438–483, 2009. 

[2] Guzatov, D., and V. Klimov, “Optical properties of a 

plasmonic-nano-antenna: an analytical approach,” New 

JNL. of Phys., 2011. 

[3] Novotny, L., “From near-field optics to optical antennas 

feature,” Physics Today, 47-52, July 2011. 

[4] Ordal, M. A., “Optical properties of the metals Al, Co, 

Cu, Au, Fe, Pb, Ni, Pd, Pt, Ag, Ti, and W in the infrared 

and far infrared”, J. App. Optics, Vol. 22, No. 7, Apr. 

1983. 

[5] Gai, H., J. Wang, and Q. Tian, “Modified Debye model 

parameters of metals applicable for broadband 

calculations”, Applied Optics, Vol. 46, No. 12, 2229-

2233, 2007. 

[6] Thomas, R., J. Kumar, R. S. Swathi, and K. G. Thomas, 

“Optical effects near metal nanostructures: towards 

surface-enhanced spectroscopy,” Current Science, Vol. 

102, No. 1, Jan. 2012. 

 



META 2013 CONFERENCE, 18 – 22 MARCH 2013, SHARJAH – UNITED ARAB EMIRATES

Coupled nano-plasmons

M. Apostol1,2∗, S. Ilie2,3, A. Petrut3,
M. Savu2, and S. Toba3

1Department of Theoretical Physics, Institute of Atomic Physics, Magurele-Bucharest MG-6, POBox MG-35, Romania
2MiraTechnologies Ltd, Teiul Doamnei 2, Bucharest

3MiraTelecom, Grigorescu 13, 075100 Otopeni-Bucharest
*corresponding author, E-mail:apoma@theory.nipne.ro

Abstract
A simple model of coupled plasmons arising in two neigh-
bouring nano-particles is presented. The coupled oscil-
lations and the corresponding eigenfrequencies are com-
puted. It is shown that the plasmons may be periodically
trasferred between the two particles. For larger separation
distances between the two particles the retardation is in-
cluded. The oscillation eigenmodes are the polaritons in
this case. There are distances for which the particles do
not couple to each other,i.e. the polaritonic coupling gets
damped. The van der Waals-London-Casimir force is es-
timated for the two particles; it is shown that for large
distances the force is repulsive. We compute also the po-
larizabilities of the two coupled nano-particles and their
cross-section under the action of an external monochro-
matic plane wave, which exhibit resonances indicative of
light trapping and field enhancement. A resonant force is
also identified, acting upon the particles both on behalf of
the external field and of each other.

1. Introduction

Enhanced and locally confined optical fields associated
with nanoparticles, nanostructures and nanoaggregates en-
joy an increasing interest in nanoscale manipulation of ac-
tive devices,[1, 2] nanoantennas,[?]-[6] surface enhanced
Raman spectroscopy,[7] light trapping,[8] etc. The phe-
nomenon is obviously related to dipolar fields, resonances
and, as it was shown recently, hybridization,[9, 10] charge
building in narrow nano-gaps and quantum tunneling within
nanodimers.[11]-[21] All this dynamics is governed by cou-
pled nano-plasmons.

Plasmons is an old and fundamental concept in con-
densed matter physics:1 they are long-wavelength longi-
tudinal oscillations of the charge density in matter. In a
simple model, which is usually called the Drude-Lorentz
model, matter can be represented as a plasma, consist-
ing of identical mobile chargesq of massm and concen-
tration (density)n (e.g., electrons) moving uniformly and
collectively against a quasi-rigid background of neutraliz-
ing charges−q (e.g., ions). The practical realization of
long wavelength limit implies finite-size polarizable bodies,

1There is an enormous and ubiquituos plasmon literature, which makes
a formal list of references both impossible and pointless.

which entail, in turn, boundary conditions. Consequently,
we may have many branches of plasmons: for instance, in
a homogeneous conducting sphere the plasmon spectrum is
given byΩl = ωp

√

l/(2l+ 1), whereωp =
√

4πnq2/m is
called the plasma frequency andl = 1, 2... is the azymuthal
quantum number. A much more convenient representation
simplifies the things to point particles, which may be a rea-
sonably useful model for the nowadays nano-plasmonics.

2. Matter polarization

As it is well known, the Maxwell equations in matter im-
ply four unknowns:E (electric field),D (electric displace-
ment),H (magnetic field) andB (magnetic induction); and
only two independent equations (Faraday and Maxwell-
Ampere equations, which contain thecurl and the time
derivatives). In order to solve them, we introduce consti-
tutive relations between these unknowns through the semi-
phenomenological and quasi-empirical dielectric function
ε and magnetic permeabilityµ. A large class of matter is
quasi-non-magnetic, such that we may equalH andB and
putµ = 1; still, we have three unknowns (E,D andH) and
two equations.

On the other hand, the motion of the mobile charges in
polarizable matter can be described by a displacement field
u(t, r), which is a function of the timet and positionr. In
the classical limit of small and slow variations (correspond-
ing to classical electromagnetism), this displacement field
generates a polarization charge densityρ = −nqdivu and
a corresponding current densityj = nqu̇. These charge
and current densities generate in matter an electric fieldE

and a magnetic fieldH; but we still have two independent
equations and three unknowns:E, H andu. However, the
displacement field obeys an equation of motion, which, in
this classical limit, is the Newton equation of motion

mü = q(E+E0)−mω2
cu−mγu̇ ; (1)

E is the internal (polarization) electric field,E0 is an ex-
ternal electric field,ωc is a characteristic frequency andγ
is a damping coefficient (much smaller than any relevant
frequency). The magnetic part of the Lorentz force is ab-
sent in equation (1) because the velocities of the charges
in matter are much smaller than the speed of light; the in-
ternal magnetic field is also absent, in accordance with our



21

−→
d

tr

lg

Figure 1: Two point dipoles

assumption of smallu and non-magnetic matter. Equation
(1) is the missing equation (the third equation), which helps
solving the Maxwell equations.[22]-[24]

Obviously, P = nqu is the polarization (density
of dipole moments); equation (1) leads immediately to
the well-known Drude-Lorentz (plasma) dielectric function
ε(ω) = (ω2−ω2

c−ω2
p)/(ω

2−ω2
c+iωγ), where only the op-

tical dispersion is included (through the dependence on the
frequencyω). As it is well known,ωc = 0 corresponds to
conductors, whileωc 6= 0 describes dielectrics. The model
and equation (1) can be generalized in multiple ways. We
limit ourselves here to use equation (1) in conjunction with
Maxwell equations, in order to describe a simple situation
regarding coupled nano-plasmons.

The longitudinal internal (polarization) electric field in
Gauss equationdivE = −4πnqdivu is given byE =
−4πnqu (i.e., E = −4πP). In the long-wavelength limit,
the finite size of the body is usually taken into account by
a (de-) polarizing factorf , such as the field is given by
E = −4πnqfu; for instance, for a spheref = 1/3. In-
troducing this polarization field in equation (1), taking the
Fourier transform and leaving aside the coefficientγ, we
get

(ω2 − ω2
c − fω2

p)u = − q

m
E0 ; (2)

we can see that we have a plasmon resonance at frequency
√

ω2
c + fω2

p; for a conducting sphere withωc = 0 andf =

1/3, we get the plasmon frequencyωp/
√
3, in accordance

with the frequenciesΩl given above forl = 1.[24]

3. Coupled nano-plasmons

We consider two point particles, denoted by1 and2, each
with its own plasmon frequencyω1,2, separated by the posi-
tion vectord. We describe the motion of the mobile charges
in each particle by a displacement vectoru1,2; equation (2)
becomes

(ω2 − ω2
1,2)u1,2 = − q

m
E02,1 , (3)

whereE01,2 is the electric field generated by particle1 (2)
at the position of the particle2 (1). In the long wavelength

limit this is the field generated by a point dipole

E01,2 = v1,2n1,2q
3(u1,2d)d− u1,2d

2

d5
, (4)

wherev1,2 are the volumes of the two particles andn1,2

are the concentration of the mobile charges in the parti-
cles; equation (4) is valid in the near-field regionc/ω ≫ d,
wherec is the speed of light.[25] Since the particles are con-
sidered point-like, we have alsov1/31,2 ≪ d. Introducing this
field in equations (3) we get two coupled equations for the
displacement vectors. It is convenient to use the projection
of the displacement vectors on the vectord and on a direc-
tion perpendicular to the vectord; we call the former the
longitudinal displacements and denote them byul1,2, while
the latter, denoted byut1,2, are called transverse displace-
ments. The equations for the longitudinal displacements are
decoupled from those corresponding to the transverse dis-
placements; both sets of equations have the same structure.
We limit ourselves here to the longitudinal displacements

(ω2 − ω2
1,2)ul1,2 = −

ω2
p2,1v2,1

2πd3
ul2,1 . (5)

The solution of these coupled-oscillators equations is
straightforward. The factorv1,2/d3 plays the role of a
weak-coupling constant. The eigenfrequencies of equations
(5) are close to the plasmon frequenciesω1,2, which should
satisfy the conditionc/ω1,2 ≫ d; c/ω1,2 is usually called
the plasma wavelength. For typical valuesω1,2 ≃ 1015s−1

we get a critical distance of the orderd ≃ 0.1µm; the trea-
ment given here holds for smaller distances, while for larger
distances we need to take into account the retardation in es-
timating the polarization field.

An interesting situation occurs for two identical con-
ducting particlesωc1 = ωc2 = 0, ωp1 = ωp2 = ωp and
v1 = v2 = v; in order to simplify the things we take also
ω1 = ω2 = ωp. In this case the eigenfrequencies are given
by

Ωl1,2 = ωp

(

1± v

2πd3

)1/2

≃ ωp

(

1± v

4πd3

)

. (6)

The displacement vectors for the initial conditionul2(t =
0) = 0 read

ul1(t) = 2Aeiωpt cos v
4πd3 t ,

ul2(t) = −2iAeiωpt sin v
4πd3 t ;

(7)

we can see that the two coupled oscillations exhibit “beats”,
and the plasmons can be transferred periodically between
the two particles, as expected. A similar situation holds
for the transverse oscillations, with the factor2π replaced
by 4π in the above formulae. The corresponding eigenfre-
quencies are given by

Ωt1,2 = ωp

(

1± v

4πd3

)1/2

≃ ωp

(

1± v

8πd3

)

. (8)

2



4. van der Waals-London-Casimir force

A polarizable point-like particle can be approximated by a
dipole, with the current densityj = vnqu̇δ(r) and charge
densityρ = −vnq(ugrad)δ(r), wherev is the volume of
the particle placed at the origin. For these charge and cur-
rent distributions we can compute easily the electromag-
netic potentials (Fourier transforms):

A = −iλvnqu
eiλr

r
, Φ = −vnq

ur

r

∂

∂r

eiλr

r
, (9)

whereλ = ω/c. The polarization electric field is given
by E = −(1/c)∂A/∂t − gradΦ, so that we can include
the retardation in the equation of motion (1). For the lon-
gitudinal oscillations of two identical conducting particles
(ω1=ω2 = ωp) we get

(ω2 − ω2
p)ul1,2 = −

ω2
pv

2πd3
(1− iλd)eiλdul2,1 (10)

(and a similar set of equations for the transverse oscilla-
tions). We can see that in the non-retarded limitλd ≪ 1
equations (10) go into equations (5) derived above. We are
interested now in the wave-zone limitλd ≫ 1. The eigen-
frequencies of equations (10) are given by

(ω2 − ω2
p)

2 =
ω4
pv

2

(2πd3)2
(1− iλd)2e2iλd , (11)

or

tanλd = λd , (ω2 − ω2
p)

2 =
ω4
pv

2

(2πd3)2
(1 + λ2d2) . (12)

It is convenient to introduce the notationsg = v/2πd3 ≪ 1
andωpd/c = A; the solution can be found as a series of
powers ofg:

Ω = ωp[1± 1
2g(1 +A2)1/2+

+ 1
8g

2(A2 − 1) + ...] ;
(13)

it should satisfy the equationtan(Ωd/c) = Ωd/c, which,
in the limit g ≪ 1 becomestanA ≃ A (Ω ≃ ωp); for
large values ofA we getA = ωpd/c ≃ nπ. We can see
that there are real solutions for the eigenfrequencies only
for certain values of the distancedn ≃ nπc/ωp, which
are approximate multiples of the plasma wavelength (in this
limit). The corresponding oscillations are usually calledpo-
laritons. For intermediate values ofd the eigenfrequencies
are complex,i.e. the coupling between the two particles is
damped (the damping parameterγ in the equation of mo-
tion (1) should be retained in this case). We can equally
well say that the two particles are not coupled in this case.

The zero-point (vacuum fluctuations) energy can be es-
timated asE =

∑

~Ω/2, where the summation extends
over all the eigenfrequencies. The motion of the transverse
degrees of freedom leads to the eigenfrequencies equation

tanλd = λd
1−λ2d2 , (ω2 − ω2

p)
2 =

=
ω4

pv
2

(4πd3)2 (1 + 3λ2d2 + λ4d4) .

(14)

The solution is given by

Ω = ωp[1 ± 1
4g(1 + 3A2 +A4)1/2+

+ 1
32g

2(3A4 + 3A2 − 1) + ...] .
(15)

Now we can compute the zero-point energy (the transverse
degrees of fredom have a double multiplicity):

E = ~ωp

[

3 +
g2

16
(3A4 + 5A2 − 3)

]

(16)

and the corresponding force

F =
~ωpv

2

32π2

(

3ω4
p

c4d3
+

10ω2
p

c2d5
− 9

d7

)

. (17)

We can see that in the non-retarded limit (ωpd/c ≪ 1)
the force is attractive and goes like−1/d7; this is the van
der Waals-London force; it comes from the longitudinal de-
grees of freedom. In the opposite, retarded limitωpd/c ≫ 1
the force is repulsive and goes like1/d3; this is the limit
of the Casimir force, coming entirely from the transverse
oscillations.[26] The force changes sign aroundωpd/c � 1
and has a maximum forωdd/c � 1. For intermediate dis-
tances the numerical coefficients in equation (17) are not
reliable, since the transverse oscillations do not occur atthe
same distancesdn as the longitudinal ones; increasing the
distance, the longitudinal and transverse oscillations con-
tribute alternately to the repulsive force.

5. External field

We consider the two point dipoles acted by an exter-
nal monochromatic plane wave with the electric field
E0(t, r) = E0 cos(ωt − kr), ω = ck andE0k = 0. The
two particles separated by the distanced lie along thez-
axis and the external field (wavevectork) makes an inci-
dence angleα with the z-axis. For ap- (parallel) wave
we have both a longitudinal (E0z) and a transverse (E0x)
component of the external field, while for ans- (senkrecht)
wave we have only a transverse componentE0y. We as-
sume further the most interesting situation of two identical
point dipoles withv1/3 ≪ d ≪ c/ω (optical excitation), as
well asd ≪ c/ωp. The equation of motion (1) gives

ül1,2 + ω2
pul1,2 − vω2

p

2πd3ul2,1 = q
mE0l cosωt ,

üt1,2 + ω2
put1,2 +

vω2

p

4πd3ut2,1 =
q
mE0t cosωt ,

(18)

where we have neglected the position dependence of the
external field at the location of the two point dipoles. The
solution of this equations is given by

u1l = u2l = − q
mE0l

1
ω2−Ω2

2l

cosωt ,

u1t = u2t = − q
mE0t

1
ω2−Ω2

1t

cosωt ,
(19)

where

Ω2
2l = ω2

p

(

1− v

2πd3

)

, Ω2
1t = ω2

p

(

1 +
v

4πd3

)

. (20)
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Figure 2: Two coupled point dipoles subjected to an exter-
nal field

Equations (19) give the polarizabilities of the two coupled
point dipoles (P = nqu is the polarization). It is worth
noting that there exist two resonant frequenciesΩ2l (shifted
to the red with respect to the characteristic frequencyωp of
the isolated dipole) andΩ1t (shifted to the ultraviolet). At
these resonances the light is trapped by the two coupled
dipoles, and the field is enhanced appreciably.

Having known the displacementsu1,2 we can use the
potentials given by equations (9) to compute the field in the
wave zone (r ≫ d). The calculations are straightforward.
We can use the results for estimating the cross-section de-
fined asdσ = SrdΩ/S0r

3, whereS is the Poynting vector
of the scattered field andS0 is the Poynting vector of the
incident field. We get the total cross-sections

σp =
2ω4

pv
2

3πc4 ω4

[

sin2 α

(ω2−Ω2

2l)
2 + cos2 α

(ω2−Ω2

1t)
2

]

,

σs =
2ω4

pv
2

3πc4 · ω4

(ω2−Ω2

1t)
2

(21)

for the p- and, respectively, thes-wave. We can see
the resonant cross-section (especially the longitudinal reso-
nance at lower frequencies), which indicates again the phe-
nomenon of light trapping and field enhancement.

6. Resonant force

Under the action of an external field the particles get po-
larized; the displacement field given by equations (19) gen-
erates charge and current densities; for instance, the par-
ticle placed atr = 0 acquires a charge densityρ(r) =
−vnq(ugrad)δ(r), whereu denotes its displacement field.
The external field acts upon this charge by a drift force

given by

Fd =

∫

drρ(r)E0(t, r) ; (22)

the calculations are straightforward and we get

Fd = vnq(ku)E0 sinωt . (23)

A similar drift force acts upon the particle placed atr = d.
We can see that an externals-wave, as well as an external
plane wave acting upon an isolated particle brings no drift
force. Making use of equations (19) for ap-wave (and iden-
tical particles), we get the drift force

Fd =
3v2ω4

pω

64π2cd3
· sin 2α sin 2ωt

(ω2 − Ω2
2l)(ω

2 − Ω2
1t)

E0E0 . (24)

We note the resonant character of this force for frequency
ω approaching the frequenciesΩ2l orΩ1t.

There is also an interaction force acting between the two
particles. For instance, we get the force acting upon the
particle placed atr = 0 on behalf of the particle placed at
r = d by using the (dipole) field given by equation (4) in
equation (22). We get an interaction force

F12l =
3v2ω4

p

16π2d4

[

2E2

0l

(ω2−Ω2

2l
)2

− E2

0t

(ω2−Ω2

1t)
2

]

cos2 ωt ,

F12t = − 6v2ω4

p

16π2d4 · E0lE0t

(ω2−Ω2

2l
)(ω2−Ω2

1t)
cos2 ωt .

(25)

We note again the resonant character of this force, as well
as its non-central character, in general (for ap-wave it gives
rise to a torque).

In estimating these forces we limited ourselves only to
the polarization (displacement field) generated by the ex-
ternal field. In general, we should also take into acount the
field generated by the particles in estimating the displace-
ment field. The contribution of this “internal” field (which
acts as an external field for each particle) is proportional
to the volumev of the particles, and for a finite number of
particles it may be neglected. However, for a large number
of particles, its contribution is important. It is worth noting
also that under the action of such resonant interaction forces
the nano-particles can get organized in super-structures.

7. Conclusion

We have analyzed here the electromagnetic coupling be-
tween two polarizable point-like particles, modelled as
point dipoles. This may be a reasonably useful model of
coupled nano-plasmons and nano-polaritons. For small
separation distances between the two particles (smaller
than the plasma wavelength), where the non-retarded cou-
pling regime dominates, the two particles exhibit coupled
plasmons, which can be transferred from one particle to
other. The zero-point fluctuations give the attractive van
der Waals-London force in this case, acting between par-
ticles and behaving like−1/d7, whered is the separation
distance. For distances larger than the plasma wavelength
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the retardation comes into play and the coupling is real-
ized through polaritons. This may happens only for certain
discrete sets of separation distances (different for longitu-
dinal and transverse oscillations of the charge density, with
respect to the separation vector), in between the coupling
being damped (non-coupling); it is realized either by lon-
gitudinal or transverse oscillations of the charge density,
in turn. Immediateley after distances of the order of the
plasma wavelength, the zero-point energy force acting be-
tween particles becomes repulsive, arising from transverse
oscillations (polaritons) and going at infinity like1/d3.

The polarizabilities of the two coupled nano-particles
exhibit plasmonic resonances, which are also present in the
cross-section of the scattered field as well as in the resonant
force acting upon the particles both on behalf of the external
field and of each other.
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Abstract 

Enhancement of photoluminescence(PL) intensity for 

InGaAs/GaAs quantum well (QW) caused by coupling 

effect of surface plasmon(SP) resonance generated by Au 

nanodisk arrays with QW emission is demonstrated 

experimentally. To increase the coupling efficiency, a thin 

layer SiO2 is introduced between Au nanodisk and GaAs 

surface. To match SP wavelength with QW emission 

wavelength (945 nm),Au nanodisk arrays with periodicity of 

290 nm, radius of 70 nm, and thickness of 10 nm is 

fabricated. 2.17-fol d enhancement is observed. 

1. Introduction 

Surface plasmons (SPs), arising from resonant interactions 

between surface charge oscillations from metal and 

electromagnetic fields, have drawn much attention in optics 

and photonics.
1
Pioneering studies showed that metallic 

nanostructures, which generate surface plasmon resonance 

(SPR),are able to be used  as near-field antennas because 

they can redistribute the local photonic mode density,
2
 

concentrate electromagnetic energy into small volumes,
3
 and 

affect the excitation and emission rate of neighbouring 

chromophores. Due to the last promising property, they can 

produce enhancements in Raman scattering,
4-8

 

fluorescence,
9,10

photoinduced charge generation,
11

 

photochemistry,
12

 and nonlinear optical response.
13,14 

Recently, there has been much progress in enhancing the 

efficiency of spontaneous emission (fluorescence) using the 

SPR effect in the vicinity of a metal-dielectric boundary. 

The first important example of the improvement was 

achieved in GaN photoluminescence by depositing a thin 

layer of Ag film on top of  the GaN.
15

Subsequently,90-fold 

enhancement of the spontaneous recombination rate from a 

similar structure was reported.
16

Since then, SPR was 

employed in many different light emitting media
17–21

to 

enhance the spontaneous emission, for example, Si 

emitters.
22

The coupling of surface plasmon polariton 

(SPP)modes with the radiation mode has been obtained by 

one dimensional (1D) dielectric gratings,
17,18,21

two-

dimensional (2D) corrugated silver films,
20,23

and more 

complicated cavity like structures.
24

This interaction could be 

accomplished in two ways to  enhance the PL intensity. The 

first approach occurs during the optical excitation stage, 

which is to couple the incident light directly into tightly 

confined SPs modes generated by metallic nanostructure to 

increase the excitation energy density in the vicinity of the 

quantum well (QW) region.
25-28

The second approach  takes 

place during the emission stage, which is to enhance energy-

emission efficiency of the QW through Purcell effect.
29

They 

have already been demonstrated through InGaN/GaN and 

AlGaAs/GaAs systems, of which emission wavelength falls 

in visible  region; however, there has been very few reports 

regarding the SP effects on InGaAs QWs systems, of which 

emission wavelength located in near infrared (NIR) range. It 

is known InGaAs is a very important optoelectronic 

material. It is used in high-power and high-frequency 

electronics due to its superior electron velocity with respect 

to the more common semiconductors silicon and gallium 

arsenide. It is popular in infrared detectors mainly attributes 

to lower dark current. Moreover, it also can be used as a 

laser medium.  The reason of few reports in NIR range is 

probably because it is easy to generate SPR in short-

wavelength range by Ag or Au (which are often used for 

generating SPs). Although using periodically nanostructure 

with such metals can tune SPR to a little longer wavelength, 

how to extend it to near infrared (NIR) range on GaAs in an 

efficient way is still a big challenge. Here, we simply 

introduce a thin SiO2 film under Au nanodisk arrays to 

modify the Au SPR properties which could provide efficient 

coupling with InGaAs/GaAs QWs. Meanwhile, this thin 

SiO2 layer may also serves as passivation layer to reduce 
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surface states of GaAs top layer, which maybe important if 

the active layer is very close to the surface (20nm, in present 

study). In our studied set-up, more than 2 fold enhancement 

of light emitting from the InGaAs/GaAs QWs by Au SPR 

has been observed. To our knowledge, It is the first 

enhancement achieved based on InGaAs/GaAs system. 

2. Experiment 

Fig.1 (a) shows the fabrication process for Au nanodisk 

arrays. A 50nm SiO2 is deposited on the InGaAs/GaAs 

quantum wells (QWs) which consists of 4 periods of 8nm 

InGaAs wells separated by 20nm GaAs barrier layers. 

Followed by a negative photoresist (NR-200P) spun on top 

of SiO2 at 3000rpm for 40s with acceleration of 2000rpm. 

The photoresist is then proceed to exposure twice 

orthogonally, and developing to form photoresist nanohole 

arrays as a mask. The periodicity is determined by laser 

wavelength and angle between incident beam and reflected 

beam. Radius is adjusted by developing time for photoresist 

after exposure. The Au nanodisk array is constructed by 

evaporating 10 nm Au into the photoresist nanoholes. The 

thickness of deposited Au is monitored by quartz crystal 

during electron beam evaporation process. After Au 

deposition, a standard lift-off process is performed to form 

the Au nanodisk arrays (wafer A). According to simulation 

result, radius of Au nanodisk here is chosen to be 70 nm to 

match SPR wavelength toInGaAs/GaAs QWs emission 

wavelength (945 nm).Fig.1 (b) shows one of scanning 

electron microscope (SEM) image of formed Au nanodisk 

arrays. It is observed that circular shaped Au nanodisk 

arrays with excellent uniformity both in shape and 

periodicity is formed on top of QWs. Optical properties of 

wafer are measured to investigate the SP effects on QW 

emission intensity. 

In our experiment, a 632 nm line of Ar+ laser is employed 

as excitation source to perform PL measurement. A 0.85 m 

double-grating monochromator and a PMT detector are used 

to collect the signal in lock-in mode. The reflectance 

spectrum is measured by a UV spectrophotometer 

(Shimadzu) from normal incidence. 

 
Fig.1.(a) Schematic illustration of sample fabrication process. 

 

Figure 1b The SEM image of Au nanodisk arrays on top of  QW. 

 

3. Result and discussion 

 

Fig 2 shows room temperature PL result of sample A (red), 

on top of which are a 50 nm SiO2 layer and Au nanodisk 

arrays. For comparing, PL result of the original wafer, which 

is grown side by side, is also displayed (black). In the PL 

spectra, two main peaks have been observed. One is located 

around 880nm, which should be resulted from GaAs barrier 

layers (or GaAs substrate). The other one is at 945nm. It 

should be emitted from InGaAs QWs. It is clearly observed 

that the QWs peak is enhanced 2.17 times by SiO2 film/Au 

nanostrctures, while the peak of GaAs barriers is reduced to 

about half of its original intensity. Moreover, there is a 5 nm 

blue-shift of QW PL from sample A compared with that 

from as-grown sample. However, for the signal emitted from 

substrate, the peak remains at the same wavelength. 

Fig.2.PL spectra of as-grown sample (black curve) and 

compact sample with SiO2/Au nanodisk arrays (red curve) 

 

Normally, the pumping light from laser generates electron-

hole pairs in both InGaAs QWs and GaAs barriers. Some of 

carriers generated in GaAs barriers diffuse into InGaAs 

QWs, because the ground energy of InGaAs QW is lower. 

Then, they are terminated by radiative recombination and 

nonradiative recombination. The radiative recombination 

leads to InGaAs QW’s PL and GaAs barrier’s PL, while, the 

nonradiative recombination results in loss.  For sample A, 

PL peaks are located at 945 nm and 880 nm respectively.  

In the case of the existence of Au nanodisk arrays, some 

issues which can affect the optical properties of 

InGaAs/GaAs quantum system should be considered, 

because the intensity of pumping light and of emitting light 

may be reduced due to the absorption by Au in our 

interesting regions. For wafer A, the area ratio of Au 

nanodisk is ~18%. However, the peak intensity from the 

InGaAs QWs is increased much due to Au nanodisk arrays 

fabricated on a 50 nm SiO2 film on top of InGaAs/GaAs 

QWs. Two possible mechanisms may explain this 

phenomenon. One is the pumping light may be increased 

due to 2D photonic crystal and SP effects of Au nanodisk 

arrays, which means more photons are absorbed by the 

InGaAs/GaAs quantum system. The more absorption energy 

can increase the number of excited carriers in InGaAs QWs 

and GaAs barriers, resulting in more light emitted from 

QWs and GaAs barriers. However, our experimental results 

show that only the PL intensity from InGaAs QWs has been 

enhanced, while the PL emitted from GaAs barriers is 

reduced. It must be the other mechanism leads to the 

enhancement of the PL emission from InGaAs QWs. It is 

possible that electron-hole pairs generated by laser pumping 

release to ground energy of both InGaAs QWs and GaAs 
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barriers, and then recombine radiatively to emit light from 

QWs and GaAs barriers as displayed spectrum (black) in Fig 

2. However, the emitted photons from InGaAs QWs excites 

the resonance oscillation of the SPs from Au nanodisk arrays 

which results in strong confined electric field. Due to the 

short distance between SPs and QWs, this strong confined 

electric field of SP can act on QWs, leading to the increased 

carrier recombination rate which enhances the PL intensity 

of InGaAs QWs. The electron oscillation energy of the SPs 

does not match with GaAs barrier bandgap, so no such 

enhancement occurs in the GaAs barrier. Therefore, more 

carriers generated in GaAs barriers will diffuse into InGaAs 

QWs because of its higher recombination rate, leading to the 

reduction of the PL of GaAs barriers as seen from red curve 

in Fig 2. 

To verify the role of the thin SiO2 film, Au nanodisk arrays, 

with the same periodicity and thickness with wafer A, but 

smaller radius (~60 nm), are created directly on a similar 

InGaAs/GaAs wafer (wafer B). Smaller radius is to ensure 

SPR generated by this Au nanodisk arrays to be located 

close to this InGaAs/GaAs QW emission wavelength (1004 

nm). 

Fig 3 shows room temperature PL results for sample B (red 

curve) and its as-grown sample (black curve). It is clearly 

observed that the intensity of PL emitted from the InGaAs 

QWs is reduced to about 87% compared to that from 

original wafer, also with a 5 nm blue-shift. While, there is 

almost no change for the peak wavelength emitted from 

GaAs barriers.  

 
Fig. 3 PL spectra of as-grown sample and compact sample, 

black curve is PL spectrum for sample without Au nanodisk 

arrays, red curve is PL spectrum for sample with Au nanodisk 

arrays 

 

For sample B, PL from InGaAs QWs is lowered to 87% 

compared with original QW PL intensity, and PL from 

GaAs barriers is also lowered. Although the .resonance 

oscillation wavelength of SPs is designed to match with 

InGaAs QWs emission wavelength, the observed PL is not 

enhanced much if we consider the Au absorption of 

pumping and emission light (26%). One possible reason is 

that the surface state of GaAs is increased by Au nanodisk, 

resulting in more nonradiative recombination, which offsets 

the increasing of radiative recombination rate caused by SP-

QWs coupling. Another possible reason is the radiative 

enhancement rate is also determined by density of state of 

the SPPs. To further investigate the enhancement 

mechanism, measurement of reflectance spectra for these 

two wafers are conducted. Fig 4 shows the experimental 

results. A sharp dip is clearly observed around 940nm for 

sample A (black curve), of which Au nanodisk arrays are 

created on a 50 nm SiO2 atop InGaAs/GaAs system, while a 

broader dip is observed around 1004 nm for sample B, of 

which Au nanodisks are fabricated directly on the GaAs 

surface. The arrows indicate the relative InGaAs QWs 

emission line as shown in Fig.2.It reveals the SP-QWs 

coupling is well. However, the thin SiO2 film inserted 

between the Au nanodisk and the GaAs surface narrows the 

resonance oscillation band, e.g. concentrating the density of 

state of the SPP. Therefore, much enhancement of the 

radiative recombination rate can be obtained by the efficient 

SP-QWs coupling such as sample A. 

In addition, it has been noticed that the wavelength of the 

QWs PL shifts to high energy side (Fig.2 and Fig.3) by the 

strong confined electric field caused by SPR for both 

samples. The blue-shifted should be due to the interaction of 

the SPR and QWs. The strong electric field of the excited SP 

by the photons emitted from QWs increases the energy level 

of the InGaAs QWs.    

 
Fig. 4.Black curve :Reflectance spectrum of  sample A: Au 

nanodisc arrays on SiO2 atop as-grown sample(PL ~945 nm), 

Red curve :Reflectance spectrum of  sample B :Au nanodisc 

arrays atop as-grown sample(PL ~1004 nm) 

4. Conclusion 

In conclusion, surface plasmon effects on InGaAs/GaAs 

quantum wells (an important NIR optoelectronic medium) 

have been investigated. When Au nanodisk arrays are 

fabricated directly on the GaAs top layer, the enhancement 

of PL is very low although SP-QWs coupling occurs. We 

attribute this low enhancement to the wider resonance 

oscillation band of SPs, e.g. low density of state of SPP. 

When a thin SiO2 film inserted between Au nanodisk and 

GaAs surface, much narrower resonance oscillation band of 

SPs has been observed experimentally. Due to the efficient 

coupling of SP-QWs, more than 2 fold PL enhancement has 

been first, as our best knowledge, achieved for the 

InGaAs/GaAs QWs. 
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Abstract 

We propose a plasmonic whispering-gallery-mode cavity 
comprising of a dielectric disk with sub-hundred nanometer 
thickness sandwiched by two silver disks. By reducing 
radius and thickness carefully based on the  investigated 
resonant wavelength dependencies, the surface-plasmon-
polariton cavity mode with a resonant wavelength of 1550 
nm can be confined in a disk with a radius of 88 nm and a 
thickness of 10 nm, where the physical size of the cavity is 
0.000064 0

3 (0: free space wavelength). The cavity mode 
has a deep subwavelength mode volume of 0.010 (/2n)3 
and a high quality factor of 1900 at 40K, consequently, a 
large Purcell factor of 1.1 x 105. The proposed double metal 
disk cavity can be used to measure refractive index change 
of the environmental material or gap thickness change. 

1. Introduction 

Light confinements in wavelength-scale nanocavites have 
been a topic that has been attracting considerable attention, 
owing to their ability to strongly enhance light-matter 
interactions. Strong interactions, represented by a high 
quality (Q) factor and a small mode volume (Vmode), enables 
nanocavities as one of key components for novel photonic 
devices such as low-threshold lasers [1-3], efficient single 
photon sources [4,5], optical switch [6,7], and optical 
memories [8]. Recently, metal coated dielectric cavities 
demonstrated the smallest mode volumes in dielectric 
cavities [3,9-11], however, further size reduction is 
intrinsically limited by the diffraction-limit, order of 
wavelength in material. In contrast to dielectric cavities, 
plasmonic cavities allow light confinement in the 
subwavelength mode volume [12-18]. 

On the other hand, among dielectric cavities, 
whispering-gallery-mode (WGM) excited at disk or ring 
cavities have been studied over a wide range of applications 
such as optical switch [7], memory [8], channel-drop filters 
[19], and laser [20] by applying its unique modal 
characteristics of high Q factor, efficient waveguide 
coupling, and mode degeneracy [21,22]. However, as the 
radius of a cavity decreases, radiation loss of the WGM 
tends to increase due to weaker total internal reflection 
[21,22]. Therefore, conventional WGM based on dielectric 
cavities has the limitation of size reduction, which becomes 
the main obstacle to miniaturize photonic devices based on 
the WGM. Very recently, the plasmonic WGM based on 

surface-plasmon-polaritons (SPPs) has been reported 
[12,16,23]. Whereas there are few studies on theoretical 
analysis to reduce cavity size to the deep-subwavelength 
dimension while the high Q and same resonant wavelength 
are kept.  

Due to its small size, the plasmonic WGM cavity, which 
supports WGM properties in subwavelength size, can be a 
new building block for the high-density integration of 
photonic devices. In this letter, we propose a deep-
subwavelength-sized plasmonic WGM cavity by intricately 
reducing radius (R) and thickness (t) simultaneously. In this 
cavity with R = 88 nm and t = 10 nm, the physical volume 
of (0/30)3 (0: free space wavelength), large Q of 1900 at 
40K and ultrasmall mode volume (Vmode) of 0.010 (/2n)3 
are achieved, which results in a high Purcell Factor (Fp) of 
1.1 x 105. In addition, by modifying the plasmonic cavity, 
we suggest the possibilities of the applications for refractive 
index sensing and gap thickness sensing. 

2. Plasmonic whispering-gallery-mode cavity for 
different azimuthal number 

Figure 1(a) shows a schematic diagram of the plasmonic 
disk cavity consisting of a dielectric disk with radius of R 
and thickness of t sandwiched by two silver disks with the 
same radii. The thicknesses of silver disks are 200 nm. This 
plasmonic WGM cavity can be efficiently excited by 
electrical injection through top and bottom metal disks [11]. 
In a cavity with R = 476 nm and t = 100 nm, plasmonic 
WGM with an azimuthal number (N) of 6 can be excited at 
a resonant wavelength of 1550 nm through a three-
dimensional (3D) finite-difference time-domain simulation, 
as shown in the electric field (Ez) profiles of Fig. 1(b) and 
1(c). The horizontal view shows a similar field profile with 
the transverse-magnetic (TM)-like WGM in the 
conventional dielectric disk [21,22], however, in the vertical 
direction, the electric fields in the cross-sectional view are 
only tightly confined inside the dielectric disk due to the top 
and bottom silver disks in contrast to the field extension of 
the conventional WGM over air [21,22].  

The dielectric was assumed to have a high refractive 
index of 3.4 (e.g. InP, Si or GaAs) and silver was modeled 
by the Drude model: () =  ∞  - p

2 / (2 + i). 
Experimentally determined dielectric functions of silver 
were fitted by the background dielectric constant ∞ of 3.1, 
the plasma frequency p of 1.4 x 1016 s-1 and the collision 
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frequency  at room temperature of 3.1 x 1013 s-1, 
respectively [15-18,24]. A spatial resolution of 1 nm was 
used for these calculations. We used a home-made FDTD 
code for numerical simulation. To excite the plasmonic 
WGM, a dipole emitter was placed 1 nm away from the 
bottom of the silver surface. The mode volume was defined 
as the ratio of the total energy density of the mode to the 
peak energy density, where the effective refractive index of 
metal was used [14-17]. 

In order to investigate the effects of size reduction 
regarding the plasmonic WGM, Q factors at 40K were 
calculated as a function of the azimuthal number (Fig. 2). 
The Q factor is defined as Q =0(Stored Energy)/(Power 
Loss), and calculated from the time decay of the cavity 
energy. The cavity thickness is fixed at t = 100 nm and the 
resonant wavelength is kept at 1550 nm for fair comparison. 
Thus, the radius of the cavity decreases with decreasing the 
azimuthal number to provide the same resonant wavelength, 
which is shown from the corresponding radius for a given 
azimuthal number at the top axis in Fig. 2. 

 
Figure 1: (a) Schematic diagram of the plasmonic disk 
cavity consisting of silver (gray)/dielectric (red)/silver. R 
and t indicate the radius of the disk and thickness of the 
dielectric, respectively. (b) Horizontal and (c) cross-
sectional views of the electric field (Ez) profiles of the 
plasmonic WGM mode with the azimuthal number, N = 6 
for the cavity with R = 476 nm and t = 100 nm. 
 

The Q factor calculated at 40K can provide a lower limit 
of Q for the solid-state quantum electrodynamics (QED) 
experiments since the operation temperature for single 
photon source or strong coupling is usually lower than 40K 
[4,5,14,17]. The Q factor is calculated from the time decay 
of the mode energy. Silver at low temperature was 
described by scaling down the damping collision frequency, 
, by a ratio of the conductivity at low temperature and the 
room temperature conductivity [3,14-18]. 

For the fixed thickness, the total Q factor (Qtotal) 
decreases with the decreasing azimuthal number or radius in 
Fig. 2. Total loss of the plasmonic cavity can be divided 
into an optical loss by radiation and absorption loss by 
metallic ohmic loss. In order to systematically investigate 
the dependence of Q factors on the azimuthal number (or 
radius), Qoptical and Qabsorption were calculated separately 
where Qoptical was estimated by setting the damping constant 
as zero. Here, Qoptical and Qabsorption are inversely 
proportional to the radiation loss and absorption loss, 
respectively. Since the real part of the metal permittivity is 

barely affected by the damping constant in the 
telecommunication wavelength, whereis orders of 
magnitude smaller than the resonant frequency, , zeroing 
allows calculating Qoptical separately. Interestingly, when 
azimuthal number is larger than 4, Qtotal is limited by 
Qabsorption and, when N is smaller than 3, Qtotal is limited by 
Qoptical. In contrast to that Qabsorption almost remains constant 
as 5500 for the cavities with a fixed thickness of 100 nm 
regardless of the azimuthal number, Qoptical exponentially 
decreases with a decreasing azimuthal number, which can 
be understood by larger radiation loss due to the smaller 
radius of the curvature [21,22]. On the other hand, the 
plasmonic WGM with N=1, corresponding to the dipole 
resonance, serious radiation loss degrades Q to only 10 as in 
the case of a metal nanoparticle [25]. Therefore, 
unfortunately, simply decreasing radius (or azimuthal 
number) to miniaturize cavity size seriously deteriorates the 
Q factor due to increasing radiation loss. 

 
Figure 2: Q factors of plasmonic WGM for different 
azimuthal numbers. The top axis shows the corresponding 
radius of the cavities to the azimuthal number, having the 
same resonant wavelength of 1550 nm. Qtotal, Qoptical, and 
Qabsorption are indicated by black, blue, and red lines, 
respectively. 

3. Size reduction of plasmonic WGM cavity  

In order to further reduce cavity size with the same resonant 
wavelength while a high Q is maintained, the  wavelength, 
Q factor, and mode volume (Vmode) were systematically 
investigated in Fig. 3 by varying the structure parameters of 
the plasmonic disk, radius (R) and thickness (t) for the 
cavity mode with N = 2, where Qtotal is limited by Qoptical. At 
a fixed thickness of 100 nm, the resonant wavelength 
decreases linearly as the radius decreases [21,22]. On the 
other hand, at a fixed radius, the resonant wavelength 
increases considerably for a thinner thickness due to the 
stronger coupling of SPPs excited at the top and bottom 
silver/dielectric interfaces [15,17,26]. The calculated 
resonant wavelengths were plotted as a function of R and t 
in Fig. 3(a). In the color map, red (top left) and violet 
(bottom right) represent longer and shorter wavelengths, 
respectively. Although the resonant wavelength of 
conventional nanocavites usually decreases with a reduction 
in size [21,22], the proposed plasmonic WGM cavity can 
have the same resonant wavelength for even a smaller 
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cavity by cleverly decreasing R and t. Indeed, black squares 
in Fig. 3(a) indicate structure parameter sets (R, t) having 
the resonant wavelength of 1550 nm. It should be noted that 
the resonance remains at the same wavelength while the 
physical volume (R2t) of the dielectric disk reduces 
considerably for the cavities with (R, t) ranging from (195 
nm, 100 nm) to (88 nm, 10 nm) where the physical volume 
changes from 1.2 x 10-2 m3 to 2.4 x 10-4 m3. Here, Vmode 
was defined as the ratio of the total electric field energy 
density to the peak energy density of the mode, considering 
the effective refractive index of metal [14-18].  

 
Figure 3: Resonant wavelengths, Q factors, and mode 
volume for the plasmonic WGM with the azimuthal number, 
N = 2. (a) Resonant wavelength color map as a function of 
R and t. Black squares indicate (R, t) sets having resonant 
wavelength of 1550 nm. (b) Q factors at 40 K (black) and 
Vmode (blue) calculated as a function of the physical 
volume (R2t) of the dielectric disk. (R, t) varies from (195 
nm, 100 nm) to (88 nm, 10 nm), corresponding to black 
squares in (a). (c) Q factors vs. the physical volume. (d) 
Purcell factor vs. the physical volume. The inset shows the 
electric field profile of the cavity mode with N = 2. 
 

As shown in Fig. 2, the Q factor of the cavity with R = 
195 nm and t = 100 nm was limited by Qoptical, related to 
radiation loss. However, as the physical volume decreases, 
Qoptical increases exponentially by two orders of magnitude 
in Fig. 4(c). Because a thinner metal-insulator-metal 
waveguide has a larger effective refractive index [26], and 
radiation loss of WGM decreases. In contrast, Qabsorption 
modestly decreases to three times the size from 5700 to 
1900 due to increasing metallic absorption loss. As result, 
Qtotal rather increases from 320, limited by radiation loss, to 
1900, limited by absorption loss, even though cavity size 
reduces 50 times smaller from (R, t) = (195 nm, 100 nm) to 
(88 nm, 10 nm). However, if the thickness becomes smaller, 
Q factor decreases due to increasing absorption loss. Vmode 
reduces from 0.33 (/2n)3 to 0.010 (/2n)3 with decreasing 
the physical volume in Fig. 4(b). As a result of the 
increasing Q factor and exponentially decreasing Vmode with 
decreasing cavity size, Fp increases dramatically upto 1.1 x 
105 in Fig. 4(d). Considering the average positioning of an 
emitter inside the cavity, still large average Fp of 2.9 x 104 
was also calculated.  

4. Applications 

4.1. Refractive index sensing 

Surface-plasmon-polaritons (SPPs) cavities locate most of 
the energy in the background material outside the metal, 
also resulting in high sensitivity devices. In addition to high 
sensitivity, the miniaturization of refractive index sensors is 
required to realize compact photonic integrated lab-on-a-
chip devices. However, reduction of the sensing volume in 
plasmonic index sensors has not yet been studied 
extensively.  

In order to measure the refractive index change of an 
environmental material, we modified the plasmonic WGM 
cavity by separating two metal disks with a nano-scaled gap 
[27]. The cavity could be miniaturized by simultaneously 
reducing the radius (R) and gap thickness (t) [11], showing 
deep subwavelength-scale sensing volumes with the same 
resonant wavelength. By investigating Q factors, sensitivity 
(S = wavelength shift per refractive index unit (RIU)), and figure 
of merit (FOM = S/linewidth = SQ/) numerically, we were 
able to optimize the FOM of the plasmonic cavity 

We propose a plasmonic cavity consisting of two metal 
disks with radii of R, separated by a gap of thickness t, as 
shown in Fig. 4 (a). Silver is chosen as the metal because of 
its low ohmic loss; the background material is assumed to 
be water, the most common analyte in chemical analysis. 
The refractive index of the water is set to 1.319, the value at 
1550 nm telecommunications wavelength. The thickness of 
each silver disk is 200 nm, chosen because it is sufficiently 
thick to avoid SPP excitation at the outer disk surfaces. 

 
Figure 4: (a) Schematic diagram of plasmonic disk cavity 
for refractive index sensing. (b) Top view and (c) side view 
of electric field intensity profiles of TM WGM. The red 
arrow indicates the direction of the dominant electric field. 
The electric field intensity is normalized by its maximum 
value. 
 

In the cavity with (R, t) = (1058 nm, 100 nm), 
transverse-magnetic (TM)-like WGM with a wavelength of 
1550 nm can be excited, as shown in the electric field 
intensity mode profiles in Fig. 4(b) and 4(c) [11]. Because 
the 100 nm gap distance is much smaller than half of the 
wavelength in the water, /2n = 588 nm, the transverse-
electric (TE)-like WGM cannot be allowed in this 
subwavelength disk cavity. However, because the z-
directional electric field component of the TM-like WGM is 
dominant and the direction is normal to the surface of the 
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silver disk, the TM-like WGM can be observed as the 
plasmonic cavity mode. Even though there is no physical 
boundary in the gap sandwiched between two silver disks, it 
is interesting to know that the plasmonic WGM is well-
confined in the gap region, defined by radius of R and 
thickness of t, as light confinements in the conventional 
dielectric disk cavities. Although there is no index 
difference between the inside and outside gap regions, the 
cavity mode is horizontally confined by the total internal 
reflection (TIR) due to the high effective index of metal-
insulator-metal (MIM) plasmonic waveguide mode, where 
the strong coupling between SPPs excited at the two metal 
surfaces sandwiching the gap occurs [26]. As the electric 
field of this plasmonic cavity mode is largely overlapped 
with background materials, it is expected that optical 
properties such as resonant wavelengths would be very 
sensitive.  

 
Figure 5: Resonant spectrum of the plasmonic WGM for the 
background liquids with different refractive index of 1.219 
(red), 1.319 (black), and 1.419 (blue). The cavity size is 
defined by (R, t) = (1058 nm, 100 nm).  
 
In order to investigate the effect of the background material 
on the cavity mode, the resonant spectrum is calculated for 
the cavity with (R, t) = (1058 nm, 100 nm) as the refractive 
index of the liquid changes from 1.219 to 1.419, in Fig. 5. 
When the refractive index is 1.319, the resonant peak is 
observed at 1550 nm with a full-width half-maximum 
(FWHM) linewidth of 40 nm. As the index decreases to 
1.219, also reducing the effective cavity size, the resonance 
blue-shifts to 1435 nm; for an index of 1.419, it red-shifts to 
1668 nm. For an index change of 0.1, a large wavelength 
shift of 116.5 nm was estimated. It should be noted that this 
sensitive cavity to environmental index changes has a 
subwavelength physical volume of 0.094 0

3, which 
indicates an ability to measure the refractive index change 
of a tiny amount of analyte. Here, 0 is the free space 
wavelength of the cavity resonance, 1550 nm. 

In order to further miniaturize the size of the plasmonic 
index sensor, the corresponding radius, R, which provides 
the cavity with the resonant wavelength of 1550 nm, is 
carefully calculated as the gap thickness decreased from 100 
nm to 5 nm, as indicated in Table.1. It should be noted that 
although the wavelength and mode numbers are kept 
constant, both size parameters of the plasmonic cavity, 
thickness and radius, decreased, and as similarly observed in 
Fig. 3. It is therefore possible to further miniaturize the 
plasmonic WGM cavity by decreasing both R and t, as 

shown in Table. 1, while keeping the resonant wavelength 
constant.  

 
Table 1: The gap thickness and the corresponding radius 

for the plasmonic WGM cavities, having the resonant 
wavelength of 1550 nm.  

Thickness
(nm) 

Radius 
(nm) 

Thickness 
(nm) 

Radius 
(nm) 

5 435 60 986 
10 585 70 1011 
20 744 80 1031 
30 843 90 1046 
40 909 100 1058 
50 953   

 

As a result, the physical volume of the gap layer, 
considered the minimum volume of the analyte required for 
the analysis, reduces dramatically with decreasing thickness. 
Here, the physical volume is obtained by calculating R2t 
for the plasmonic WGM cavities in the Table. 1. For a 
cavity with (R, t) = (1058 nm, 100 nm), the physical volume 
is 0.094 0

3, 0.35m3. As the thickness decreases to 5 nm 
(the corresponding R is 435 nm), the physical volume 
decreases to 0.000800

3, 0.0030 m3 = 3.0 attoliter, which 
is the lowest sensing volume ever reported [28].  

On the other hand, in order to use a cavity as resonant 
index sensor, two parameters should be considered, the 
sensitivity to the index change and the spectral resolution. 
Because the spectral resolution is determined by the 
resonance linewidth, the Q factor, which is inversely 
proportional to the resonance linewidth (FWHM), must be 
maximized as a function of the gap thickness of the 
plasmonic WGM cavities. For a plasmonic WGM cavity 
with (R, t) = (744 nm, 20 nm), the Q factor has a maximum 
value of 105, giving a minimum linewidth of 14.8 nm. The 
physical volume of the gap layer is 0.0093 0

3 = 0.035 m3 
= 35 attoliter, 10 times smaller than the cavity with (1058 
nm, 100 nm) and 100 times smaller than the cube of the free 
space wavelength. Therefore, the plasmonic WGM cavity 
enables the measurement of deep subwavelength-scaled 
volumes of analyte (35 attoliter) with relatively sharp 
linewidth (14.8 nm) and high sensitivity of 1160 nm/RIU. 

4.2. Plasmonic ruler  

 
Figure 6: Schematic diagram of a plasmonic cavity for a 
plasmonic ruler.  
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The resonant wavelength of the plasmonic cavity, where 
strong SPP mode is sandwiched between metal blocks, 
depends on gap thickness very sensitively. Figure 6 shows 
the schematic diagram of a plasmonic ruler. The plasmonic 
cavity consists of two silver blocks separated by a gap of t. 
Each block has a rectangular cross-section sized by wx and 
wy. Between the gaps, a plasmonic cavity mode can be 
excited by injecting linearly polarized light. The resonant 
wavelength of the cavity mode can be measured by 
observing transmission curve of linearly polarized white 
light/tunable light source, which determines the gap 
thickness precisely. 

 
Figure 7: Electric field intensity profiles of (a) top view and 
(b) side view for the plasmonic cavity of Fig. 6.  
 
For a cavity with wx = 200 nm, wy = 150 nm, and t = 10 nm, 
plasmonic cavity mode with a wavelength of 879 nm is 
strongly confined inside the air gap, as shown in Fig. 7. In 
this paper, wx and wy are fixed for the cavities to be 
discussed. Even though there is no physical boundary in xy 
plane, effective refractive index because of strong coupling 
of SPPs between two metal-air interfaces at the air gap 
enables strong horizontal confinement of SPPs. The Q 
factor of 53 and deep subwavelength mode volume of 
0.0010

3 is estimated.  

 
Figure 8: Resonant spectrum of the plasmonic WGM for the 
background liquids with different gap thickness (t) of 6 nm 
(blue), 10 nm (black), and 14 nm (red).  
 
We investigated the response of the resonant peak of the 
plasmonic cavity mode to the change of the gap thickness 
for different gap of 6 nm, 10 nm, 14 nm in Fig. 8. First, 
resonant wavelength increases for thinner gap thickness. 
For 14 nm thickness, resonance blue-shifts to 750 nm, 
contrary, for 6 nm, the resonance red-shifts to 1000 nm 
while resonance exists at 879 nm for t = 10 nm. Second, 
larger resonance shift () is observed in the case of 

decreasing t than increasing t. When t decreases to 6 nm,  
is +220 nm, but when t increases to 14 nm,  is -130 nm. 

5. Conclusions 

In this paper, we proposed a plasmonic WGM cavity having 
an extremely small mode volume of 0.010 (/2n)3 and high 
Q factor of 1900 at 40K. In the dielectric disk sized by a 
radius of 88 nm and a thickness of 10 nm with an ultra-
small physical volume of 0.000032 0

3 (0: free space 
wavelength), SPPs with a wavelength of 1550 nm were 
strongly confined by two silver disks [29]. The deep 
subwavelength mode volume allowed obtaining a large 
Purcell factor of 1.1 x 105 at 40 K. Even though at room 
temperature, where metallic absorption loss seriously 
increases, the low Q factor of 60 is calculated, thanks to the 
small mode volume, still a high Purcell factor of 3600 could 
be achieved. The proposed plasmonic WGM cavity can be 
one of key components for a wide range of applications 
such as refractive index sensing and gap thickness sensing. 
As refractive index sensor, the cavity with the radius of 744 
nm and gap thickness of 20 nm shows the highest FOM of 
80, due to a narrow resonance linewidth (14.8 nm) and high 
sensitivity (S = 1160 nm/RIU) to the index change of the 
background material, while having remarkably the ability to 
measure ultra-small volume (0.035 m3 = 35 attoliter) of 
analyte. In addition, as gap thickness sensor, 220 nm 
resonant wavelength shift is estimated for the small gap 
thickness change of only 4 nm.  

Acknowledgements 

This research was supported by the Basic Science Research 
Program through the National Research Foundation of 
Korea (NRF) funded by the Ministry of Education, Science 
and Technology (Grant No. 2012-0003438). 
 

References 

[1] S H.-G. Park, S.-H. Kim, S.-H. Kwon, Y.-G. Ju, J.-K. 
Yang, J.-H. Baek, S.-B. Kim, and Y.-H. Lee, 
Electrically driven single-cell photonic crystal laser, 
Science 305: 1444–1447, 2004. 

[2] B. Ellis, M. A. Mayer, G. Shambat, T. Sarmiento, J. 
Harris, E. E. Haller, and J. Vuckovic, Ultralow-
threshold electrically pumped quantum dot photonic-
crystal nanocavity laser, Nat. Photon. 5: 297–300, 2011. 

[3] M. T. Hill, Y.-S. Oei, B. Smalbrugge, Y. Zhu, T. de 
Vries, P. J. van Veldhoven, F. W. M. van Otten, T. J. 
Eijkemans, J. P. Turkiewicz, H. de Waardt, E. J. Geluk, 
S.-H. Kwon, Y.-H. Lee, R. Nötzel, and M. K. Smit, 
Lasing in metallic-coated nanocavities, Nat. Photon. 1: 
589–594, 2007. 

[4] D. Englund, D. Fattal, E. Waks, B. Zhang, T. Nakaoka, 
Y. Arakawa, Y. Yamamoto, and J. Vuckovic, 
Controlling the spontaneous emission rate of single 
quantum dots in a two-dimensional photonic crystal, 
Phys. Rev. Lett. 95: 013904, 2005. 



6 
 

[5] J. P. Reithmaier, G. Sek, A. Loffler, C. Hofmann, S. 
Kuhn, S. Reitzenstein, L. V. Keldysh, V. D. 
Kulakovskii, T. L. Reinecke, and A. Forchel, Strong 
coupling in a single quantum dot-semiconductor 
microcavity system, Nature 432: 197–200, 2004. 

[6] K. Nozaki, T. Tanabe, A. Shinya, S. Matsuo, T. Sato, H. 
Taniyama, and M. Notomi, Sub-femtojoule all-optical 
switching using a photonic-crystal nanocaviy, Nat. 
Photon. 4: 477–483, 2010. 

[7] L. Liu, R. Kumar, K. Huybrechts, T. Spuesens, G. 
Roelkens, E.-J. Geluk, T. de Vries, P. Regreny, D. Van 
Thourhout, R. Baets, and G. Morthier, An ultra-small, 
low-power, all-optical flip-flop memory on a silicon 
chip, Nat. Photon. 4: 182–187, 2010. 

[8] M. T. Hill, H. J. S. Dorren, T. De Vries, X. J. M. 
Leijtens, J. H. Den Besten, B. Smalbrugge, Y. S. Oei, H. 
Binsma, G. D. Khoe, and M. K. Smit, A fast low-power 
optical memory based on coupled micro-ring lasers, 
Nature 432(7014), 206–209 (2004). 

[9] K. Yu, A. Lakhani, and M. C. Wu, Subwavelength 
metal-optic semiconductor nanopatch lasers, Opt. 
Express 18: 8790–8799, 2010.  

[10] M. P. Nezhad, A. Simic, O. Bondarenko, B. Slutsky, A. 
Mizrahi, L. Feng, V. Lomakin, and Y. Fainman, Room-
temperature subwavelength metallo-dielectric lasers, 
Nat. Photon. 4: 395–399, 2010. 

[11] C. Manolatou, and F. Rana, Subwavelength nanopatch 
cavities for semiconductor plasmon lasers, IEEE J. 
Quantum Electron. 44: 435–447, 2008.  

[12] M. Kuttge, F. J. García de Abajo, and A. Polman, 
Ultrasmall mode volume plasmonic nanodisk resonators, 
Nano Lett. 10: 1537–1541, 2010. 

[13] R. F. Oulton, V. J. Sorger, T. Zentgraf, R.-M. Ma, C. 
Gladden, L. Dai, G. Bartal, and X. Zhang, Plasmon 
lasers at deep subwavelength scale, Nature 461: 629–
632, 2009.  

[14] Y. Gong, and J. Vuckovic, Design of plasmon cavities 
for solid-state cavity quantum electrodynamics 
applications, Appl. Phys. Lett. 90: 033113, 2007. 

[15] M.-K. Seo, S.-H. Kwon, H.-S. Ee, and H.-G. Park, Full 
three-dimensional subwavelength high-Q surface-
plasmon-polariton cavity, Nano Lett. 9: 4078–4082, 
2009. 

[16] S.-H. Kwon, J.-H. Kang, C. Seassal, S.-K. Kim, P. 
Regreny, Y.-H. Lee, C. M. Lieber, and H.-G. Park, 
Subwavelength plasmonic lasing from a semiconductor 
nanodisk with silver nanopan cavity, Nano Lett. 10: 
3679–3683, 2010. 

[17] J.-H. Kang, Y.-S. No, S.-H. Kwon, and H.-G. Park, 
Ultrasmall subwavelength nanorod plasmonic cavity, 
Opt. Lett. 36: 2011–2013, 2011. 

[18] J.-H. Kang, H.-G. Park, and S.-H. Kwon, Room-
temperature high-Q channel-waveguide surface 
plasmon nanocavity, Opt. Express 19: 13892–13898, 
2011. 

[19] B. E. Little, S. T. Chu, H. A. Haus, J. Foresi, and J. P. 
Laine, Microring resonator channel dropping filters, J. 
Lightwave Technol. 15: 998–1005, 1997. 

[20] M. Fujita, A. Sakai, and T. Baba, Ultrasmall and 
ultralow threshold GaInAsP-InP microdisk injection 
lasers: design, fabrication, lasing characteristics, and 
spontaneous emission factor, IEEE J. Sel. Top. 
Quantum Electron. 5: 673–681, 1999. 

[21] K. Vahala, Optical microcavities, World Scientific, 
Singapore, 2004. 

[22] R. K. Chang, and A. J. Campillo, Optical processes in 
microcavities, 1st ed, World Scientific, Singapore, 1996. 

[23] B. Min, E. Ostby, V. Sorger, E. Ulin-Avila, L. Yang, X. 
Zhang, and K. Vahala, High-Q surface-plasmon-
polariton whispering-gallery microcavity, Nature 457: 
455–458, 2009. 

[24] P. B. Johnson, and R. W. Christy, Optical constants of 
the noble metals, Phys. Rev. B 6: 4370–4379, 1972. 

[25] M. A. Noginov, G. Zhu, A. M. Belgrave, R. Bakker, V. 
M. Shalaev, E. E. Narimanov, S. Stout1, E. Herz, T. 
Suteewong, and U. Wiesne, Demonstration of a spaser-
based nanolaser, Nature 460: 1110–1113, 2009. 

[26] H. T. Miyazaki, and Y. Kurokawa, Squeezing visible 
light waves into a 3-nm-thick and 55-nm-long plasmon 
cavity, Phys. Rev. Lett. 96: 097401, 2006. 

[27] S. H. Kwon,  Deep Subwavelength-scale Metal-
Insulator-Metal Plasmonic Disk Cavities for Refractive 
Index Sensors, IEEE Photonics Journal, DOI: 
10.1109/JPHOT.2013.2244206  

[28]  B.Wang, M. A. Dündar, R. Nötzel, F. Karouta, S. He, 
and R. W. van der Heijden, Photonic crystal slot 
nanobeam slow light waveguides for refractive index 
sensing, Appl. Phys. Lett. 97:151105, 2010. 

[29]  S.-H. Kwon, Deep subwavelength plasmonic 
whispering gallery-mode cavity, Opt. Express 20: 
24918–24924, 2012. 

 



1 

 

Strong Emission From Nano-Iron  
Using Laser Induced Breakdown Spectroscopy Technique 

               

                                       F.F. Rashid1*, A. M. ELSherbini 2,A. Al-Muhamady2 

 1 :Department of Laser and Opto-Electronic Engineering, University of Technology, Baghdad, IRAQ   
  2:Lab. of Lasers and New Materials, Faculty of Science, Cairo University, Dep. of Phys., Giza, Egypt 

 
*Corresponding author* : fareedfrasheed@yahoo.com 

 

                                Abstract       
  In this paper we report a strong enhanced 

emission from laser produced plasma in air from iron 
oxide nanomaterial in comparison with the 
corresponding bulk samples. The enhancement 
strength differs with different Nd:YAG laser 
harmonics wavelengths. The analysis showed that 
such enhancement  increased exponentially with the 
plasma evolution time, while, it declines as the laser 
fluence increased.      
     Experimental data analysis clearly showed that the 
observed enhancement is mainly associated with the 
change in the plasma electron density. We claim that 
this strong enhanced optical emission from laser 
produced plasma is due to surface plasmon resonant 
excitation preferably on nano oxide materials. Such 
experimental findings could improve the LIBS-
sensitivity down to extremely low concentrations.  
 
                            1.  Introduction 

   Laser induced breakdown spectroscopy (LIBS) 
technique can be used for elemental analysis [1,2], 
cleaning [3], studying of old archeology [4], metals 
in soils [5]. This technique utilizes the light emitted 
from plasma produced by the interaction of pulsed 
lasers with matter. These emission lines, when 
analyzed, give the different matrix elements in target 
material, while the spectral shape and radiance can 
provide both of plasma electron density and 
temperature, respectively [6,7].One problem is the 
relatively small signal to background ratio and hence 
the poor the ability of the LIBS technique to detect 
the very small concentration of the different elements 

[8,9]. Different techniques were devised to overcome 
this difficulty, namely signal enhancement, such as 
the double pulse technique [10-11] in which the 
target material is irradiated by consequent double 
laser pulses separated by a certain delay time. The 
first excites plasma while the next interacts with this 
rarefied medium. Moreover, the introduction of the 
femtosecond laser source provides one basic 
advantage is the very small continuum component 
appeared under the lines, hence the large the signal to 
background ratio [12,13].   
      Nano-based materials are those having structured 
components with at least one dimension less than 100 
nm. Materials that have one dimension in the nano-
scale are layers, such as a thin films or surface 
coatings. While materials that are nano-scale in two 
dimensions include nano-wires and nano-tubes. 
Three dimensional materials are nano-scale particles, 
for example precipitates, colloids and quantum dots. 
Nano-crystalline materials, made up of nanometer-
sized grains, also fall into this category, which may 
give an overview of the properties, and the significant 
applications of some nano-materials [14].  
 Nowadays, the accelerating progress in the field of 
nano-material science may provide a new facility to 
reach signal enhancement. In this work we will 
demonstrate the combination of  the nano-material 
target with LIBS technique to get enhancement in 
Iron oxide (Fe3O4) emission. 

                      2. Experimental  

The experimental setup can be seen in figure.1. 



                          

                                                     Figure 1  Experimental set-up 

The laser system (Nd: YAG) delivers 650, 300 and 

150 mJ per pulse at different harmonics of 1064, 532 

and 355 nm, respectively at constant duration of 5 ns. 

Equal laser fluence was achieved by varying the laser 

focal spot size at the target (focal spot diameters of 

1.5, 1.1, 0.75 mm, respectively at different laser 

harmonics) in order to compare the results at the 

different laser harmonics. The laser energy was 

varied using a set of previously calibrated absorbing 

sheets.  Both of the nano and bulk targets were 

compressed (~ 5 ton/cm2) to a disk shape and 

positioned side by side perpendicular to laser axis on 

an xy-translational stage. The processing of the 

experimental data was carried out using home-made 

routine under the MATLAB7®package. Each data 

was taken three times on fresh target condition which 

enables us to account for any fluctuations in 

measurements. The Fe3O4 (MKN-Fe3O4-025) almost 

spherical nano material powder samples were 

purchased from “mkNANO -CANADA”  and used 

without further purification with particle sizes of  

diameter 25 nm. The relative concentration 

(stoichiometry) of the nano with respect to the bulk 

was measured spectroscopically utilizing the 

Boltzmann plot method [15,16] which indicated 

almost similar stoichiometry, (Analysis  to be 

published later [17]) .The relative spectral response 

of the camera MCP and spectrograph including 

optical fiber was measured using a deuterium lamp 

(type, DH-2000-CAL). 

                     3. Results and discussion  

 A comprehensive  preview to the observed enhanced 

spectral lines emission from laser produced iron 

plasma at 532nm laser wavelength, under  constant 

fluence  (34 J/cm2), gate and delay time (5 μs), is 

shown in figure (2): 
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                                   Figure  2  A comparison between bulk verses nano iron Spectra 

  

                                                                

                      Figure 3  Some emission lines under different laser harmonics excitation. 
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                                      Figure 4  Effect of delay time on enhanced emission 
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A focused look on the spectrum details can be seen in 
figure 3(a1, a2,a3) Were a general comparison 
between emitted signal intensity (vertical axis (au)), 
from Fe I lines from both of nano and bulk targets. 
(a1, 2, 3) shows the effect of irradiation by different 
laser harmonics, all at fixed laser fluence of 34 J/cm2, 
gate of 1 μs and delay time of 3 μs. 
   Figure 4(b1, 2, 3) shows the behavior of emitted 
optical lines from nano and bulk iron with delay time 
in the range from 1 to 5 μs utilizing the laser second 
harmonic (532nm)  and constant fluence of 34 J/cm2 
is shown.  
     Moreover, the effect of laser fluence on 
enhancement from iron nanomaterials is also shown 
in figure5 (c1,c2,c3), while fixing the laser 
wavelength at the third harmonic at 355 mm and 
delay gate times at 1 μs.   
    A careful inspection of figure3, elicits an 
enhancement-laser wavelength dependence. This 
behavior points to a resonance like phenomenon 
plausibly linked with favorable resonant optical 
excitation of surface plasmons by nano structured 
materials [18], and was confirmed for the nano ZnO 
material utilizing absorption spectroscopy where a 
higher absorption at the shorter wavelength region 
was verified [19] and also confirmed through an 
experimental study for the nano ZnO study by the 
authors[20].   
  An elaborate assessment of enhancement 
phenomena (figures 4,5) showing a trend of 
enhancement as we go to later plasma evolution 
times and lower laser fluence, respectively.  
   This is confirmed by calculations of the average 
enhancement factors over some of the emission  

 

 

 

 

 

 

 

 

 
 
spectral lines arising from nano structured iron (Fe I 
lines at 340.74, 404.58, 438.35, 492.05, 561.56 and  
613.66 nm) (see figures 6,7). This trend was found to 
be due to the faster decline in signal height (spectral 
radiance) emerging from bulk material plasma.        
However, a prominent fall in enhancement with 
plasma evolution was found in case of the third 
harmonic laser irradiation of iron as illustrated in  
figure, which may be due to mismatching in surface 
plasmon resonance frequency off the incident laser 
radiation. In contrast, an exponential decline of 
enhancement is observed with increasing laser 
fluence, (figure7, colored squares). 
 A systematic calculation of the relative plasma 
electron density, was carried out in order to gain 
some insight of the implication of enhancement in 
terms of the relevant plasma parameters. The ratio of 
plasma electron densities of nanostructured to bulk 
targets (neN/neB) was estimated from the relative 
Stark broadening component of the same spectral 
lines appeared in both of nano and bulk plasmas. 

 Temporal evolution of estimated relative plasma 
electron densities eN eBn n  utilizing the Stark 
broadening of the Fe I lines at 340.74 , 404.58, 
438.35 nm is shown in figures 6,7 (triangles of 
different colors). Though both plasmas from nano 
and bulk targets are created under the same condition, 
one can notice that the electron density of the plasma 
emerging from the nano target is superior to that from 
bulk.  
   Moreover, the relative plasma electron density 
increases in accordance with that of the enhancement 
along with plasma evolution. However, incompatible 
decline in the emission intensity is accompanied with 

                               

                                   Figure 5 The effect of laser fluence on enhancement   



third harmonic laser irradiation (figures 6,7), this 
indicates that nano iron inherent surface plasmons 
would resonate better with green 532 nm laser light.  

In general, electron density measurement usually 
probes the intensity of electric fields in the plasma 
medium. Our results revealed the existence of extra 
electric fields in the nano-structured plasma. This is 
not strange, since localized surface plasmons in the 
vicinity of nano particles was certified in number of 
articles [21-23]. Moreover, the observed change in 
enhancement upon switching the laser between 
different wavelengths confirms the resonance of such 
surface plasmons with the incident laser frequency. 
We allege that origin of this extra electron density 

coming from the incident strong laser field liberating 
the electronic surface waves (plasmons) inherent to 
nano structured materials.  This conclusion may be 
drawn from the peculiar dependence of both of 
enhancement and relative electron density on laser 
fluence which would suggest the liberation of surface 
plasmons  as the main mechanism responsible for  the 
pronounced measured electron density.  

   Further examination of enhancement–plasma 
electron density relation would suggest a series of 
medium term experiments in which the effect of 
nanomaterial grain size, laser polarization state under 
different ambient conditions should carefully be 
addressed.  
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                      4.Conclusions                                         
 A lowest possible fluence just sufficient to release 
surface plasmons from nano particles at the largest 
delay and suitable laser wavelength would be 
favorable choice for certain material to sustain optical 
signal enhancement.  
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Figure.7  Signal enhancement versus laser fluence for  
iron. 
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Figure.6  The intensity against Delay time  

                 For  Iron nano samples  
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Abstract 

This paper presents the study of field intensity enhancement 
of dipole nanoantenna and parameters that effect on the 
field intensity enhancement in the infrared wavelength 
range. The dipole nanoantenna consists of gold (metal) 
dipole arms separated by a gap of nm range. Metal was 
considered as plasma and its plasmonic behavior has been 
considered according to drude theory. To investigate the 
parametric dependencies of dipole nanoantenna the finite 
element method (FEM) based software High Frequency 
Structure Simulator (HFSS) has been used. The influence of 
thickness of metal, feed gap and polarization angle of 
incident light of dipole nanoantenna was studied, where 
they strongly effects the dipole nanoantenna characteristics 
of resonance wavelength and electric field enhancement. 
This study helps to optimize the dipole nanoantenna 
structure for the better performance.  

1. Introduction 

Since the past one decade the Nanoantenna has attracted 
many researchers due to their outstanding optical properties, 
like strong enhancement [1] and sub-wavelength 
confinement of the electrical field and light capturing [2] 
due to localized surface plasmons. The size of nanoantennae 
is the order of the wavelength of light. In this wavelength 
range even novel metals like silver and gold do not behave 
as perfect conductors and show frequency dependent 
complex dielectric behavior.  

The possibility of coupling between photons and 
electrons in the nanoantennae are the basis of their 
properties. When these 3D structures couples with incident 
light the electrons get to oscillate within structures which 
are similar than the wavelength of incident light and causes 
surface plasmon resonance. These resonance leads to the 
strongly localized field enhancement. Furthermore 
nanoantennae can also be used to couple propagating 
optical wave as evanescent wave. Hence they are promising 
as intermediate component between nanoscale optical and 
electronic device and optical fields. And hence the field 
enhancement phenomenon can find applications in the area 
of sensing like field enhanced fluorescence [3], surface 
enhanced Raman scattering [4], super lenses [5], nanoscale 
imaging [6], spectroscopy [7], lasers [8], thermal detectors 
[9], energy harvesting [10], higher harmonic generation 
[11], photodetectors [12]. 
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Figure 1. Wavelength dependency of (a) real, (b) imaginary 
parts of complex dielectric function and (c) conductivity of 
Gold and Silver metals. 
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2. Dielectric Properties of Metals at Optical Range 

Noble metals are known for their high conductivity, which 
is because of ocean of free electrons. They can be 
considered as electron gas in bulk and modeled as plasma. 
Due to plasmon nature of metals at high frequency i.e., 
optical range the metals behave completely different than 
the static case. Hence the behavior of metal at optical range 
can be described as frequency dependent complex dielectric 
function, which can be explained by drude theory of free 
electron gas. According to the drude theory the complex 
dielectric function ε*(ω) of metals can be described as 






iinj
p




2

2

)(*           (1) 

where, ωp is plasma frequency which depends on free 
electron density of metal and γ is collision frequency, which 
is responsible for losses. For the nanoantennae simulation 
gold has been used. εin includes effect of free electrons and 
bound electrons and is 1 for silver and 2 for gold. The 
frequency dependent complex dielectric functions of gold 
and silver were modeled using above model. Model 
parameters were fitted according to the calculations made 
by Johnson and Christy from the experimental data [13] and 
the plasma frequency ωp and collision frequency γ of gold 
are 1.296 × 1016 rad/s and 1.265 × 1014 Hz respectively and 
silver are 1.37 × 1016 rad/s and 3.21 × 1013 Hz respectively.  
The conductivity of metal (gold) can be expressed as  

  0)(            (2) 

where ω is angular frequency of light and ε0 is free space 
permittivity.  

3. Surface Plasmon Resonance 

When the nanoantennae are excited by light, surface 
plasmons will couple with photons and collective 
oscillations of electrons will occur. These oscillations will 
propagate along metal and dielectric interface called as 
surface plasmon polariton (SPP). Surface plasmons are 
electromagnetic excitations at the interface of metal and 
dielectric and propagate along the interface. 

 
Figure.2. Interface between medium 1 and medium 2 with 
dielectric functions ε1, ε2 respectively. 

When plane polarized wave is illuminated on two medium 
systems having plain interface as shown in the Figure 2, the 
electric field (Ei,, i corresponds to medium) can be obtained 
from wave equation [14] 
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By solving the above equation using suitable boundary 
conditions we got the following conditions for generation of 
surface plasmons at the interface  
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Because of localization of electromagnetic field due to 
surface plasmon resonance can contribute field intensity 
enhancement at interface. 

4. Simulation of nanoantennae 

To study the behavior of nanoantennae we have carried out 
our analysis using FEM based software ANSOFT’s High 
Frequency Structure Simulator (HFSS) [15]. The gold 
dipole nanoantenna was designed on SiO2 substrate as 
shown in the Figure 3. The gold relative permittivity and 
conductivity have been computed according to drude model 
and assigned as material property in HFSS. The relative 
permittivity of SiO2 has been considered as 3.9. The dipole 
nanoantenna was illuminated by plane polarized EM wave 
from substrate side and intensity enhancement was 
calculated at middle of feedgap. The antenna was divided 
into tetrahedra of typical size 3nm and rest will divided into 
70 nm tetrahedra. The perfectly matched layer (PML) 
boundary condition has been used. 

 
Figure 3. Dipole Nanoantenna 

The dipole Nanoantenna of each dipole arm length 250nm, 
100nm width, and 30nm thickness with a feedgap of 30nm 
was designed over SiO2 substrate. The polarization angle of 
the plane wave was varied from 00 to 900 in the steps of 150. 
The intensity enhancement was calculated and that’s varies 
with polarization angle. In our study the feedgap of 
nanoantenna was varied from 20 nm to 60 nm by keeping 
constant dipole length. The intensity enhancement is 
strongly dependent on the feedgap. Next we varied the 
dipole metal thickness from 20nm to 90nm keeping other 
parameters constant. It has been observed that the intensity 
enhancement decreases with increase of gold thickness with 
change in resonance wavelength. Further the variation of 
dipole nanoantenna length has been studied. The length was 
varied from 230 nm to 530 nm with 40 nm steps. The 
resonance wavelength of dipole nanoantenna varies with 
change in length, which is similar in case of classical RF 
antenna. 
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5. Results and Discussion 

The dependency of intensity enhancement of dipole 
nanoantenna has been analyzed by varying different 
parameters like polarization angle of incident plane wave, 
gap between dipole arms, thickness of gold under constant 
dipole arm width and changing arm width according to gold 
thickness, dipole nanoantenna. These dependencies have 
been studied with variation of wavelength in infrared region. 

The variation of intensity enhancement with change in 
polarization angle was plotted in Figure 4. It was observed 
that as the polarization angle varies from 00 to 900, the 
intensity enhancement decreases. The maximum intensity 
enhancement was obtained at 00 polarization angle as the 
incident plane wave was aligned in the direction of dipole 
nanoantenna axis. If the polarization angle varies the electric 
field component along the direction of dipole axis varies and 
attains minimum value at 900 polarization angle, which 
shows there is no enhancement if the incident plane wave is 
perpendicular to dipole axis. 
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Figure 4. Intensity Enhancement variation with wavelength 
at different incident wave polarization angles. 
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Figure 5. Intensity Enhancement variation with wavelength 
at different feedgaps. 

The variation of intensity enhancement with feedgap was 
shown in the Figure 5. The dipole nanoantenna of length 
530nm width 100 nm and thickness 30nm with varying 

feedgap was designed over SiO2 substrate. The feedgap of 
dipole nanoantenna was varied from 10 nm to 60 nm 
keeping constant length of dipole antenna. It was observed 
that the field intensity enhancement decreases as the feedgap 
increasing. With the change in feedgap not only intensity 
enhancement effected but also the maxima of intensity shifts 
at different wavelengths. The shift of maxima is a result of 
change in the gap. 
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Figure 6. Intensity Enhancement variation with wavelength 

at different thicknesses of gold. 

The variation of intensity enhancement with gold thickness 
was plotted in the Figure 6. The dipole nanoantenna of each 
dipole arm of length 250 nm, width 100nm with a feedgap 
of 30nm was designed. The dipole metal thickness (gold) 
was varied from 20nm to 70 nm in increment of 10nm. As 
the thickness of gold decreases; the field strongly confines 
between dipole arms, which results increased intensity 
enhancement. Therefore the higher intensity enhancement 
can be obtained choosing lower gold thicknesses. It can be 
seen from the figure that if the thickness decrease below 
40nm; the wavelength corresponds to maxima of intensity 
shifts with decrease of thickness in the dipole nanoantenna 
towards higher wavelengths. 
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Figure 7. Intensity Enhancement variation with with 
wavelength at different thickness maintaining thickness to 
dipole width ratio as one. 
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Figure 8. Intensity enhancement variation with wavelength 

at different antenna lengths. 

In the Figure 7 the variation of intensity enhancement for 
different dipole arm thicknesses (maintaining thickness to 
dipole width ratio as one) was shown. If we increase the 
thickness the intensity enhancement changes with shift in 
maxima of intensity enhancement.  

The intensity enhancement variation for different dipole 
lengths has been shown in the Figure 8. Keeping fixed 
dipole arm width of 100 nm the dipole length was varied 
with fixed feedgap of 30nm. The maxima of intensity 
enhancement shift with the length of dipole nanoantenna. 

The intensity enhancement increases rapidly with increase 
in the dipole length. 

From Figure 5 the dipole nanoantenna which results 
maximum enhancement i.e., 10nm feedgap antenna was 
considered for plotting field intensity enhancement 
distribution. The intensity enhancement distribution of 
mentioned dipole nanoantenna was calculated at its 
resonance wavelength (1621.6 nm) and shown in the 
Figure9. The intensity distribution was plotted for difference 
planes shown in this figure. It was clearly observed that the 
field is concentrated at the center and edges of dipole 
Nanoantenna. In Figure 9 (a) and (b) the planes at center of 
dipole nanoantenna and above the nanoantenna that are 
parallel to dipole plane have been taken and intensity 
enhancement distribution of respective planes were shown. 
The intensity at center plane of dipole nanoantenna has 103 
times of the incident field. But in outer plane the intensity 
falls to 500 times.  This signifies that the intensity 
enhancement confines to metal surface and reducing 
drastically if we move above the surface. From the Figure 
9.(c) it was observed that the maximum field is concentrated 
at edges of dipole arm. In the Figure 9 (d) the intensity 
enhancement distribution of plane along dipole edge has 
been shown. It indicates most of the field confines within the 
interface. 

 
Figure 9. Intensity Enhancement distribution for Dipole Nanoantenna at different planes. 
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6. Conclusions  

The geometric dependencies of dipole nanoantenna and its 
effects on intensity enhancement and resonance wavelength 
were studied with numerical computations. The study will 
be useful to optimize the nanoantenna of proper choice. It 
may find the applications in Surface Enhanced Raman 
Scattering (SERS) based sensor, spectroscopy and optical 
communication areas. 
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Abstract

Recently, it has been shown that a single wire Goubau line
that supports surface wave propagation can be used as an
effective terahertz waveguide with low attenuation and low
dispersion. In order to fully exploit Goubau lines in tera-
hertz systems, for example for communication applications,
structures such as different types of passive filters are re-
quired. This paper demonstrates that metamaterial elements
can be used as building blocks for realization of compact
bandpass Goubau line filters.

1. Introduction

Despite the emerging interest in terahertz systems and their
applications in sensing, imaging and communications, there
is still a need for efficient low-loss waveguides in the tera-
hertz regime. Even though hollow waveguides and two-
conductor transmission lines such as coaxial cables and
microstrip lines are efficient for low to moderate radio-
frequency operation, scaling these waveguides for terahertz
applications is not an efficient solution because of the finite
conductivity of metals at this higher frequency range. On
the other hand, in spite of their high efficiency, conventional
optical interconnections such as optical fibers are bulky and
can not be integrated in planar technologies [1, 2]. Surface
electromagnetic waves that propagate along the interface
of a dielectric and a conductor, so-called surface-plasmon
polaritons (SPPs), are one possible solution that has been
proposed for realization of high speed on-chip intercon-
nections, where thin metal circuitry can be used for car-
rying both the optical signals and electrical currents [1].
In particular, it was shown in [3] that a bare Goubau-like
single metal wire that supports the propagation of surface
waves [4, 5, 6] can be used as an efficient terahertz waveg-
uide with low attenuation and low dispersion.

In order to exploit the propagation of surface waves on
single wire in real applications, effective passive structures
such as various types of filters are required. A bandstop
filter based on the corrugated planar Goubau line (PGL)
has been studied in [7]. It was shown that the structure
provides a stopband characteristic for surface plasmon po-
lariton propagation. More recently, an application of meta-
material resonators for filtering was investigated in [2]. A

stopband in the transmission characteristics of the guided
surface electromagnetic waves on a PGL was demonstrated
computationally and experimentally. Also, split ring res-
onators (SRRs) and complementary split ring resonators
(CSRRs) have been used for the design of bandpass or
bandstop filters in microstrip and coplanar wave guide tech-
nologies [8, 9]. However, to the authors’ knowledge, no
study has been conducted on bandpass structures for PGL.
In this paper we present a metamaterial-inspired bandpass
filter for a modified PGL operating at sub-terahertz frequen-
cies around 200 GHz.

2. Bandpass Filter for the Terahertz Goubau
Line

In previously published work [10] Akalin et al. have pre-
sented a high-efficiency planar launching structure for a
plasmonic wave on a PGL. The structure consists of a
coplanar waveguide with a tapered section, which effec-
tively converts the coplanar waveguide mode to the Goubau
mode. It was also shown that adding a gap in the Goubau
line results in almost no energy transmission, proving that
the transmitted energy in the original structure is not due to
the direct coupling of the launching sections. In the present
paper, it is shown that if the gapped Goubau line is prop-
erly coupled to a pair of SRRs, as illustrated in Fig. 1, the
surface wave can be transmitted across the gap via coupling
through the SRRs at the resonant frequency of the ring res-
onators. Therefore, the resonance condition of the SRR cre-
ates a narrow passband, and there is virtually no transmis-
sion of energy in the rest of the spectrum.

The concept has been investigated with full-wave 3D
electromagnetic simulation using a400 µm thick quartz
crystal with a relative permittivityǫr = 3.78 as the
substrate. The dimensions of the coplanar waveguide to
Goubau line launching structure arew = 50 µm,wgnd =

190 µm, s = 5 µm andll = 650 µm. The Goubau line
has a widthwG = 5 µm and a total lengthlG = 2100 µm
including the50 µm gap in the middle. The gap is loaded
with a pair of SRRs witha = 140 µm, g = 10 µm and
c = 10 µm. Since the electromagnetic wave along the
PGL propagates in a quasi-TEM mode, which is strongly
confined around the line and decays exponentially in the



Figure 1: (a) Top view of the metamaterial inspired band-
pass Goubau line structure excited by coplanar waveguide
launching sections.

transverse plane, the pair of single-ring SRRs are placed
close to the PGL in order to maximize the magnetic cou-
pling between both structures.

Fig. 2(b), depicts the simulated transmission coefficient
of the structure for three different values of the SRRs’ lat-
eral dimensionb. Note that in order to exclude the launch-
ing sections loss, the transmission coefficients of the band-
pass structure are normalized to that of a structure without
the gap and SRRs. Simulation results clearly demonstrate
the bandpass behavior of the proposed structure with a with
a central frequency that can be controlled by tuning the
SRRs dimensions. More details about higher order band-
pass filters for PGL and controlling the filter’s bandwidth
will be presented elsewhere.

3. Conclusion

This paper presents an application of metamaterial elements
in the realization of bandpass filters for the PGL at sub-
terahertz frequencies. Due to the exponentially decaying
transverse electromagnetic field in the Goubau mode, a pair
of SRRs needs to be placed in close proximity to a gapped
Goubau line for strong coupling. This strong coupling re-
sults in transmission of energy exclusively in a narrow band
around the SRRs resonance. The frequency and bandwidth
of the passband can be controlled by optimizing the dimen-
sions of the SRRs. Ongoing work includes structure fabri-
cation and measurement.
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Abstract 
Properties of surface plasmon polaritons (SPP) can be 
exploited for the minituarisation of photonic circuits below 
the optical wavelength scale. Smaller and more sensitive 
photodetectors can be made by using sub-wavelength 
semiconductor elements such as germanium or silicon 
nanowires in combination with nanometer-scale antennas. 
Proposed nanowire photodetector enables on-chip optical 
sensing applications. 

1. Introduction 
Excellent electronic transport properties of silicon 
nanowires can be exploited for biomolecule detection in the 
dc and frequency dependent detection system [1]. 
Germanium and silicon-based nanowire devices can absorb 
and transduce light to photocurrent [2-4]. The addition of 
optical antennas in the nanowire device enhances 
photodetection by concentrating radiation into a 
semiconductor nanowire. This is due to the fact that optical 
nano-antennas can increase the absorption cross-section and 
provides better signal-to-noise ratio. They also may enable 
manipulating optical fields at nanometer-scale thus help 
enhancing the efficiency of nano-scale photo-detectors. This 
property of optical antenna comes from the unique optical 
behavior of metals that that enable collective electron 
excitations, known as surface plasmons [5]. In this paper we 
present and discuss how a bow-tie dipole antenna can be 
exploited to confine the radiated power into a silicon 
nanowire. Using principle of field enhancement by metal 
antenna structures a subwavelength metal-semiconductor-
metal detector can be built [2].  

2. Device construction 
The silicon nanowire device is patterned on a silicon-on-
insulator (SOI) wafer in order to maintain the ease with 
planner CMOS fabrication process compatibility. The 
silicon dioxide insulator layer is 150 nm thick and the top 
silicon device has a thickness of 50 nm. Figure 1(a) shows a 
perspective view of the proposed device. Silicon nanowire 
is shown as traced through the gap of printed gold antenna 
(bow-tie and/or Hertz-dipole). Gold pads at two ends of the 
nanowire (to form electrical contacts) and bow-tie antenna 
may be patterned and deposited at one process step. The 

length and diameter of the Si nanowire are considered to be 
500 nm and 50 nm respectively. The total length of our 
designed antenna is 380 nm and the gap between the metal 
arms is 100 nm. 

3. Results and discussion 
To quantify the enhancement of light absorption, simulation 
has been performed using the CST (Computer Simulation 
Technology) Microwave Studio, Time Domain (TD) Solver 
[6]. The simulation model is based on the previously 
constructed nanowire device without antenna [2]. The 
computation of power flow on the surface of the nanowire is 
obtained by integration of the power density over the 
nanowire surface. 

3.1. Power Flow Computation 

According to the conservation theorem [7], the power 
flowing into the circuit is equal to the rate of change of the 
energy stored and the rate of energy dissipation. In 
theoretical generalization, the energy is distributed through 
space with an energy density W (J/m3), and the power is 
dissipated at a local rate of dissipation per unit volume Pd 
(W/m3). As the power on the nanowire flows with a density 
S (W/m2), a vector, the power crossing the nanowire surface 
surface, Sa is given in [7] by  

aS

d∫ S a                                       (1) 

With these field-theoretical generalizations, the power 
flowing into the nanowire volume V, enclosed by the 
surface S is given in [7] by  

                        

a

d
S V V

dd WdV P
dt

− = + dV∫ ∫ ∫S a               (2) 

where the minus sign indicates that the term on the left is the 
power flowing into the volume. According to the right hand 
side of the equation, input power is equal to the rate of 
increase of the total energy stored plus the power 
dissipation. The total energy is expressed as an integral over 
the volume of an energy density, W and the total power 
dissipation is the integral over the volume of a power 
dissipation density Pd.  
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3.2. Optical Bow-Tie Antenna 

When a bow-tie antenna is illuminated with electromagnetic 
radiation, currents are induced in the arms of the antenna 
and guided towards the open circuits terminal (gap) region. 
The accumulated charge at the open terminals results in 
displacement current across the gap (field enhancement 
region). Considering, a fundamental resonance, the effective 
wavelength of the bow-tie antenna depends on the length L 
and the effective index of the localized SPP along the bow-
tie antenna gap, neff [8] 

                                                  (3) 
/ 2

/ 2

2 ( )
L

eff
L

n x dxλ δ
−

≈ ∫ +

where δ is the offset due to the antenna gap and reflections. 
The above equation is a simple linear scaling law for λeff 

where neff has a dimension of antenna length depending on 
the geometry and dielectric properties of the metal at optical 
frequencies (plasma wavelength).  

3.3. Results 

When the photodetector with the antenna is illuminated with 
a plan wave in perpendicular direction to the nanowire 
(along the gap of the bow-tie antenna), the electric field 
intensity will increase. This will drive the increased light 
absorption in the nanowire. Power flow (absorption) 
distribution profile for the nanowire with bow-tie antenna 
and dipole antenna are given in Figure 2. The near-field and 
power flow distribution of the detector have been calculated 
for the plane wave excitations at wavelengths from 300 nm 
to 1.6 µm. 

 

 
Figure 1: Schematic illustration of the semiconductor 
nanowire device used for photo detection. (a) Perspective 
view (b) Cross-sectional view of the device (AA’). 
 

The ability of a bow-tie antenna to concentrate radiation in 
the silicon element (absorption enhancement) is illustrated in 
Figure 3. The plane wave polarised in the bow-tie direction 
was incident from the top of the nanowire device. The 
structure with bow-tie antenna resonates at a wavelength of 
850 nm with highest electric field in the gap region. In order 
to compare the effect of the antennas (bow-tie and Hertz 
dipole) on light absorption enhancement, power density is 
integrated on the face of the wire (absorbed power) for the 
given range of wavelengths. The power absorption of the 
system with antennas is then compared with the power 
absorption of the silicon wire. The comparison between the 
power absorption for a half-wave Herzian dipole antenna 
and bow-tie antenna is given in Figure 4. It shows that the 
bow-tie antenna enhances the power absorption for the 
entire range of wavelength (300-1600 nm) and that the 
absorption enhancement is greater than the absorption 
enhancement of the half-wave Hertz dipole antenna. These 
results indicate the ability of bow-tie antennas of reducing 
semiconductor detector’s area many-fold and thus the 
enhancement of sensitivity at several orders of magnitude. 

 

 

 
 
Figure 2: The distribution profile of power flow (VA/m2) 
for the nanowire system with bow-tie and dipole antenna 
(antenna length, 380 nm, silicon wire diameter, 50 nm, at 850 
nm). 
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Figure 4: Spectra of light absorption enhancement for the 
nanowire system with bow-tie antenna and dipole antenna 
(wire length: 500 nm, diameter: 50 nm). 

4. Conclusion 
In this paper we have shown that the inclusion of bow-tie 
antenna can increase the ability to absorb light for a wide 
range of wavelength and can provide the enhancement of 
sensitivity of the semiconductor photodetector without 
involving far-field radiation. Thus the designed nano-wire 
based nano-antenna system holds promise for both highly 
sensitive photodetection and photovoltaics applications. 
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Abstract 

A CMOS compatible silicon (Si) grating waveguide coupler 

has been designed and simulated by finite difference time 

domain (FDTD) method. A highly efficient (90%) wide 

band (40 nm at 3dB) coupling has been achieved by 

exploiting the combined effects of surface grating and 

multilayer silicon mirrors. 

1. Introduction 

Silicon-On-Insulator (SOI) provides the compatibility with 

well matured CMOS technology which opens the 

potentiality to integrate photonic devices with nano-

electronic circuits. The high index contrast between silicon 

and oxide allows designing photonic devices in submicron 

scale with high density integration [1]. One of the key issues 

of such nano-scale devices is their integration with micro-

scale optical links [2], for example,  the coupling of standard 

single-mode fiber with nano-scale photonic waveguides with 

typical cross-sections of 63.6 µm
2
 and 0.1 µm

2
 respectively 

[3].  

 

A variety of techniques have been proposed to perform such 

coupling including prism coupling, butt coupling, and 

grating coupling. Among them butt coupling and grating 

coupling have attracted a lot of attention in the recent past 

due to their higher compatibility CMOS process technology. 

Butt coupling which requires accurate polishing and dicing 

in tapering the waveguide edge relies on highly precision 

fabrication technology which increases the cost [4-7]. 

Fortunately grating couplers can overcome these limitations 

significantly, in addition to enabling wafer level testing for 

mass production [8]. 

 

Despite the advantages of grating couplers in fabrication 

simplicity, one of the major limitations of grating couplers is 

their poor coupling efficiency and lower coupling 

bandwidth. Several approaches have been proposed to 

obtain high coupling efficiencies, including through grating 

couplers by optimizing various grating parameters and 

structures including photonic crystals and manipulating back 

reflection [9-13]. One of the main sources of coupling losses 

in grating couplers includes light propagation towards 

substrate (35%-45%) [2]. But very few concentrate on the 

light which is propagating through Buried Oxide (BOX) and 

coupled into the substrate.  The use of metallic mirror [14] 

and distributed Bragg reflector [15] have been proposed for 

this purpose. 

 

 

However none of them discussed about the silicon mirror 

which is one of the primary requirements in silicon photonic 

devices and to be compatible with standard CMOS 

processing technology.  

 

In this work, we have designed a high efficient, high 

bandwidth silicon coupler for interconnection between fiber 

and nano-scale waveguides by simultaneously applying 

techniques of light redirection, mirror-reflection, and surface 

gratings. We took the advantages of using silicon-mirror in 

grating coupler that effectively overcome the efficiency 

limiting factors associated with coupling through the buried 

oxide (BOX) layer [16] and low bandwidth response of 

coupled light [11]. 

 

The ultimate coupling efficiency of the coupler is 

determined by the directionality of power propagation as 

shown in Fig. 1. The incident light (Pin) from optical fiber 

on the gratings diffracted in two different directions through 

silicon layer just below the gratings, one part (Pw) is 

diffracted towards waveguide  where a photodetector is 

assumed to be placed while another part (Po) is diffracted in 

the opposite direction and contributed in the coupling loss. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1: (a) Power propagation directions of fiber-to-

waveguide grating couplers (b) Enlarged view of diffracted 

light of Po 

 

However a big portion of this light again diffracted back to 

the direction of the waveguide continuously as it faces 

several numbers of gratings as shown in Fig. 1 (b) and
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(a) 

 

optimized for maximum efficiency. The grating period ( ) 

is calculated using the equation below [18]   

 

 intopeff nn 



sin
                                                    (2) 

where is wavelength of incident light, 
effn is the effective 

refractive index of the structure. 

 

 

Fig. 2: (a) Perspective view and (b) cross-section of the device structure

 

consequently improves the coupling efficiency of the 

coupler.  

 

Another part of light (Ps) transmitted through the Buried 

Oxide (BOX) layer and coupled into the silicon substrate. 

This transmitted light highly contributed to the coupling 

losses. The power received at the end of the waveguide 

where the photodetector is assumed to be placed is 

calculated using the equation (1).  

 soinw PPPP            (1)        

                                                                          

where  so PP  is simply propagation loss in the coupler. To 

improve the coupling efficiency these losses must be 

minimized. As descried above in Fig. 1(b), mostly of Po is 

diffracted back towards waveguide due to gratings. 

Therefore, Ps which is transmitted through BOX is remain as 

the main source of losses and causes in poor coupling 

efficiency of the coupler.  

 

In our design we have introduced a new technique to 

redirect this light towards the waveguide by using multilayer 

silicon mirrors.  

 

2. Design and simulations 
 

The structure of the proposed multilayer mirrored grating 

coupler is designed using a SOI wafer with dimensions of 

top-Si: 400 nm and BOX: 1600 nm with grating at the top 

layer and a simple modification in the BOX layer as shown 

in Fig. 2. The position of two 100 nm thin Si mirror layers is  

 

topn  is the refractive index of top cladding,  in  is the 

incident angle with normal to the surface (y-axis) of the 

structure. The extracted value of  effn   is found 2.38 using a 

fully vectorial mode solver [17].  

 

The calculated value of   is 615 nm for the input optical 

wavelength of 1550  nm,  1topn   (air) and, for 

incident angle 08in  . For clarity, this slight tilt angle 

helps enhancing the coupling of predominant first order 

diffraction by minimizing the effect of second order 

diffraction [3].  

 

Based on the optimized design, the calculated grating depth 

(d)  and width (w) are found 280 nm and 335 nm 

respectively using 615  nm and filling factor (w/  ) = 

0.545. The novel features of this design can be explained by 

analysing intensity profiles along three propagation 

directions.   

 

3. Results and discussion 

 

The design is simulated using widely use commercial 

software package “Lumerical Solutions” based on Finite 

Difference Time Domain (FDTD) method [18]. Fig. 3 and 4 

show the TE mode intensity distribution in the BOX and the 

Si waveguide region including the impinging Gaussian beam 

region. For a clear visualization and comparison of coupling 

intensity between the point of incidence (grating region) and 

2 



3 

 

several microns away along the waveguide (where a photo 

detector is assumed to be located), a wide region is covered. 

A significant enhancement intensity coupling occurs in 

presence of surface grating and Si mirrors in BOX region.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3: TE mode intensity distribution in the waveguide 

(grating region inclusive) at 1550 nm (a) without mirror (b) 

with mirror. 

 
Fig. 5 shows the intensity profiles in the same regions as in 

Fig. 3, which can further be explained by interference and 

scattering phenomena. The incident light is scattered by 

surface gratings and then fractionally coupled through +x, –

x, and –y (direction of incidence) directions. The 

propagating waves along +x/-x directions are in the wave-

guided modes reflect back from the periodic grating trench 

edges, resulting an interference with the incident light. 

Consequently, a standing wave forms with resonance around 

the point of incidence localized in the grating region. The 

period of modulated interference patterns is determined by 

the grating patterns (depth, width, and shape). Hence the 

highest intensity level occurs at the point of incident (at x = -

5.5 µm in our design). The wave stabilized as it propagates 

along the silicon waveguide. The interference patterns of the 

waves are clearly distinguishable between the structure in 

the absence of silicon mirrors and in the presence of silicon 

mirrors as shown in Fig. 5 (a) and (b) respectively.  This is 

because without mirrors in the BOX layer, no light is 

reflected toward the waveguide and only interference occurs 

with P0 in the waveguide. Hence the wave  

 

 

 

 

 
 

 

Fig. 4: Enlarged view of TE mode intensity distribution in 

the grating region along the direction of incident at 1550 nm 

(a) without mirror (b) with mirror. 

 

On the other hand in the presence of mirrors in the BOX 

region, the transmitted light in the direction of incident is 

reflected towards the waveguide. Therefore, a three-way 

(Pw, part of Po and part of Ps) interference occurs in this case 

and takes longer propagation distance to be stabilized as 

depicted in Fig. 5(b). Comparison of Fig. 5(a), without 

silicon mirrors, and (b), with silicon mirrors, indicates an 

efficient enhancement of light intensity (from 50% to ~90%) 

in the waveguide region in presence of buried Si mirrors in 

the BOX layer. We have achieved 90% theoretical coupling 

efficiency in terms of intensity ratio in our novel design of 

Si grating coupler.  

 

In our structure, we have achieved a very wide band width 

of coupling efficiency which is one of the major limitations 

in the grating couplers. Fig. 6 shows the wavelength 

dependent coupling efficiency of the coupler. The maximum 

efficiency (90%) is observed at 1565 nm and a wide 

frequency band is shown that coupled strongly around the 

standard telecommunication band. Moreover, for 80 nm 

bandwidth 63% coupling efficiency has been achieved. 
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Fig. 5: TE mode intensity profile at 1550 nm (a) without 

mirror (b) with mirror. 

 

Fig. 6: Wavelength dependent coupling efficiency. 
 

 

6. Conclusion 

 

In this paper, we have designed a multilayer silicon mirror 

based grating coupler, which can couple the light efficiently 

between single-mode fiber and SOI waveguide. The 

obtained 90% coupling efficiency is very high comparing 

with other grating couplers of this type at telecom 

wavelength of 1550 nm and this structure provides 3-dB 

bandwidth of 40 nm.  The other advantages of this design, it 

is compact and efficient, no polishing is required at the 

waveguide facets for interfacing which allows wafer lever 

testing and packaging, hence reduced the cost significantly. 

Moreover our structure can be fabricated using standard 

CMOS processing technology. 
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Abstract
Recent experimental and theoretical works have demon-
strated that quantum mechanical effects play an important
role in materials design of some novel nano-plasmonic ma-
terials. In this work, electronic structure calculations are
used to study these effects for the optical properties of metal
nanostructures and small flakes of graphene. Their optical
response is shown to depend on their exact atomic compo-
sition, and their similarities (size-dependent resonance fre-
quency) and differences (metallic vs. semiconducting mate-
rial) are discussed. The open-source computer code GPAW
is used for the simulations, which can be done for systems
of thousands of valence electrons. The calculations auto-
matically include quantum effects such as tunneling, non-
local response, and molecular orbital hybridization.

1. Introduction
Present-day materials design benefits from reliable com-
puter simulations, which yield the materials’ characteris-
tics only from the knowledge of their structure and com-
position. Optical properties are typically calculated using
Maxwell’s equations, which describe the scattering, absorp-
tion, and propagation of light in materials whose dielectric
permittivity and permeability are known.[1] With sophisti-
cated nanofabrication techniques, such as litography, self-
assembly, and surface chemistry, it is possible to create ma-
terials with sub-nm-scale features, leading to a new regime
where quantum mechanical effects must be accounted for
in order to understand the optical response.[2, 3, 4]

One attractive strategy for adding quantum effects
into the simulations of the optical response is to extend
Maxwell’s equations by incorporating nonlocality in the
dielectric permittivity.[5] Such an approach avoids quan-
tum simulations and is thus very efficient, but the gen-
eral form for the nonlocal terms may not be known. A
more general approach is to use fully quantum mechanical
electronic structure calculations.[6] Some pioneering works
have recently used the time-dependent generalization of
the density functional theory (TDDFT) for such situations,
and explored the tunneling and nonlinear response between
nanoparticles in close contact.[4, 7, 8] Our calculations in
this work are similar, but whereas the cited works employ
the ”jellium” approach, where the nuclear charges are re-
placed by positive charge continuum, we also account for
the atomistic structure of the material. Our approach thus
describes molecular orbital hybridization and the bonding

between atoms. The atomic description is also relevant for
the optical response of molecules whose electronic transi-
tion frequencies depend on the discrete energy levels of the
quantum mechanical system. The molecular excitations lo-
calized at specific parts of the plasmonic system, e.g. metal-
lic nanoparticle with optically active adsorbate molecules,
can couple with surface plasmons in a non-trivial way.
The materials design of these systems requires sophisti-
cated electronic structure calculations, possibly in conjunc-
tion with multi-scale approaches that combine quantum and
classical electrodynamical simulations.[9, 10, 11]

In this work we describe a general method for predict-
ing the optical response of nanoscale systems. We review
the theoretical background, computational method, and the
used computer code. We first calculate the optical response
of metal atom chains, and demonstrate how their reso-
nance frequencies depend on their structure at the atomic
level.[12] Then we show that the same phenomenon is ob-
served also in more realistic graphene-based nanomateri-
als, which can be chemically fabricated.[13] In both cases
the main resonance wavelength can be selectively tuned in
a wide range across the near-infrared and visible part of
the electromagnetic spectrum. Despite this similarity, these
resonances have quite different origins, as we demonstrate
with comparative calculations for the infinite and finite sys-
tems. Furthermore, in order to get more insight into the
characteristics of the resonances, we visualize the spatial
distribution of the electron polarization from our quantum
mechanical predictions. Thus, our work here integrates the
classical and quantum mechanical treatments for the optical
phenomena, exemplifies the need for quantum treatment in
two optically interesting systems, and encourages and helps
the scientists working with nano-optics to start using the
electronic structure calculations when necessary.

2. Method
Optical properties of all materials depends on how their
charge carriers respond to applied light. In the classical
electromagnetism, this response is hidden in the material-
specific macroscopic dielectric function εM (ω). The di-
electric function determines how light propagates inside the
material, scatters, or is absorbed. From the microscopic
point of view, the electrons are quantum mechanical par-
ticles with discrete energy levels and delocalized wave-
functions. In metallic systems, the (nearly) free-electron
approximation is often valid, and Drude-type approxima-



tions for the electronic mobility simplify the situation con-
siderably. Nevertheless, at small length scales (.5 nm)
the approximation breaks down, and quantum mechani-
cal effects must be included. Numerous electronic struc-
ture calculation schemes can be used to simulate optical
excitations,[14] and in this work we use TDDFT.[15, 16]

2.1. Time-dependent density functional calculation
scheme

In the time-dependent density functional method, one stud-
ies the electronic density under an influence of an external
electric field. First, the ground state electronic structure is
calculated by solving the Kohn-Sham orbitals φj(r) and en-
ergies εj from the eigenvalue equation[
−1

2
∇2 + VHxc[ρ](r) + Vext(r)

]
φj(r) = εjφj(r), (1)

where the electronic density ρ(r) =
∑

j |φj(r)|2 de-
termines the Hartree-exchange-correlation potential
VHxc[ρ](r) that includes all electron-electron interactions,
and Vext is the external potential. In the absence of external
electric fields, the external potential contains only the
Coulomb interaction between electrons and nuclei:

Vext(r) =
∑
n

−Zn

|r−Rn|
, (2)

where Rn and Zn are the position and charge of the n:th
nucleus, respectively. Since VHxc(r) depends on the Kohn-
Sham orbitals, Eq. 1 is solved iteratively. After obtaining
the ground state, one can apply an external electric field
to excite the system. The time evolution of the electron
density then follows time-dependent Kohn-Sham equation[

−1

2
∇2 + VHxc[ρ](r, t) + Vext(r, t)

]
φj(r, t)

= i
∂φj(r, t)

∂t
. (3)

The time-dependent density can be related to the material’s
optical constants through the (linear) response theory. For
instance, the electric susceptibility χ is the linear response
function between external potential and the induced den-
sity:

δρ(r, t) =

∫ t

−∞
dt′
∫
d3r′χ(r, r′, t− t′)δVext(r′, t′)

+O(V 2
ext). (4)

The susceptibility is directly connected to the macroscopic
dielectric function, photoabsorption spectrum, energy loss
function, and other usual experimental observables.[17]

The practical implementation for calculating these
quantities depends on the use of periodic boundary con-
ditions and whether the response functions are solved in
the time or in the frequency domain. For non-periodic sys-
tems, equations (3) and (4) can be directly solved in time

domain for a specific external perturbation: To calculate the
response to optical light, one excites the system by dipole
electric field at all frequencies ω, using

δVext(r, ω) = −E · r, (5)

which is in the time domain Vext(r, t) = −E · rδ(t).
Then the photoabsorption spectrum is obtained from the
Fourier tranformation of the time-dependent induced dipole
moment δµ(t), i.e. the photoabsorption cross section is
σabs(ω) ∝ Im [δµ(ω)]. The equivalent calculation for the
photoabsorption spectrum can also be formulated in the
frequency space by solving the induced dipole moment in
terms of the electron-hole basis.[18]

For periodic systems, one can utilize the Bloch’s the-
orem and the concept of the reciprocal space, so that all
calculations consider only the unit cell of the system.[14]
The density response function can then be written as

χ(r, r′, ω) =

1

NqV

∑
qGG′

ei(q+G)·rχGG′(q, ω)e−i(q+G′)·r′ , (6)

where G and G′ are reciprocal lattice vectors, q is a wave
vector in the first Brillouin zone, Nq is the number of q-
vectors, and V is the unit cell volume. The density response
function can be solved from the matrix equation

χGG′(q, ω) = χ0
GG′(q, ω)

+
∑

G1G2

χ0
GG1

(q, ω)KHxc
G1G2

(q)χG2G′(q, ω), (7)

where χ0 is the noninteracting density response func-
tion that can be evaluated from the ground-state Kohn-
Sham orbitals and eigenvalues in a straightforward way,
and KHxc contains all electron-electron interactions. Af-
ter χGG′(q, ω) is solved, the inverse microscopic and the
macroscopic dielectric functions can be calculated from

ε−1GG′(q, ω) = δGG′ +
4π

|q+G|
χGG′(q, ω) (8)

and

εM (q, ω) =
1

ε−100 (q, ω)
, (9)

respectively.[17]

3. Calculations
The TDDFT calculations in this work are carried out using
the open-source GPAW computer code.[19, 20] In GPAW
the time-dependent wavefunctions, electron density, and
potentials are expressed on uniform real space grid. The
derivative operators are generated by the finite-difference
method, and since they are almost local, the approach pro-
vides exceptionally good computational parallelizability.
This formulation is similar to the finite-difference time-
domain (FDTD) method that is widely used for solving
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classical electrodynamics problems.[1] Another advanta-
geous feature of GPAW is that only the valence electronic
degrees of freedom need to be included in calculations.
This is possible because the core electrons and the strong
potential near the nuclei are treated with the projector-
augmented wave method, which enables efficient calcula-
tions of the elements throughout the periodic table.[21] Us-
ing large supercomputers, GPAW can be applied to systems
of thousands of valence electrons. Calculations can be done
efficiently for molecules, surfaces, interfaces, as well as for
crystalline materials, because the periodic boundary condi-
tions can imposed in 0–3 directions.

In the beginning of the calculation, one must define
system geometry (a set of atoms and their coordinates),
spacing between grid points, and the calculation box size.
If non-periodic boundary conditions are used, the time-
dependent Kohn-Sham equations can be solved either in the
time or in the frequency space.[18] With periodic bound-
ary conditions, TDDFT calculation must be done in the fre-
quency space.[17] In our present calculations we used the
adiabatic local density approximation (ALDA) for includ-
ing the exchange and correlation effects, i.e. for approxi-
mating VHxc and KHxc in Eqs. (1), (3), and (7). ALDA is
based on the electron gas theory and in general it performs
well for the plasmonic properties.[16]

3.1. Na chains

We carried out time-domain TDDFT calculations for iso-
lated NaN chains of up to N = 22. In these calculations,
the non-periodic (zero) boundary conditions were imposed,
the bond length was 2.89 Å, grid spacing was 0.30 Å, and
10.0 Å of vacuum was added around the atoms. The time
propagation was followed up to 33 fs, which yields the en-
ergy resolution of∼0.15 eV. The photoabsorption spectrum
for infinitely long Na chain was calculated using periodic
boundary conditions, 0.30 Å spacing, 24Å of vacuum, 30 k-
points along the dimension of the chain axis, and with a
large number of electronic bands.

3.2. Graphene nanoflakes

Frequency space TDDFT calculations were used to cal-
culate the photoabsorption spectrum of isolated graphene
nanoflakes of various sizes. Time-domain calculations
yielded very similar spectra. Spacing between grid points
was 0.32 Å, and the vacuum size around the system was
6.4 Å. The calculation of graphene nanoribbon was per-
formed with the periodic boundary conditions using 30 k-
points along the ribbon axis.

4. Results and discussion
Metal atom chains are the simplest atomistic systems
that contain plasmon-type electronic excitations.[12] In
Fig. 1 we show the optical response (photoabsorption spec-
trum) of these structures, and the electron density change
that is associated with the L0 resonance that dominates the
low-energy region of the spectrum. The energy of this lon-
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Figure 1: The photoabsorption spectrum of NaN chains
(left), separated into longitudinal (black) and transversal
(red) parts, and the transition charge density of Na22 as-
sociated with the L0 transition (right).
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Figure 2: The length dependence of the photoabsorption
spectrum of graphene nanoflakes, for the polarization along
the long axis of the flake.

gitudinal excitation clearly redshifts with increasing chain
length, as expected from the classical plasmon theory and
previous works.[12] The density profile that is typical for
nearly-free electron gas, is evident from the shown transi-
tion charge density. The red curve next to the transition
density map shows the transition density integrated over the
slice perpendicular to the chain. Its oscillations along the
chain originate from the quantum mechanical treatment of
the electrons, similar to the Friedel oscillations of the elec-
tron density near the surfaces or impurities of bulk metals.

In addition to the metallic nanoclusters and wires, also
many other types of nanostructures have tunable optical
response. Graphene nanoflakes have attracted a wealth
of interest lately, as their electrical and optical proper-
ties depend strongly e.g. on their size and termination
type.[22, 23] Fig. 2 shows how the photoabsorption spec-
trum of graphene flakes changes as the length of the rib-
bon increases. The calculation demonstrates that the opti-
cal properties of graphene nanoflakes can be tailored sys-
tematically by changing the flake length. Flakes of various
sized can actually be realized with chemical synthesization
methods.[13]

We additionally analyze how the optical response of
Na chains and graphene flakes behaves at the limit of in-
finite length, i.e. we used periodic boundary conditions in
the elongated direction. The results are shown in Fig. 3.
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Figure 3: Photoabsorption spectrum along the long axis of
the graphene nanoflake (a) and Na chain (b), with periodic
boundary conditions (black curves) and finite system (red
curves).

The optical spectrum of a large flake is very similar to the
infinitely long ribbon: both systems show two main fea-
tures at 1.9 eV and 3.6 eV. We thus conclude that tuning the
optical properties of graphene flakes is only possible for
relatively small flakes. In contrast to the graphene flakes,
the photoabsorption spectrum of infinitely long Na chain
is very different from the spectrum of Na20. The differ-
ence between these two cases can be addressed to the dif-
ferent types of excitation: in contrast to a semiconduct-
ing graphene nanoribbon, Na chain is a metallic system
that supports plasmonic resonances. Because light can-
not couple with volume plasmons, it is not possible to di-
rectly observe plasmonic response by the photoabsorption
spectroscopy.[24]

Thanks to the improving nanofabrication techniques,
the need for including quantum effects in the optical ma-
terials design will keep increasing. In addition to the di-
rect atomistic effects demonstrated here, electronic struc-
ture calculations can be useful in many related prob-
lems in nano-photonics and engineering. For example,
the nonlocality of the dielectric response could be stud-
ied and parametrized using TDDFT, by exploring the q-
dependence of the density response function.[25] By com-
bining quantum and classical electrodynamical simulations,
one could describe on the same footing both the chemi-
cal and electrical effects that contribute in the surface en-
hanced Raman scattering technique.[9] Such a hybrid ap-
proach could be utilized also for studying the coupling of
surface plasmons with light emitters.[26] Electronic struc-
ture calculations can also answer recently raised questions
concerning the accuracy of the plasmonic simulations at
the microscopic level. In particular, there is some evidence
that reliable calculations of nearly touching silver contacts
(where ”charge transfer plasmon” appears) require more so-
phisticated approximations than ALDA for the electronic
exchange and correlation.[27] This work paves way for
studying these kinds of nano-optical phenomena with atom-
istic TDDFT simulations using the GPAW computer code.
Free access, good performance, and user-friendly Python
scripting interface make it an attractive tool for studying
these effects.
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Abstract 

The strong field localization generated between closely 

placed metal particles excited by electromagnetic radiation 

induces intense forces on small polarizable objects. In this 

study we investigate the optical forces that can be generated 

in the vicinity of metal nanoparticle clusters using fully 

electrodynamic numerical simulations. The influence of the 

cluster configuration as well as of the excitation parameters 

is analyzed.   

 

1. Introduction 

Optical trapping appears to be a promising way to control 

the position of small objects with nanometric precision. In 

this sense, optical tweezers have been shown to be a useful 

tool to trap objects in the focal region of tightly focused 

beams [1]. The key issue is the gradient of electromagnetic 

field generated at the focus that induces a dipole force on 

polarizable particles. This force, proportional to the field 

intensity gradient, drives the particles towards the region 

where the field is largest. However, due to the diffraction-

limited field distribution that can be achieved with 

conventional optics, nanometric control of the position of 

small objects requires large laser power beams. Such 

requirement is not suitable for objects that might be 

damaged when exposed to strong irradiation, for instance, 

biological samples.  

In order to surpass this restriction, the use of optical 

near-fields for trapping has been proposed as alternative, 

since near-field distributions are not diffraction-limited. In 

this sense nanometric optical tweezers have been suggested 

for precise trapping of very small objects based on the 

strong field gradient generated around nanoparticle surfaces 

[2]. Using this principle, nanoscale control of objects has 

been experimentally demonstrated at nanostructured 

substrates containing metal particle pairs [3,4] enabling 

even stacking and sorting of objects [5]. Such trapping 

configurations exploit the strongly enhanced and localized 

near field generated at the gap between particles as result of 

the coupling of individual particle plasmon resonances [6].  

In the present study we analyze the potential of metal 

clusters for efficient optical trapping of small objects. In 

particular, we focus on the influence of different 

configurations of particle pairs and of the characteristics of 

the radiation exciting the cluster. The evaluation of the 

potential for trapping for each configuration is performed 

by calculating the near field distribution in the cluster 

structure. For this purpose we use fully electrodynamic 

simulations, i.e., a generalized Mie theory that can take into 

account different particle clusters and illumination 

conditions. The numerical simulations evidence how the 

trapping potential of focused beams can be boosted by the 

presence of metal nanoparticles in the focal region and aid 

in choosing the best particle configurations for optimal 

trapping. 

 

2. Theory 

A general sketch of the system investigated is shown in Fig. 

1. We assume a plane wave travelling in the –z direction 

with a wave-vector (0, 0, -k) and focused by an aplanatic 

lens with numerical aperture NA = nm· sin α where nm is the 

refractive index in the image space and α is the angular 

semi-aperture of the lens. The presence of a cluster of small 

particles and an object to be trapped in the focal region may 

significantly modify the incident electromagnetic field 

distribution. The focus of the system is located at x = y = z = 

0. In order to evaluate how an object can be trapped it is 

necessary to compute: i) the field distribution of the focused 

plane wave, ii) the electromagnetic response of the cluster 

of particles and the object to be trapped to this incident field 

distribution, and iii) the force exerted by the resulting total 

field distribution on the object to be trapped. 

 

 

Figure 1: Scheme of the system considered in the 

numerical simulations. A cluster of particles located in 

the focal region of a lens is excited by the incident 

focused beam. 
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2.1. Focal field distribution  

The distribution of light in the focal region of a high 

numerical aperture lens can be calculated using the 

Richards-Wolf theory [7]. Imposing the aplanatism 

condition, the electric field at a point r in the focal region, 

Ef, can be computed with the following diffraction integral: 
  

   
2

0 0
sin expref

i
d d ifE r E k r

 

  



    , (1) 

 

where λ is the vacuum wavelength and Eref is the field 

refracted by the lens that can be calculated from the incident 

plane wave by geometrical optics. k is a wavector with 

module k and with direction given by (θ, ), that are the 

polar and azimuthal angles in a spherical coordinate system. 

Actually, the above diffraction integral is the angular 

spectrum representation of the focal field, i.e., the field at 

focus can be interpreted as a sum of plane waves with 

polarizations and weights determined by the propagation 

direction [8]. 

2.2. Electromagnetic response of particles  

The interaction of a cluster of arbitrary sized and shaped 

particles with electromagnetic radiation is a complex 

problem that usually can be only solved by numerical 

resolution of Maxwell equations. However, if the particles 

of the cluster and the object to be trapped are spherical, the 

solution can be found in a in a semi-analytical way using the 

generalized Mie theory [9]. Briefly, the incident, scattered 

and internal fields are expanded in vector spherical 

harmonics, that are combination of spherical harmonics and 

Bessel functions. Then, imposing boundary conditions at the 

surface of every particle, the expansion coefficients of the 

scattered and internal fields can be calculated from those of 

the incident field by solving a linear system of equations. In 

order to solve this system of equations is necessary to use 

vector addition theorems that connect vector spherical 

harmonics with different origins, i.e., particle centers. The 

dimension of the system of equations is determined by the 

number of terms in the field expansion. Therefore, the 

higher accuracy is required, the larger the size of the system 

of equations and thus, the computational load. 

The expansion coefficients for an incident plane wave 

are well known [9]. Generally speaking, for an arbitrary 

field distribution is always possible to find the expansion 

coefficients numerically [10]. Nevertheless, for a focused 

field distribution given by Eq. 1, different authors have 

proposed multipole expansions of the diffraction integral for 

linearly polarized plane waves [11] or cylindrical vector 

beams [12] illuminating the lens. These expansions can be 

easily related to the vector spherical harmonics expansion 

used in the generalized Mie theory.  We have recently used 

such expansions to analyze plasmon coupling in tightly 

focused beams [13-14].  

2.3. Calculation of forces and related parameters 

Once the electromagnetic field distribution is known, the 

time-averaged force acting over an object is given by [8]: 
 

 
S

dF T s


 (2) 

 

where T


is the time-averaged Maxwell stress tensor and 

the integral is performed over a surface enclosing the object. 

The Maxwell stress tensor can be directly calculated from 

the electromagnetic field as: 
 

 2 21

2
m m m mE HT E E H H I

 
, (3) 

 

where E and H stand for the electric and magnetic fields, E 

and H are their magnitudes and εm and μm the medium 

permittivity and permeability. Alternatively, a simplified 

computation framework can be used if the particle to be 

trapped is much smaller than the wavelength and the field 

acting over the particle can be locally approximated to a 

plane wave. If, in addition, the particle is non-absorbing, the 

average force can be calculated as [15]: 
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where c is the speed of light in vacuum, Iexc is the intensity 

of the electromagnetic field exciting the particle (i.e., 

without the presence of the particle) and α is the particle 

polarizability, that can be calculated from the Clausius-

Mossotti  relation: 
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with V being the particle volume and εp the particle 

permittivity. Equation 4 represents the gradient force and 

states that small particles are driven to the regions with 

largest field intensity. Around this equilibrium position, the 

restoring force exerted on the particle has a linear 

dependence with small displacements Δx, enabling to define 

the trap stiffness as: 

 
trapk

x

F
 (6) 

 

In addition, an important parameter to quantify the 

stability of the optical trap to Brownian motion is the 

trapping potential, defined as the work that has to be done to 

bring a particle from a given position r0 to infinity:  
 

 U d
0r

0r F r  (7) 

 

Finally, a convenient way to quantify how effective is a 

given illumination configuration for work as an optical trap 

is the trapping efficiency, Q, defined as: 
 

 
m inc

c

n P
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where Pinc is the power of the incident beam.  
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3. Results and discussion 

In the following we shall assume that the radiation 

illuminating the lens is a plane wave linearly polarized in 

the x-direction and with λ = 1064 nm. The power incising 

on the lens is set to 100 mW. The object to be trapped is a 

small sphere with radius 1 nm and refractive index 1.5. The 

medium in the image space is assumed to be water (nm = 

1.33). For the cluster of particles we consider Au with 

complex refractive index 0.26+6.97i at the radiation 

wavelength. We observed that for all the studied cases, 

there are no significant differences when the force acting on 

the glass particle is calculated either by Eq. 2 or Eq. 4.  

3.1. Focused beam trapping vs. plasmon field trapping 

First, we aim to illustrate the enhancement of trapping by a 

focused beam if the strong near field associated to the 

plasmon resonance is used. Fig.2 shows the intensity of the 

incident beam at the focal plane (left) for a lens with NA = 

1.2 and the total field when two gold particles with radius R 

= 80 nm and interparticle distance d = 20 nm are located 

over the x-axis, i.e., at x = ± 90 nm, y = z = 0. The strong 

electromagnetic coupling between the particles [13] results 

in charge accumulation in the zones where the particles are 

facing each other and the formation of a hot-spot, i.e., 

region of nanometric dimensions and a large field 

enhancement (over two orders of magnitude with respect to 

the incident field intensity for the given configuration).  

 

 
Figure 2: Intensity (a.u.) distribution at the focal plane 

for the incident focused beam (left) and with the 

presence of the Au particles (right). 

 

The large intensity gradient that can be achieved by plasmon 

coupling compared to the one that can be attained by 

conventional focusing gives place to much stronger forces, 

as shown in Table 1, where several force-related parameters 

are compared when the glass 1-nm particle is located over 

the y-axis of the focal plane. 

  

Table 1: Optical trapping parameters for 1 nm glass 

particle (see text for details on illumination) 
 

 no Au 

particles 

with Au 

particles 
 

ktrap (pN/μm) 
 

 

2.2x10
-5

 
 

0.32 

Qy (maximum)  
 

7.2e-9 9.7e-6 

Umin (in kBT) 

(T = 300 K) 

-2.87e-5 -0.0373 

 

 

3.2. Illumination conditions  

The influence of the degree of focusing on the trapping 

efficiency is shown in Fig.3. The configuration is the same 

as described in the previous section and the only parameter 

that is changed is the numerical aperture of the system. For a 

focused beam, weaker focusing leads to lower intensity 

gradient and, therefore, to smaller optical force. In addition, 

the position where force is maximal, i.e., where the intensity 

gradient is largest, varies with the dimension of the focal 

spot size, that increases as the NA is reduced. This is not the 

case for the plasmon-based trapping, where the position 

where the force is maximal is entirely dictated by the spatial 

extension of the hot-spot. The absolute value of the force 

also decreases when the NA of the system is lowered. Since 

the field enhancement is nearly independent of the NA, the 

force decrease can be basically associated to the lower 

incident field intensity at the focus when the NA of the 

system is reduced. Indeed, it appears that tight focusing is 

not requested to enable trapping of small particles by 

plasmon coupling, as even under standard illumination 

conditions, trapping of molecules can take place if the space 

between metal particles is in the range of few nanometers, 

leading to a field enhancement of several orders of 

magnitude [16]. 
 

 
 

Figure 3: NA dependence of the trapping efficiency 

for a 1 nm glass particle located on the y-axis of the 

focal plane without (left) and with (right) the presence 

of Au particles. 

 

We have also investigated other illumination conditions, 

such as different linearly polarized plane waves or 

cylindrical vector beams, but it appears that the largest 

gradient, and therefore, force, is always achieved through 

the hot-spot generated by a polarization parallel to the 

particle pair.  

3.3 Cluster configuration 

Finally, we study the effect or re-scaling the dimensions of 

the Au pair of particles. Thus, in addition to the above 

configuration with particle radius R = 80 nm and 

interparticle distance d = 20 nm, we consider also the case 

with R = 40 nm and d = 10 nm and R = 20 nm and d = 5 

nm, i.e., the whole system is re-scaled a factor 2 and 4. The 

wavelength dependence of the magnitude of the field 

enhancement at the focus (between the particles) is shown 

in Fig. 4. The maximum of field enhancement is associated 

to the excitation of the coupled plasmon mode, which shifts 
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to longer wavelength the larger the particle. On the other 

hand, due to radiative damping, large particles give place to 

a reduced near-field enhancement in comparison with small 

particles. In addition, decreasing the interparticle distance 

amplifies the coupling strength and gives place to larger 

field enhancements [17]. Overall, the maximum field 

enhancement at the wavelength considered in the present 

simulations is obtained with the R = 80 nm, d = 20 nm 

configuration. 

 
 

 
 

Figure 4: Electric field enhancement at the focus when 

different Au particle pairs are located over the x axis 

of the focal plane (x = ±(R + d/2), y = z = 0). 
 

 

The trapping efficiency and optical trapping potential of 

these different particle pairs is shown in Fig. 5. Although 

the field enhancement is lower for smaller particle pairs, the 

maximum force is larger since the size of the hot spot is 

reduced and therefore the intensity gradient can be larger 

than for bigger particles [18]. On the other hand, a smaller 

spatial extension of the trapping region leads to a narrower, 

but also smaller in magntiude, optical trapping potential.  

 

 
 

Figure 5: Trapping efficiency (left) and optical 

trapping potential (right) for different Au particle pairs 

configurations located over the x axis of the focal 

plane (x = ±(R + d/2), y = z = 0). 

 

4. Conclusions 

The potential of plasmon coupling for trapping of 

nanometric sized objects has been investigated by numerical 

simulations. Our approach takes into account with no 

approximation: i) the description of focused light as field 

exciting the metal nanoparticles, ii) the modification of this 

field distribution by the electromagnetic response of the 

metal nanoparticles and iii) the forces exerted over a small 

dielectric particle. It is shown that the strong field gradients 

generated by plasmon coupling and that are confined in 

nanometric-sized regions lead to optical forces that are 

several orders of magnitude larger than those that can be 

obtained in absence of the metal particles. In addition, the 

influence of the illumination conditions and of the cluster 

dimensions enables to elucidate what system configurations 

are more suitable for optimizing the trapping of nano-

objects. 
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Abstract 

The electromagnetic energy tunneling which takes place in 
narrow channels and bends loaded with epsilon-near-zero 
materials or resonant wires is accompanied by very 
intensive electric fields. The resulting transmission response 
is, therefore, highly frequency selective. Hence such 
configurations can be employed in highly sensitive 
dielectric detection. In this paper, the energy tunneling set-
up is created in a microstrip environment using resonant 
wires. The dependence of various wire and microstrip 
parameters on the sensitivity of the sensor is studied. The 
microstrip technology, compared to the rectangular 
waveguides, is low cost, robust, easily manufactured and 
suitable for planar integration.  

1. Introduction 

The dispersion regimes supporting energy tunneling are 
identified by diminishing group velocities along one of the 
structure’s axes of symmetry and the flatness of the 
dispersion surfaces, leading to permittivities that are close 
to zero. Hence such materials have also been termed as 
epsilon-near-zero materials (ENZ) [1-3]. When these 
materials are interfaced with free space, a strongly directive 
electromagnetic propagation is observed where energy 
tunnels or squeezes through sub-wave length apertures  
[1-3]. The property of high field build-up in these narrow 
channels can be exploited to obtain highly sensitive 
dielectric sensors [4]. A rectangular waveguide arrangement 
that supports energy tunneling is depicted in Fig. 1a. It is a 
180o short-circuited bend where two rectangular 
waveguides are connected through a narrow aperture ‘A’ 
filled with an ENZ material [5]. More recently, analogous 
energy-tunneling effects have also been observed in 
waveguide bend loaded with wires. The metallic wires, in 
such configuration are directed parallel to the electric (E) 
field [6]. It can be inferred, at least in a qualitative manner, 
that the tunneling can also take place in other guided media 
when the wires are placed to match the direction of 
dominant electric field component. To support this 
argument, a microstrip structure is studied which is formed 
by placing two microstrip transmission lines on top of each 
other with a common ground, as shown in Fig. 1b. The wire 
is placed in front of the conductor backing inside the 
aperture that connects the two microstrip lines.  

Two simulation studies are performed using Agilent’s 
HFSS, first with the air substrate and second with a Rogers 

6002 (r = 2.95) for the dimensions depicted in Fig. 1 (b and 
c). As depicted in Fig. 2, the proposed cavity indeed 
supports the tunneling mode that is highly sensitive to the 
dielectric material that fills the cavity. A resonance 
frequency shift of −1.335 GHz is noted for the permittivity 
shift +1.95. This resonance shift is due to the change in the 
effective length of the same physical metallic wire in the 
new dielectric environment. Simulation studies are 
performed to determine and characterize the geometric 
parameters of the microstrip structure that affect the 
sensitivity. The knowledge of these parameters will serve as 
basis to design a practical sensor exploiting the existence of 
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Figure 1: (a) Two short-circuited wave guides connected 
with ENZ material and (b) Side view of views of the 
proposed microstrip wire-loaded structure. (c) Back view 
of the microstrip structure with t=80µm 
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energy tunneling phenomenon in microstrip structures. The 
microstrip transmission lines are planar, rugged, much 
easier to fabricate, extremely low cost, and easily excitable 
compared to the rectangular waveguides.  

2. A Practical Sensor Design 

Since electric fields are concentrated in the region 
closed to the wire [5], it is not required to replace the whole 
cavity with the dielectric sample whose permittivity is to be 
measured. Instead, a smaller sample can be placed in such a 
way that it fills some of the aperture ‘A’ (see Fig. 1b). 
Consider the RT Duroid cavity simulated in Section 1. With 
the given dimensions, each of the microstrip line has a 
standard characteristic impedance of 75Ω. The coaxial 
cables and SMA connectors are available in both flavors of 
50Ω and 75Ω standard impedances. We selected 75Ω as it 
gives microstrip dimensions which are more manufacturing 
friendly compared to dimensions dictated by 50Ω standard 
impedance.   

Taking into consideration the practical implementation 
constraints, two cylindrical sections representing the 
dielectric samples are introduced on each side of the 
metallic wire, as depicted in Fig. 3. In practice, these 
cylinders will serve as cavities to house dielectric samples 
and can be drilled from the upper to the lower microstrip 
line in the form of through-hole PCB vias. To demonstrate 
the sensor operation, the cylinders are considered to be 
made up of air. Replacing some parts of the Rogers 6002 
material with air cylinders corresponds to decreasing the 
aperture’s cumulate effective permittivity. This localized 
change is in permittivity effects the intense electric field 
coupled (tunneled) through the wire placed between upper 
and lower microstrip at the far end thus changing the 
resonance frequency of the tunneled energy. The 
transmission coefficients (S21) are simulated for the two 
cases depicted as shown in Fig. 3. Consider the first case in 
which two air cylinders placed close to the microstrip edges 
(Fig. 3a), each having a volume (w2H/4) of 0.54mm3 . A 
resonance frequency shift from 11.08 GHz to 11.16 GHz is 

observed in Fig. 4. Note that this 70 MHz frequency shift is 
obtained by a mere 0.0031% volume perturbation to the 
overall cavity volume (32x45xH mm3). When the air 
cylinders are moved closer to the wire at distance of 
1.75mm compared to 3.5mm in last case, the resonant 
frequency shift increases from 70MHz to 240MHz. The 
result is expected since the cylinders close to the wire 
perturb the stronger electric fields compared to the same 
size cylinders placed further away.  

3. Sensitivity Analysis 

In this section, a parametric study is presented to show 
the effect of different parameters on the sensor’s 
performance. Consider the effect of increasing the sample’s 
volumetric perturbation on the sensitivity of detection 
system.  This is done by increasing the numbers of air 
cylinders around the energy tunneling wire. In comparative 
study four uniformly spaced air cylinders are placed at 
1.75mm and compared with the two air cylinders placed at 

 
Figure 2: Simulation Results for the microstrip structure 
(Fig.1) with air and rogers as substrate.  
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Figure 3: Two air cylinders (w = 240m) representing the 
dielectric samples are placed at different distances from the 
wire (a) d = 3.5mm (b) d = 1.75mm 
 

 
 

Figure 4: Simulation Results for the Rogers microstrip 
cavity perturbed by two air cylinders located at a distance of 
1.75mm and 3.5mm from the wire 
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3.5mm distance from the wire as shown in the inset of Fig. 
5. It is worth noting that the resonant frequency for four 
uniformly spaced air cylinders with distance d=1.75mm is 
almost same as for two cylinders placed at the same 
distance from the wire. This is due to stronger electric field 
coupling between the wire and the nearby air cylinders as 
compared to ones placed further away. However, the 
operational bandwidth remains constant in both cases.  

Now let’s consider a case when multiple equally spaced 
wires of same dimensions are placed in the microstrip 
structure (see inset of Fig. 6).  An increase in operational 
bandwidth is noticed as the number of wires is increased. 
This bandwidth increase is the result of the lesser field 
concentration on individual wires as the power is now 
tunneled through multiple wires. Moreover, multiple 
resonances are observed because all the wires do not 
experience the uniform field due to the nature of quasi-TEM 
fields that are set up in a microstrip environment compared 
to pure TEM transmission in parallel-plate waveguides.  To 
further increase the bandwidth, multiple wires of different 
lengths can be placed in the cavity. Consider the case when 
a second wire of 7.5mm is placed parallel to the 10mm wire 
in the microstrip cavity. The s-parameters plotted in Fig. 7 
show and an additional resonance at a frequency of 
approximately 18 GHz. This additional resonance can be 
arbitrarily placed at a desire frequency location which 
depends on the samples’ permittivities and length of the 
tunneling wire.  

4. Conclusions and Future Work 

In this paper, a novel dielectric detection system is   
presented which is designed by exploiting the wire-based 
energy tunneling in microstrip transmission line structures.   
It has been shown that energy tunneling phenomenon is 
narrow band and highly frequency sensitive due to an 
intense concentration of electric fields around the metallic 
wire which is placed in two top and bottom microstrip at far 
end without physically shorting the microstrips. Full-wave 
electromagnetic simulations are done to carry out a 
sensitivity analysis which shows the methods and 
paremeters to further improve and refine the physical design 
of the sensor. 

We are now in process of manufacturing a physical 
sensor using conventional low cost PCB technology. The 
current hurdles are non-standard PCB thickness and design 
of a convenient mechanism to launch EM test signal in 
9mm wide microstrip transmission line using of-the-shelf 
standard SMA connectors without reflection.  
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Figure 5: S- parameters for microstrip cavity perturbed by
different number of uniformly spaced air cylinders. 
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Abstract 

The present investigation  explores the impact of the 
debonding in a hybrid nanocomposite on the mechanical 
properties under elastic condition. 3D-axisymmetric finite 
element model of a representative volume element is 
adopted in the analysis. Mainly, RVE is consist of carbon 
nanofiber confined by matrix and subjected to axial tension. 
Moreover, a longitudinal debonding is proposed along the 
interfacial nanofiber/matrix, modeled and investigated. As  
a result, FE results demonstrate a significant influence of 
the debonding on the mechanical properties..  

1. Introduction 

Nanocomposites are a novel class of composite materials 
where one of the constituents has dimensions in the range 
1–100 nm [1]. They can be produced by embedding 
reinforcement in the form of nanofibres or nanotubes in a 
matrix such as a polymer in a similar manner to 
conventional composite materials [2]. Nanocomposites is 
considered as one of the growing areas of nanotechnology, 
since CNTs have remarkable mechanical properties and is 
intensively used as reinforcements in polymers and other 
matrices to form what is nowadays is called 
“Nanocomposite materials”[3]. Nanofibers in general, and 
the nanotubes in particular, can be hundred times stronger 
than steel and even more than six times lighter, become as a 
candidate for aerospace application [4].Moreover, 
nanotubes show increasing in composite strength by as 
much as 25% [5]. Nanocomposites’ reinforcement  can 
include nanofibers, nanoplatelets and nanoclay. These 
reinforcements are functionalized with additives, by this 
means resulting in a strong interfacial bond with the matrix 
[1]. Mainly, there are three mechanisms of interfacial load 
transfer between nanofiber and the matrix, which are the 
weak van der Waals force and the reinforcement, chemical 
bonding, and micromechanical interlocking [6]. Mainly, 
there are two causes behind a mechanically strong or weak 
nanocomposite material which affects the stiffness, the 
matrix interface with the nanofibres and the stress transfer. 
As the nanocomposite subjected to mechanical loading, 
stress concentrations will take place at the matrix/nanofibre 
interface which will eventually lead weakness of the 
nanocomposite and eventually lead to damage nucleation, 
initiation, growth and final non-tolerated failure [7]. There 

are two probable sources of damage nucleation in 
nanocomposites; poor wetting of the nanofibres by the 
polymer and the aggregation of the nanofibres [8]. Both 
cases produce polymer rich nanocomposite portions that are 
likely to experience low stress to failure. Researchers [9] 
have observed that one of the reasons that nanocomposites 
may have a low strain to failure is the high interfacial stress 
that can lead to nanofibre/matrix debonding. In addition, the 
stress transfer from the matrix to the reinforcement is the 
main factor that will dictate the final nanocomposite 
material strength. It is reported that load transfer through a 
shear stress mechanism was observed at the molecular level 
[1]. Moreover, local interfacial properties affect the 
macrolevel material behavior, like reduction in flexural 
strength in nanotube/epoxy composite beams due to weakly 
bonded interfaces [10],  as well the reduction in composite 
stiffness which was attributed to local nanofibers/ nanotube 
waviness [11], whereas the impact of the nanoholes 
presence [12], nanoinclusion [13] and the interfacial crack 
[14] on the interfacial stresses in nanocomposite were 
investigated using finite element method. As a results, 
deterioration of the nanocomposite’s mechanical properties 
can be attributed to many factors, therefore it has been 
attracted many researches to investigate the effective 
Young’s modulus as well as the parameters that play big 
role in the predicted properties. Gawandi et al [15] 
investigated the influence of the nanofiber  elastic 
properties and toughening effect of the nanofiber  by 3D-FE 
of a penny-shaped cracked matrix as well as  the impact of 
mismatch. Whereas a representative volume element (RVE) 
of a simplified 3D model for a wavy carbon nanotube 
(CNT) is considered [16] to study the stress transfer in 
(SWCNT) composites. The adopted model was capable of 
predicting axial as well as interfacial shear stresses along a 
wavy CNT embedded in a matrix. Moreover, the effects of 
the waviness of the CNTs and the interfacial debonding 
between them and the matrix on the effective moduli of 
CNT–reinforced composites are studied by a simple 
analytical model to investigate the influence of the waviness  
and debonding on the effective moduli [17]. A 
computational numerical-analytical model of nano-
reinforced polymer composites is developed taking into 
account the interface and particle clustering effects [18]. 
The model was employed to analyze the interrelationships 
between microstructures and mechanical properties of 
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nanocomposites. An improved effective interface model 
which is based on Mori–Tanaka approach and includes the 
nanoparticle geometry and clustering effects was developed. 
Yijun et al used advanced boundary element method (BEM) 
to study curved cracks at the interphases between the fiber 
and matrix in the fiber reinforced composites, where stress 
intensity factors (SIFs) are evaluated and the interface 
cracks at the interphases of fiber-reinforced composites are 
studied and the effects of the thickness and materials on the 
SIFs are investigated. The effects of spatial distribution and 
geometry of carbon nanotubes (CNTs) on the macroscopic 
stiffness and microscopic stresses of CNT reinforced 
polymer composites are investigated based on the multi-
scale homogenization theory [20], besides the influence of 
the aspect ratio and volume fraction of CNT, the end gap 
between two coaxial nanotubes and the distance between 
two parallel nanotubes on the nanocomposites are also 
investigated. An extensive review of the work done of 
experiment, theory of micro-nanomechanics, and numerical 
analysis on characterizing mechanical properties of 
nanocomposites is presented [21]. Three different 
approaches are discussed in finite element modeling, i.e. 
multiscale representative volume element (RVE) modeling, 
unit cell modeling, and object-oriented modeling. Also, the 
mechanism of nanocomposite mechanical property 
enhancement and the ways to improve stiffness and fracture 
toughness for nanocomposites are discussed. Unnati et al 
[22] studied the effects of pinhole defects on the mechanical 
properties are investigated for wavy carbon nanotubes based 
nanocomposites using 3-D RVE with long carbon 
nanotubes. The Young’s modulus of elasticity are evaluated 
for various values of waviness index, as well as type and 
number of pinhole defects under an axial loading condition. 
The presence of chemical bonding between functionalized 
carbon nanotubes and matrix in carbon nanotube reinforced 
composites is modeled by elastic beam elements 
representing covalent bonding characteristics by neglecting 
reinforcing mechanisms in the composite such as relatively 
weak interatomic Van der Waals forces [23]. The effective 
mechanical properties of CNT-based composites are 
evaluated using a square RVE based on the continuum 
mechanics and with FEM [24]. Besides, formulas to extract 
the effective material constants from solutions for the 
square RVEs under two load cases are derived based on the 
elasticity theory. Rafiee et al [25] investigated the impact of 
CNTs on the fracture behaviour by estimating J-integral of 
composites using A 3-D FEM consisting of CNT, 
interphase and surrounding polymer is constructed. CNT is 
modeled as a lattice structure using beam elements and the 
interphase region is simulated using non-bonded 
interactions. The longitudinal behavior of a CNT in a 
polymeric matrix is studied [26] using a non-linear analysis 
of a full 3D multi-scale FEM consisting of carbon nanotube, 
non-bonded interphase region and surrounding polymer. 
The bonding between carbon nanotube and its surrounding 
polymer is treated as van der Waals interactions and 
corresponding longitudinal, transverse and shear moduli are 
calculated. Based on molecular mechanics, an improved 
3D-FEM for armchair, zigzag and chiral single-walled 

carbon nanotubes (SWNTs) was developed [27] and  the 
bending stiffness of the graphene layer was considered. The 
elastic stiffness of graphene was studied and the effects of 
diameters and helicity on Young’s modulus and the shear 
modulus of SWNTs were investigated. Tserpes and 
Chanteli evaluated the effective elastic properties of carbon 
nanotube-reinforced polymers as functions of material and 
geometrical parameters using a homogenized RVE  and 3D 
FE model. The parameters considered are the nanotube 
aspect ratio, the nanotube volume fraction as well as the 
interface stiffness and thickness. Both isotropic and 
orthotropic material properties have been considered for the 
MWCNT. Atomistic-based FE analysis is combined with 
mechanics of materials to evaluate the geometrical 
characteristics and elastic properties of beams by using 3D 
FE analysis and a linear behavior of the C–C bonds to 
estimate the tensile, bending and torsional rigidities of 
CNTs [29]. A developed  FEM based on molecular 
mechanics to predict the ultimate strength and strain of 
SWCNT, and the interactions between atoms was modeled 
by combining the use of non-linear elastic and torsional 
elastic spring. Mechanical properties as Young’s modulus, 
ultimate strength and strain for several CNTs were 
calculated [30]. Hernández-Pérez and Avilés [31] 
investigated the influence of the interphase on the effective 
properties CNT composites using FEA and elasticity 
solutions for RVEs and the influence of the thickness and 
gradient in elastic modulus on the elastic properties and 
stress distribution of the composite is examined. A 
proposed SWCNT-FEM, based on the use of nonlinear and 
torsional spring elements is adopted [32] to evaluate the 
mechanical properties. The influence of tube diameter and 
chirality on the Young’s modulus of SWCNTs was 
investigated, armchair, zig-zag and chiral nanotubes, with 
different size, were tested under uniaxial load. 
The present paper investigates through using the finite 
element analysis the significances of the debonding between 
the nanofiber and the matrix of nanocomposite. Mainly, the 
proposed debonding is modeled to be exist between the 
nanofiber and the matrix as a longitudinal defected zone. 
Therefore, the impact of this debonding will be studied and 
discussed in term of the stiffness of the representative 
volume element(RVE), i.e., effective Young’s modulus. 
Linear elastic analysis is chosen as the basis for the present 
analysis using finite element analysis. Uniaxial load is 
imposed to study the case, whereas three different values of 
the reinforcements’ stiffness are used to model the 
nanofibers’ properties. Each case are investigated 
individually through using traditional package ANSYS to 
predict normal and shear stresses along the interfacial 
nanofiber/matrix for both debonded and intact RVE. 
Representative volume element (RVE) was proposed to 
model the case, and 3D-axisymmetric dimensional analyses 
are implemented to model the nanocomposite because of 
the complexity of the problem. 

2. Method of Analysis 

Finite element analysis (FEA) has been used by researchers 
as a powerful tool in investigating the interfacial stresses, 
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the failure strains as well as the effective Young’s modulus 
of the nanocomposites instead of molecular dynamic 
simulation [6], since the latter can only deal with physical 
phenomena at the level of a few nanometers at the present 
stage, whereas the size of a representative volume of a 
nanocomposite material ranges from 10 nm upward to 
several hundreds of nanometers. 
It was reported that mostly the smallest dimension of the 
nanofiber under investigation of the researchers lies in the 
range 20–50 nm, therefore continuum mechanics 
assumptions, like the one used in the finite element analysis 
are still valid at such length scales. Analogous finite 
element analyses have been reported by [16] with a focus 
on stiffness analysis incorporating micromechanics theory. 
In fact, these finite element analyses simplified the complex 
interaction among the nanoscale reinforcement, matrix and 
the doable interphase [6]. 
In this paper, the aim of the finite element analysis (FEA) is 
to investigate the impact of a proposed debonding between 
the matrix and the reinforcement, i.e., nanofiber, on the 
effective Young’s modulus of the nanocmoposite. 
Moreover, the analysis explores the interfacial normal and 
shear stresses along the nanofiber sides. The FEA modeling 
was carried out using ANSYS software. In order to simplify 
the modeling of the study, 3D-axisymmetric dimension 
analyses were conducted by FEA which is mainly based on 
a cylindrical representative volume element (RVE) of the 
namocomposite material. Besides, constituents properties of 
the nanoreinforcement and the matrix have been obtained 
used similar to the previous investigators [6]. The proposed 
RVE model as well as the interfacial debonding used in this 
study is shown in Fig. 1, whereas Fig. 2 illustrates the 3D 
axisymmetric FE model and the boundary conditions used 
in the analysis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: Cylindrical RVE  reinforced by nanofiber with 
circumferential debonding. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2: 3D-Axisymmetric FE model with boundary 
conditions. 
 
Due to complexity of the problem, 3D-axiymmertic finite 
element analysis is carried out to model the nanofiber 
composite, i.e., RVE. Four-node quadrilateral element 
(solid 182) is employed in the investigation through 
ANSYS software to assess the effective stiffness, i.e., 
Young’s modulus, as well as the interfacial stresses along 
the nanofiber. The interfacial debonding is modeled as 
circumferential sharp crack. Tie constraints are applied 
locally at the interface between the nanofiber and the matrix 
except for the debonding line Ld in order to represent the 
interfacial debobding zone. A dense mesh in and around the 
nanofiber-matrix interface to a relatively coarser mesh 
utilized for the rest of the RVE. 
 

3. Geometry and Materials Specification 

The material properties used in the baseline RVE is epoxy 
matrix has a Young’s modulus of Em=4 GPa and Poisson’s 
ration of νm= 0.4. Analogous to other finite element 
analyses done previously [6], the nanofiber is considered as 
transversely isotropic materials [14]. The nanofiber is 
considered as a carbon fiber of elastic modulus of Ef = 200, 
400 and 1000 GPa respectively. A tensile stress of unit 
nN/nm2 is applied on the nanocomposite and imposed to be 
parallel to the longitudinal nanofiber of the nanocomposite, 
whereas the transvers direction of the nanocompsite is left 
free of any load. 
 
The adopted cylindrical RVE of the proposed nanocoposite 
is proposed to have a length of LRVE=120 nm and diameter 
of DRVE=90 nm. The RVE consist of a matrix of polymer 
and a nanofiber. The nanofiber has a cylindrical shape of 
Lf=100nm and Df=20nm which is equivalent to LRVE/Lf=1.2 
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and DRVE/Df=4.5 which can be expressed by a fiber volume 
fraction of the nanocomposite Vf=4%. 
 
The debonding length along the longitudinal side of the 
nanofiber Ld of 0, 10, 25, 40 and 50 nm is considered in the 
analysis for the cases studied, and this value is 
corresponded to debonding length to the nanofiber’s length 
of Ld/Lf=0, 0.2, 0.5, 0.8 and 1, where intact RVE whenever 
Ld/Lf=0 which si the standard case, whereas the fully 
debonding case when Ld/Lf=1. The nanofiber and the matrix 
in the model are assumed to be bonded perfectly with the 
exception of the debonding line. Frictionless sliding 
behavior is assumed between the mismatch’s faces. 
 
The level of the local interfacial stresses arises at the 
debonding line are inspected as well. The defected 
nanocomposite, i.e., debonded, is investigated under static 
loading conditions for uniaxial tensile stress. In addition, 
the debonding length Ld along the longitudinal side of the 
nanofiber is considered as parameters in the analysis 
through the analysis. Nanofiber’s stiffness is considered as 
another parameter in the analysis. 
 
The impact of the longitudinal debonding on the 
longitudinal side of the nanofiber is studied to estimate the 
effective Young’s modulus and for both interfacial normal 
stresses y along the nanofiber’s diameter and the shear 
stresses xy as well as Von Misses stresses along the 
nanofiber’s side. It is important to mention that effective 
Young’s modulus of the nanpocomposite is estimated 
through longitudinal displacement results by imposing 
multipoint constraints (MPC) on the cylindrical RVE along 
RVE’s diameter.  
 

4. Results and Discussion 

In the FE analysis of the RVE which contains longitudinal  
debonding, the impact of  the debonding to the nanofiber 
length 2Ld/Lf on the effective Young’s as well as the 
interfacial normal, shear and Von Misses stresses and are 
investigated in three stages. 
 
In stage I, the effective Young’s modulus of the RVE is 
investigated due to  presumed debonding, whereas in stage 
two the normal and Von Misses stresses along the 
transverse side of the nanofiber is investigated, whereas in 
the last stage, the longitudinal shear and Von Mises stresses 
are estimated. The main parameters in the analysis are the 
debonding length ratio, i.e.,  2Ld/Lf which has value of 0, 
0.2, 0.5, 0.8 and 1 respectively, whereas the nanofiber’s 
stiffness values are Ef/Em=50, 100 and 250. 
It is observed from Fig. 3 increases in the effective Young’s 
modulus of the intact RVE to be 1.54 times the matrix 
stiffness for the Ef/Em=50 case, whereas rises from 1.64 to 
1.71 as the Ef/Em varies from 100 to 250, this attributed to 
the impact of the reinforcement’s stiffness. As the 
debonding introduces, a significant reduction in the 
normalized effective Young’s modulus of 1.3% when 

Ld=10 nm, where it is observed to b almost constant 
between 2Ld/Lf=0.2 to 0.5. After crossing 2Ld/Lf=0.6, the 
second stage reduction in normalized effective Young’s 
modulus occur up to total reduction in stiffness of 6.5% for 
the Ef=200 GPa whereas this maximum value becomes 
7.4% and 9.4% for both Ef=400 and 1000 GPa respectively 
as the RVE becomes fully debonded in the longitudinal 
direction. That means, as the debonding increases, the 
impact of the nanofiber’s stiffness becomes negative on the 
effective Young’s modulus. 

 
Figure 3: Normalized effective Young’s modulus E/Em  
versus total debonding length over nanofiber’s length. 
 
Normal stress y and Von Misses stresses von are estimated 
along the transverse side of the nanofibers as the debonding 
progresses through the longitudinal side of the nanofiber. 
Figure 4 illustrates a drop in normalized y up to 10.7% as 
debonding approaches 10nm, whereas almost remains 
constant through the progress of the debonding from Ld=10 
to 80nm. Beyond this limit, a significant rise in normalized  
y observed to be 62.5% as RVE becomes fully debonded, 
and this attributed to the stresses at the transvers side started 
to carry the whole applied stresses, and this may cause 
peeling failure between nanofiber and the matrix. This is for  
Ef/Em=50, for the other stiffness ratio, the maximum 
normalized stress approaches 61.9 and 62.3% for the 
Ef=400 and 1000 GPa respectively. 
 

Figure 4: Normalized stress of transverse side y/ versus 
total debonding length over nanofiber’s length. 
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In the other hand, the Von Misses stresses along the 
transverse side shows a quit similar behavior but a little bit 
higher stresses, as shown in Fig. 5, and this is expected due 
to combined load effect. As in the normal stresses y, there 
is a drop in stresses about 15.7% at Ld=10 nm and remains 
almost steady up to Ld=80 nm. After that an increase in 
stresses up to 62.6% as RVE becomes fully debonded, and 
this value exactly the same percentage estimated for 
normalized y. Again, the impact of the nanofiber’s 
stiffness play opposite role on the escalading Von Misses 
stresses which have range of 58.4 to 64.3% as Ef=400 to 
1000 GPa respectively. 

Figure 5: Normalized Von Misses stress of transverse side 
Von/ versus total debonding length over nanofiber’s 
length. 
 
The third stage of the analysis is to investigate the shear xy 
and the Von Misses stresses on the longitudinal side of the 
nonofiber. Figure 5 shows that as the debonding increases,  
a slight increase in normalized shear stresses is observed, 
which starts from 16.6% at 2Ld/Lf=0.2, and remains almost 
stable until the debonding approaches 50% of the 
nanofiber’s length, so it starts to increase to 78.5% at Ld=80 
nm and becomes quit steady as RVE being fully debonded. 
This is for the case where Ef/Em=50. A similar behavior  for 
the other ration, i.e., Ef/Em=100 and 250, but with greater 
level of stresses. The maximum growth in normalized shear 
stresses can be as 76.4 to 77% for the Ef=400 and 1000 GPa 
respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6: Normalized shear stress of longitudinal xy/ 
versus total debonding length over nanofiber’s length. 

On the contrary, Von Misses stresses on the longitudinal 
side of the nanofiber don’t show similar behavior as in the 
transverse side. The stresses show increase of 25.9% as 
Ld=10 nm, and remains stable between 2Ld/Lf=0.2 to 0.8, 
and then large jump in Von Misses stresses approaches to 
181.7% as RVE becomes fully debonded. This analysis for 
Ef/Em=50, for the other values, the maximum stresses are 
179 and 177.5% whenever Ef=400 and 1000 GPa 
respectively. 
 

Figure 7: Normalized Von Misses of longitudinal side 
Von/ versus total debonding length over  nanofiber’s 
length. 
 

5. Conclusions 

3D-axisymmetric finite element analysis is used to 
investigate cylindrical RVE with circumferential debonding. 
Mainly, the debonding has negative impact on the effective 
stiffness of the nanocomposite, and this is reflected on the 
increase in the normal stresses on the transverse side as well 
as the shear stresses along the longitudinal side of the RVE. 
Whereas Von Misses stresses on the both sides were 
increased in different levels. The influence of the 
nanofiber’s stiffness on less impact than expected. 
Eventually, whatever debonding initiation causes, still on of 
the major  factors that lead to the final failure of the 
nanocomposite due to increasing in the level of the stresses 
as losing interfacial bonded areas which through stresses 
pass. 
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abstract  :  In structures with GaAs, which are the structures most used, because of their physical and electronic 
nevertheless  seems  a  compromise  between  the  increase  of  doping  and  reduced mobility.  The  use  of  quantum 
heterostructures can overcome  this  limitation by creating a 2D carrier gas. The study of  this heterojunction  (steep) 
inevitably involves the resolution of the system of equations Schrödinger‐Poisson due to quantum effects that occur 
at the interface. Our work had as main objectif the numerical resolution of the non linear Schrödinger Poisson system 
in order  to modelised  the potential  at  the  interface of  a heterojunction AlGaAs/GaAs  the  system was  solved  self‐
consistent Calculations, using projective methods, allowing the integration of Hamiltonian using the Green's functions 
in  the  Schrödinger  equation  for  a  rigorous  self‐consistent  resolution  with  the  Poisson  equation  are  developed. 
However, the resolution of this system is made by least square method (fsolve) where the initial vector is very close to 
the  solution  (initial  vector  approximated  a  square well), which  enables  the  convergence  of  the  overall    nonlinear 
system confirmed for ten basis functions and a clearly defined position of the electric walls. This allowed us to  infer 
the performance of  the most  influential  in  the operation of  the HEMT as  the  charge density and  the  influence of 
physical parameters such as doping and the rate of Aluminium 

This computational physics model that we have made can be applied to all other quantum heterojunction with inversion 
layer or accumulation. 
 © 2010 Published by Elsevier Ltd. Selection and/or peer‐review under responsibility of [name organizer] 

Keywords:   nanostructure, quantum well, Poisson  ‐ Schrödinger equations, Green  function, wave  function,  surfasic 
density  

 
INTRODUCTION 

A large majority of electronic components 
is still done based on silicon. Yet a significant 
number of uses of semiconductors in the areas of 
civil and military telecommunications naturally 
leads the actors to innovate, because these 
applications require the use of power always more 
important at high frequencies [1]. 

Thus, an alternative is to use 
semiconductor materials to delivering superior 
physical properties of high power and supporting 
high operating temperatures. Of these, the 
semiconductor III-V. One of the properties of the 
family compound semiconductor III-V is indeed 
the probability of forming heterostructures with a 
good crystal interface (eg GaAs / AlAsGa)[1]. The 
gas formed by electrons accumulated at the 
interface of this heterojunction has two interesting 
physical properties: a two-dimensional character 
and a very high mobility, especially at very low 
temperatures[1].  

the two-dimensional quantum structures 
are generally the easiest systems to achieve 
technologically. At present, the molecular 

jet'epitaxie allows the manufacture of 
semiconductor heterostructures of high quality (eg 
GaAs / AlAsGa). 
The study of this heterojunction (steep) inevitably 
involves the resolution of the system of equations, 
Schrödinger-Poisson due to quantum effects that 
occur at the interface[2]. 
This work is dedicated to the NUMERIC physical 
modeling of a  quantum well and aim to solve the 
system of Schrödinger-Poisson equations and the 
numerical solution of this system was made by the 
method of least squares. 

 

1. THEORIE  

The structure under investigate consists for a N-type 
AlGaAs layer and a P-type GaAs buffer layer. The 
nanametric structure has been investigated by using an 
integral method calculation in the effective mass 
approximation and the envelope wave function 
vanishes at the interface [3]. The potential at the 
interface of heterojunction verify simultaneously the 
equation of Schrödinger and of Poisson that is why we 
propose to solve with rigorous way the system of 
equation Poisson Schrödinger given by the following 
formula:  
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  : The Laplacien operator 
me:  effective mass of  an electron 

)(zi  :  Wave function associated with energy 
level Ei. 

V (z): the potential 
  :  Planck ‘s constant  

)(z  : Density of free electron it is given by: 
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q: electron charge.   
qND and -qNA: fixed charge  
ND:  donors doping rate   
NA:acceptors doping rate)          

2
)()( zEnq ii  :  mobile carriers  

n (Ei): carrier  density (to the energy level of i 
number) of electrons  

obtained by the  Dirac Fermi distribution it is given 
by:  
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EF: energy level of Fermi.   
KB: Boltzman constant   
T: absolute temperature   
i: number of state bound possible.   

 

2. different  approach of resolution   
2.1 approximatifs Méthods –analytic resolution  

Content of the difficulty of solving the  
Poisson-Schrödinger coupled equations 
,particular forms of the potential well and the 
wave function have been proposed. 

A) Linear aproximation of a quantum well  
 

The model proposed by Delagebeaudeuf 
considers a linear potential well [19], the electric 
field is therefore constant in the well. 
In the calculation of levels En from the 
Schrodinger equation as a function of field (the 
only parameter defining the well) is relatively 
simple and we can write [4]: 
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(2‐1)  

In reality the assumption of a linear potential well 
is very simple but can bring with sufficient rigor 
the behavior of the accumulation layer 
heterojunction.  

 

    B)  Approximation  d’un  puits  de  potentiel 
parabolique  

 Assumption of this model  

In this model we consider the potential 
well of parabolic shape [5]. This choice is a priori 
arbitrary condition subsequent to the cruel 
treatment. 
Indeed, C. VERSNANYEN have considered that 
this choice results in some degree the response of 
space charge in the accumulation area, and if the 
charge density was uniform this assumption is 
close to physical reality. 
In his calculations he made the following 
assumptions [5]: 

 The well is parabolic, it is characterized 
by two parameters: its depth V and 
width Z which determine the field at the 
interface.  

        The position of the Fermi level far 
from the interface in GaAs is 
determined by the condition of 
thermodynamic equilibrium volume . 

     The limitation to the first two permits 
energy levels, sub-bands defined by 
them contains almost all of the load.   

 
                       

 Method of  resolution 

The calculation of energy levels takes place in 
from the integration of the Schrödinger equation 
then leads to the following equation:                         
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2
1(.)(2
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This equation (2-2) is coupled to that of the 
electronic charge density interfacial (NS) in GaAs                        
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The calculation proceeds as follows: 
Starting from a given well depth V, digital 
convergence and the well width is determined as 
the interfacial charge calculated from E0 and E1 
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triangular (------) potential and the 
method of calculating self consistent (         

) [8] 

Figure (2) shows a comparison between the 
results obtained by the triangular method and self-
consistent calculation method for heterojunction 
GaAsAl / GaAs  at 300k°. 

Note the difference between the energy values of 
the first two sub-band and that of the bottom of 
the well, we also see the large gap between  
potentials for large values of z [8]. 

The principle of self-consistent method is 
based on an initial potential well in most cases is 
triangular for which energy levels and wave 
functions are solving the Schrödinger equation 
with this data we solve the equation Poisson to 
have  a new potential for which we solve again the 
Schrödinger equation and so on. This iterative 
process is conducted until the difference between 
the potential from two successive iterations is 
below a certain value (1mev, 1μev).     

A) F.Stern model 

The self-consistent numerical solution of 
F. Stern of the system formed by the Poisson and 
Schrödinger equation for an inversion layer of the 
heterojunction Si (p) / SiO2 is based on three 
major approximation [7]. 

  the validity of the  effective mass 
approximation . 

  the envelope wave function vanishes at 
the interface. 

  the interface states are neglected and 
their effects and the effects of other 
charges that may be in SiO2 near the 
interface are replaced by an equivalent 
electric field.  

              The potential image is a function of the 
difference in dielectric constants of the two 
materials constituting the heterojunction, it will be 
neglected in the case of the heterojunction Si (p) / 
SiO2. 

The system to be solved is represented by [7]: 
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         The energy levels of excited states are 
obtained either from the variational method or 
from the triangular potential.  

B)  A.Cappy model 

Pour  For the numerical solutionself 
consistent  of the system formed by the Poisson 
and Schrödinger equations for an accumulation 
layer of the heterojunction GaAsAl / GaAs ,A. 
Cappy took over the general philosophy of F. 
Stern for the modeling of inversion layer in the 
MOS transistor. This approach is based on the 
following approximations [8] : 

 the validity of the  effective mass 
approximation 

 the  différence of effectives masses in 
the two semiconductors is neglected.  

 limit condition requires that  
0)()(  ww   

  The wave function is defined as a 
product of an envelope function and an 
oscillating term:  

               
)....exp().(),,( ykixkizzyx yx

ii 
Where kx,  ky  are the wave vectors in the direction 
parallel to the heterojunction   

  The potential energy corresponding to 
the bottom of the conduction band is 
written as : 

)()()( 00 zzHEzVzV C    

where H is the level function. 
 Two sizes are imposed in this self consistent  of 
A. Cappy [8]:  

  The surface density of electrons Ns 
depends on technological  and 
physical parameters and physical  
heterojunction (temperature, doping 
spacer ...). 

  The position of the Fermi level: EF=0 
     From an initial solution V0 (z) 
given, the energy levels and wave 
functions are calculated and also the 
value of the Fermi level.The 
integration of the Poisson equation 
gives a new value of potential. as long 
as the value of the Fermi level is 
different to zero a new iteration is 
performed using the new potential as 
an initial solution.. 

C)  third-order polynomial model  
 Assumption of this model  

La  Resolution self consistent of 
Schrödinger equation - Poisson system  
based on the following major 
approximations [9]: 

  the validity of the  effective mass 
approximation.  

 lthe wave function vanishes at . 
  the Fermi level is taken as the origin of 

energies. .  
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  The initial potential at the interface is 
approximated by a polynomial of 3rd 
degree  

 Method of calculation  

 For solving the Schrödinger equation of 
system-Poisson, the method is self consistent with 
a relaxation parameter to ensure convergence of 
the iterative process. 
This resolution was made by the Galerkin method 
or the potential is approximated using the basis 
function which greatly reduces the calculations [9]. 
Schrödinger equation  resolution is divided into 
two parts which are closely linked:  

 determining the wave function. 
 determining the energy . 
The wave function is expressed using the 

basis function whose coefficients are determined 
by the Galerkin method [23] while the energy is 
calculated from an equation that expresses the 
condition that the wave function vanishes at the 
boundary of the heterojunction. 

D)  integral method  
 Assumption of this model  

Our contribution relationship to the different 
approaches of the literatures that is we have used 
integral method where without propose any form either 
for the potential energy or/and for the wave function, 
this method is based on Green functions and the 
moments methods. Green function associated to an 
equation to the partial derivatives can either be defined 
calculated, its form depend on the physical function to 
study in our case the potential, and they also depend on 
the domain of definition and limits conditions.  The 
mathematical interpretation to the sense of distribution 
of these conditions is [3]: 
 

)( 0zzG    (2.10)

 
 
The application of the Green function gives to the 
equation of Poisson the following integral forms: 

000 )()(1)( dzzzzGzV 


 


 
(2.11)

And therefore the equation of Schrödinger becomes: 
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Application of the Galerkin method to the equation 
(2.10) yields the following equation system: 
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In which N is the number of basis function used for 
expanding )(zi ;   nn  . 
 
The test functions used here are classical solutions 
obtained for a rectangular well, projected over a 
Galerkin basis such that 
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(2.14)

The chosen n functions are eigenfunctions of the 
Hamiltonian of an infinite well with a width 2w, which 
is much greater than the dimensions of the quantum 
well under study. In equation (2.13) the unknowns to 
be determined are n  and mE  . The resolution of a no 
linear system (equations 2.13) can be gotten by a 
choice of an appropriate numeric method.  Auto -
coherent resolution of the equations Schrödinger -
Poisson system where as supposing the existence of 
only one bound state in the potential well is done 
appropriately by the numeric methods chosen that have 
the aim to determine the profile of potential and the 
wave function associated to one bound state. In this 
work the  numeric resolution is made by least square 
method[10] , where we approximate the initial vector 
as a square well what permits the convergence of the 
system globally no linear confirms for ten basis 
function and a good determination of electric wall 
position. 
The methods are based on the nonlinear least-squares 
algorithms witch used in fsolve (FUNCTION IN 
MATLAB)  also used in lsqnonlin(IN MATLAB). 
The advantage of using a least-squares method is that if 
the system of equations is never zero due to small 
inaccuracies, or because it just does not have a zero, the 
algorithm still returns a point where the residual is 
small. 
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Figure .8 : influence of ND On  ∆EC 

In  figure  (8) we can see  that  for a  rate of Aluminium 
about  0.25  ∆EC decreases as increses ND .and if 
Nd continues to increase it will tend toward a limit 
value as oppose to NS witch increasing when ND 
increases it will tend toward a limit as if ND 
continues to incease. 

Conclusion 

Our  work  has  as  main  objective  the  exact 
numerical  solution  of  Schrödinger‐Poisson  system 
witch  is  globally  nonlinear  in  order  to  define  the 
potential  at  the  interface  of  a  heterojunction 
GaAsAl/GaAs  

We  elaborate  a    calculus,  using    projective 
methods   permit  the Hamiltonian    integration   using 
Green functions in  the equation of  Schrödinger, for a 
rigorous  resolution auto coherent with the equations 
of  Poisson.  

However,  the  resolution  of  this  system  is 
made by least square method. 

This physic –numeric modelisation that we have 
made can be applied to all other quantum 
heterojunction with inversion or accumulation layer. 
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Abstract 

The 2D model of Bragg grating structure with nonlinear 
Kerr materials (cubic nonlinearity) was considered. The 
process of the electromagnetic wave propagation in the 
nonlinear Bragg grating system has been numerically 
studied by the straightforward numerical modeling of 
Maxwell’s equation. The possibility of multiple gap soliton 
generation in these structures was shown. A Finite-
Difference-Time-Domain method was used. The 
transformation of band gap diagram was estimated. The 
interaction between solitary pulses was studied and 
discussed. The soft and hard processes of soliton formation 
were investigated. The efficiency of energy conversion 
from the energy of continuous wave signal to the energy of 
pulse signal was computed for different values of the input 
signal power. The maximum value of energy transmission 
coefficient was equal to 60-70% of input signal energy. 
 

1. Introduction 

The dependence of the refractive index of the materials on 
the applied electromagnetic field power has lead to an 
intensive theoretical and practical research of the different 
devices which can operate on this effect of nonlinear 
material. The periodical nonlinear structures exhibit 
attractive properties that make them suitable for novel 
devices development with wavelength tunable 
characteristics. The Bragg grating structure represents 1D 
photonic crystal [1] and is widely used in optical 
communications systems, as notch filters, in dispersion 
compensation modules, in pulse compressors, in optical 
multiplexers and demultiplexers, with an optical circulator, 
in the all-optical switching devices, all-optical buffers and 
storing devices, as optical sensor [1]. 
The waveguiding properties and possibility of soliton 
propagation in the nonlinear periodic dielectric structures 
are interesting subjects of intensive exploration during past 
several decades. The soliton formation is based on the 
interplay between temporal dispersion and nonlinearity in 
the system [2]. Typical value of the length at which this 
balance is achieved varies from a few hundred meters to 
several kilometers. In the real Bragg grating structures this 
balance is realized only in a few centimeters [3]. As 
opposed to the conventional solitons in optical fiber, which 
can be formed due to the dispersion of the glass material, 
the solitons in the Bragg grating exist because of the 

balance between the nonlinearity and the dispersion of the 
grating. These gap solitons propagate stably through the 
grating and because of modulation instability in the grating 
structure the periodic train of pulses can be observed [4].  
Is is well known from the general theory of wave 
propagation in the periodic medium that the dispersion 
characteristic of these waves consist of the frequency ranges 
in which the wave can propagate and the forbidden 
frequency range (band gaps) in which the wave decays and 
cannot propagate. It is also known [2] that the dispersion 
characteristics of such waves in the nonlinear media 
transform so the effect of wave tunneling can be observed. 
The possibility of nonlinear tunneling was considered in [5] 
for the first time by the investigation of the propagation of 
the soliton pulse through a finite potential barrier. The 
works devoted to the gap soliton formation [6] showed the 
possibility of full transmission of the signal with the 
frequency inside the band gap region. The numerical 
analysis of wave dynamic of nonlinear coupled mode 
equations [7] was also provided in order to demonstrate the 
generation of the soliton-like pulses in the finite periodic 
nonlinear media. The first experimental observation of 
nonlinear propagation of the signal in fiber Bragg grating 
demonstrated [8] the soliton propagation at the frequencies 
near the band gap. The further develop of the nonlinear 
wave propagation in the structures with the cut-off 
frequency was presented in the work [9], where the process 
of soliton generation in such systems is explained by the 
change of the character of modulation instability in the 
vicinity of a critical frequency from convective to absolute. 
This process begins as the wave amplitude increases and the 
soliton-like pulses start to propagate along the structure.  
In this paper the processes of the electromagnetic wave 
propagation in the nonlinear Bragg grating system was 
studied. The Finite-Difference-Time-Domain (FDTD) 
method is applied because it is straightforward solution of 
the six-coupled field components of the Maxwell’s 
equations. 
The paper is organized as follows. In section 2 the model of 
Bragg grating consisting of periodical layers with Kerr 
nonlinearity and the numerical simulation method are 
considered. In section 3 the dispersion of the nonlinear 
structure is described, the values of nonlinear frequency 
shift are estimated for the different intensities of input 
signal. Section 4 includes the results of the simulation of the 
nonlinear dynamics in Bragg grating – gap solitons 
generation and propagation. In the Section 5 the 



  

characteristics of gap soliton propagation are analyzed. 
Finally a summary and conclusions are included in 
section 6. 

2. Model of 2D Bragg grating 

2.1. Geometry and material 

The model of the two-dimensional nonlinear periodic 
structure consisting of alternating layers of Kerr nonlinear 
media is shown in Fig. 1. The waveguide width is 
2 1a  m, the period of structure 1d  m, the linear part 
of layers’ refractive indices 1 1.45n  , 2 2.0n  . The layers 

consist of the media with positive Kerr-like nonlinearity [2]: 

 
2

I,II 1,2 ,nln n n E   (1) 

where 83 10nln   m2/W – the nonlinear additive to the 

linear part of refraction index of silica glass. So the 
nonlinear media with instantaneous third-order nonlinearity 
responses are analyzed. The wave propagates along the x -
direction. The structure is surrounded by vacuum with the 
refractive index 1n   ( 1  , 1  ). The input signal was 

set in the 1x  plane, which was placed in the lead-in 

waveguide domain with the refractive index 

 0 1 2 2n n n  .  

Distance between the 1x  plane and the left boundary of 

periodical system was sufficient for the excited 
electromagnetic wave to form the fundamental mode of the 
planar waveguide with the refractive index 0n . This 

condition was taken into account in the case of signal 
excitation with a constant amplitude and frequency. The 
lead-in section also provided minimization of the reflection 
of the wave from the structure. 

Figure 1: Model of the nonlinear Bragg grating model. 
PMLs surround the system. LW – the lead-in 
waveguide. 

For the investigation of the nonlinear effect in pure silica 
glass big values of input signal power are needed because of 
the small value of the nonlinear additive nln . At this 

intensities of total launched power of light the structure of 
the real Bragg grating can suffer permanent damage. The 
common method of reduction the threshold intensities for 
the nonlinear effects near the band gap region is the 

fabrication of Bragg gratings of increased length and using 
the chalcogenide glasses. 

2.2. Numerical method 

For numerical calculations we utilize the FDTD numerical 
simulation method [10]. The FDTD method has been 
widely used for solving many problems of the 
electromagnetic wave propagation in different media. It is a 
straightforward solution of the six-coupled field 
components of the Maxwell’s equations. This method is 
based on Yee’s algorithm [11] and computes the electric 
and the magnetic field components by discretizing the 
Maxwell’s equations both in time and space domain and 
then solving the system of the discretized equations in a 
time marching sequence by alternatively calculating the 
electric and magnetic fields in the computational domain. 
The accuracy of the FDTD method can be significantly 
improved by using subpixel smoothing of the dielectric 
function. This smoothing technique requires only 
preprocessing of the materials geometry and does not 
change the general FDTD algorithm.  
The free electromagnetic code from the MIT MEEP 
package [12] was used to perform the FDTD computational 
method. To simulate wave propagation in an open structure 
the perfectly matched layer (PML) absorbing boundary 
conditions were applied. The PML has been shown to be 
one of the most effective boundary condition because it can 
truncate the simulation space without artificial reflections. 
Inside the PML domain each field component splits into 
two subcomponents and the system of the discretized 
Maxwell‘s equations slightly modifies. In the MEEP 
package the modification of PML (Uniaxially Perfectly 
Matched Layer) is implemented. This reduces the 
computational time due to the decrease of distance between 
the boundary of computational space and the 
electrodynamic structure. In the Fig. 1 the PML regions are 
depicted with hatching. 
The computational domain size was chosen to be 
200 14 m, the size of dielectric periodic structure was 
200 1 m, the number of periods was 190. The thickness of 
the PML on all boundaries of computational domain was 
equal to 30 3PMLd x   m. This value of PMLd  

parameter minimized the wave reflections from the 
boundary of computational space. The cell size was chosen 
as 0.1x y    m, the time step was taken as 

178.13 10t    s and the value of Courant stability 
factor [10] was taken to be 0.5S   that satisfies the 
numerical stability of the method. 

3. Band diagram and transmission spectrum  

For the FDTD computation of the dispersion diagram the 
infinite structure in x -direction was considered. This 
structure represents one-dimensional photonic crystal [1]. 
The computational domain is shown in Fig. 2. The primitive 
cell of periodical structure consists of two layers with 
refractive indices In  and IIn  which are dependent on field 

intensity (1). The upper and lower boundaries of primitive 



  

cell consist of PML, the right and left edges represent 
periodic boundary conditions for the simulation of infinite 
structure. 

Figure 2: Model of the unit cell of 1D photonic crystal. 
 

We look at the first band gap in the frequency range 

0.29 0.37   , where 
2

a

c




   is the dimensionless 

frequency, 2 f   – the circular frequency of the 

electromagnetic wave, a  – halfwidth of the 2D Bragg 
grating structure shown in Fig. 1, c  – the speed of light in 
vacuum, K a  is the dimensionless longitudinal 

wavenumber,   – longitudal wavenumber. The result of the 

band structure computation is shown in Fig. 3. Different 
curves correspond to the different value of intensity of input 
signal. The frequency on the bottom and top of the first 
photonic band gap named as cut-off frequencies are denoted 
as 1co  and 2co , respectively. This was done for the 

dispersion characteristics for the signal with intensity 1I . 

For the different intensities of input signal the cut-off 
frequency was decreased and for the fixed power of the 
signal the upper branch of dispersion curve changes more 
than the bottom one. 

Figure 3: Band diagram for the different values of input 
signal intensities. 

 

These results of band gap calculation were subsequently 
compared with the results of the transmission spectrum 
computation through the non-infinite Bragg grating shown 
in Fig. 1. The propagation of the Gaussian pulse with center 

frequency 0.33   and pulse width 0.1   through the 
grating was considered. The pulse was excited in the plane 

1x . The time-domain response of the transmitted 

electromagnetic field was monitored inside the Bragg 
grating in the plane 2x , which is shown in the Fig. 1. The 

Fast Fourier Transform of the monitored data in the plane 

2x  was performed to obtain the spectra of the time-domain 

responses. The parameters of the initial Gaussian pulse was 
chosen to overlay the first photonic band gap of the 
investigated structure. The amplitude of pulse was chosen to 
be 1A  , so the nonlinear effects was negligibly small.  

The result of this simulation is plotted in Fig. 4, where T  is 
the transmission coefficient which defines the amplitude of a 
transmitted wave relative to an incident wave. In this figure 
the lower and upper frequency boundary of the firs band gap 
is denoted by 1co  and 2co , respectively. The good 

correspondence between the results of the cut-off 
frequencies computation by estimation of the band gap of 
1D photonic crystal (Fig. 3) and transmission spectra 
analysis (Fig. 4) was achieved. 

Figure 4: The transmission spectrum through the Bragg 
grating of the Gaussian pulse with the central frequency 

0.33   and the width 0.1  . 
 

4. Gap soliton generation 

Here we consider the continuous wave (CW) signal 
propagation through the Bragg grating. The nonlinear 
dynamics of CW signal propagation in the structure was 
studied in detail near the upper branch of the photonic band 
gap, where the dispersion is anomalous and the criterion of 
modulation instability [2] is satisfied. The modulation 
instability near the top branch of band gap is similar to that 
in the nonlinear Schrödinger equation [13]. 

The form of the CW signal was chosen as 

      , sin 2 ,z FM CWE y t A E y f t   (2) 

where cw cwf c a   is the signal frequency,  FME y  is the 

mode profile of the fundamental TE mode of the planar 
waveguide [14]. The frequency of input signal was chosen 
to be 0.36cw  . This frequency value is located near the 

cut-off frequency 2co  as shown in Fig. 4. 
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Figure 5: Distribution of the field component  zE x  and spatio-temporal distribution of  zE x  along the Bragg grating for the 

different amplitude values of CW input signal: 6A   (a, d), 7A   (b, e) and 10A   (c, f). 
 

The transmission coefficient at this frequency is 

approximately equal to the value   410cwT   . A series 

of simulations was performed with the different value of 
the amplitude of the input signal denoted by A . When the 
power of source and therefore amplitude A  is small, the 
electromagnetic wave exponentially decays as it 
propagates along the structure, as shown in Fig. 5a. Here 
the distribution of the field component  zE x  along the 

system is plotted. The time moment, at which the steady-
state regime begins, was shown. The relatively low value 
of the nonlinear coefficient nln  and small value of signal 

amplitude correspond to the linear system and the 
influence of the nonlinear effects is therefore negligibly 
small. 

It was demonstrated that increasing the input signal 
amplitude one can obtain the signal propagation along the 
periodical structure. This can be explained as the 
transformation of the band structures of the periodic 
nonlinear system and the nonlinear frequency shift, which 
was depicted in Fig. 3. In the Fig. 5b the propagation of 
the signal with amplitude 7A   is shown. Moreover the 
signal profile inside the Bragg grating is specifically 
modulated and the formation of multiple gap-solitons is 
observed. If the amplitude of initial signal achieved a 
threshold value the gap-soliton is formed, however as the 
intensity is increased more gap-solitons are generated. In 
Fig. 5c the CW signal with amplitude 10A   was excited 
in the 1x  plane in the lead-in waveguide (Fig. 1). The 

number of the generated gap-solitons per system length (or 
per time unit) is increased in this case. In the Fig. 5d-f the 
spatio-temporal dynamics of CW signal propagation are 
demonstrated. The frequency of CW signal used in this 
simulation was chosen to be similar to the previous 
computation of the field distribution along the system. If 
the amplitude is below the threshold of gap-soliton 
formation the signal decays along the system, as it is 
shown in Fig. 5d. When the amplitude of initial signal was 
chosen to be 7A  , the train of gap-solitons is formed. 
This dynamics of solitons generation is demonstrated in 
Fig. 5e. When the amplitude gets larger ( 10A  in the 
Fig. 5f), the period of solitons generation is decreased. If 
the amplitude reachs the value 15A   the distance 
between solitons is decreased and is so small the the 
interaction between gap-solitons can be observed at the 
time 15t   ps (Fig. 6). By the solitons interaction their 
speed is conserved.  
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Figure 6: Spatio-temporal distribution of  zE x  for the 

amplitude of CW input signal 15A  . 

5. Characteristics of gap soliton propagation 

In this section the different characteristics of gap soliton 
propagation in nonlinear Bragg grating are studied.  
The distances between solitons is decreased as the 
amplitude gets larger (Fig. 7). This calculation can be 
done from the spatio-temporal distributions of the field for 
the different values of the amplitude of input signal A . 
 

Figure 7: Distance between solitons as a function of 
input signal amplitude. 

The velocity of solitons propagation can be estimated as 
the trajectory slope in the Fig. 5d-f. The result of this 
calculation is shown in Fig. 8. The threshold of generation 
was estimated. It was equal to the value 6.7thA  . The 

approximate value is presented because near the threshold 
of generation the unstable behavior in signal dynamics 
can be observed – small fluctuation of the field energy at 
the left side of the grating can lead to the spontaneous gap 
soliton formation. And the process of solitons generation 
starts to be nonperiodical. The speed of propagation of 
solitons is increased as the amplitude A  gets larger. There 
are difficulties in the further calculation of solitons’ 
velocity (at the amplitude values 15A  ) because the 
distance between them decreases and regular interactions 
of solitons occur. 

Figure 8: Velocity of solitons propagation at the 
different values of amplitude of input CW signal. 

 

One of the most important characteristics of the process of 
generation of solitons is the efficiency of energy 
transformation from the energy of the input CW signal to 
the energy of resulting pulse signal: 

 r

x

P
S   (3) 

where r pulseP E f   – time averaged power of output 

pulse signal, E  – energy of electromagnetic field in the 
pulse, pulsef  – pulse repetition rate, xS  – time averaged 

power of the input signal. 
The dependency of   vs amplitude A  is shown in Fig.9. 
The efficiency of energy transformation can achieve 60-
70 %.  

Figure 9:The efficiency of energy transformation for the 
different amplitudes of input signal. 

 

6. Conclusions 

In conclusion, the dynamic of the electromagnetic wave 
propagation in the 2D nonlinear Bragg grating was 
numerically studied. The calculation of band gap diagram 
and estimation of the cut-off frequencies in the periodical 
structure for the different values of input signal intensities  
was performed with the FDTD method. The good 
correspondence between the results of the cut-off 
frequencies computation and analysis of transmission 
spectra was shown. It has been shown that the nonlinear 
frequency shift lead to the possibility of CW signal 
propagation with the frequency near the upper branch of 
the photonic band gap. The process of multiple gap soliton 
formation and propagation in the nonlinear 2D Bragg 
grating has been observed. As the amplitude of input 
signal gets larger the distance between soliton-like pulses 
decreases and interaction between gap solitons can be 
observed. The quantitative characteristics of soliton 
propagation were obtained. The maximum value of energy 
transmission coefficient, which shows the efficiency of 
energy transformation from the energy of the input CW 
signal to the energy of soliton-like pulse signal, was equal 
to 60-70%.  
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Abstract 

Photonic crystal fiber (PCF) is a new class of optical 
fiber based on the properties of photonic crystals, it 
have the ability to confine light in hollow cores. in this 
research paper the propagation characteristics of PCF 
described using different materials was investigated 
such as effective area, effective refractive index , 
numerical aperture and material dispersion for three 
different materials . It was concluded that zero 
dispersion occur at less wavelength when there is no 
silica in the constriction of PCF (i.e. 0.83µm for 
sapphire (extra ordinary wave).also the three dimension 
relation between dispersion, bit error rate, and fiber 
length for the three different materials was presented.     

     

 Keywords: BER, Dispersion, Numerical aperture, PCF 
                                                       

1. Introduction 

   Over the past few years, photonic crystal fiber (PCF) 
technology has evolved from a strong research – 
oriented field to a commercial technology providing 
characteristics such as a wide single-mode wavelength 
range, a bend-loss edge at a shorter wavelengths, a very 
large or  small effective core area, group velocity, 
dispersion at visible and near field arrangement of air 
holes running along the length of the fiber. PCF is now 
finding applications in fiber-optic communications, 
fiber lasers, non-linear devices, high-power 
transmission, highly sensitive gas sensors and other 
areas. 

Research cover the last decades has generated a wide 
range of rigorous numerical algorithms for modeling 
PCF ,such as plane wave expansion(PWE),finite 
difference time domaine, finite element methods.these 
versatile algorithms have been applied with success to 
study issues such as dispersion and losses for PC wave-
guide. 

The common term used in all these numerical methods 
is to calculate the effective refractive index of PCF 

because all linear and non-linear propagation properties 
of PCF can be analysed using effective refractive index. 

We consider the type of PCF which consist of pure 
silica with a cladding and air holes of diameter (d) 
arranged in a triangular lattice with pitch ( Ꮩ). 

The effective area is a quantity of great importance. It is 
originally introduced as a measure of non-linearities, a 
low effective area gives a high density of power needed 
for non-linear effect to be significant [1].The effective 
area can be related to the spot size and it is also 
important in the context of confinement loss 
[2],microbending loss[3], macrobending loss splicing 
loss[4]and numerical aperture[5]. 

The chromatic dispersion of the PCF s can be 
determined by: 

  𝐷 = −  𝜆  
𝑐

.
𝑑   𝑛 𝑒𝑓𝑓 
2

𝑑𝜆2
+ 𝐷𝑚   ,𝑛𝑒𝑓𝑓 = 𝛽

𝐾𝑜 
  , 𝑘𝑜 = 2𝜋

𝜆
   

Where  λ , c are wavelength and speed of light 
respectively in free space 

neff the effective refractive index of the PCF core 

DRmR the material dispersion 

However , the material dispersion can be calculated 
using sellmeier equation[6].  

Their combination leads to signal degradation in optical 
fibers for telecommunications because the varying delay 
in arrival time between different components of signal 
"smearont" the signal in time[7]. 

 

2.  Theoretical Background [2,5,7]        

 Maxwell's equations predict the propagation of 
electromagnetic energy away from time varying source 
in the form of waves.They can be expressed by: 

𝛻 𝑋𝐸�⃑ = −𝑑𝐵
𝑑𝑡

=  −𝑗𝑤𝜇𝐻��⃑                      (1)                   

𝛻 𝑋𝐻��⃑ = 𝐽 + 𝑑𝐷�

𝑑𝑡
= (𝜎 + 𝑗𝑤𝜖)𝐸�⃑       (2) 



                          

𝛻 .𝐷��⃑ = 𝜌𝑣                         (3)    

                                               

𝛻 .𝐵�⃑ =0                 (4)                                                        

By taking the curl of equation (1) and substitute in 
equation (2), we get 

𝛻2𝐸 = 𝑗𝑤𝜇(𝜎 + 𝑗𝑤𝜖)𝐸�⃑ = 𝛽2𝐸�⃑      (5)                                        

And by taking the curl of equation (2)and substitute in 
equation (1) 

 𝛻2𝐻 = 𝑗𝑤𝜇(𝜎 + 𝑗𝑤𝜖)𝐻��⃑                (6)                                                        

Where 𝛽: is the propagation constant and can be 
expressed as 

𝛽 = �𝑗𝑤𝜇(𝜎 + 𝑗𝑤𝜖) = 𝛼 + 𝑗𝛾      (7)                                               

Where 𝛼  is the attenuation constant which defines the 
rate which the fields of the waves are attenuated as the 
wave propagates  

𝛾 is the phase constant  which defines the phase rate at 
which the phase changes as the wave propagates  

From the properties of the medium (𝜇,𝜖,𝜎)the 
attenuation and phase constants can be calculated (i.e. 
𝛽2 = 𝑗𝑤𝜇(𝜎 + 𝑗𝑤𝜖) = (𝛼 + 𝑗𝛾)2 = 𝛼2 + 2𝑗𝛼𝛾 − 𝛾2) 

Therefore 

𝛼 = 𝑤   �𝜇𝜖
2

(�1 + � 𝜎
𝑤𝜖
�
2
− 1) 

And          (8) 
                 

𝛾 = 𝑤 � 
𝜇𝜖
2

(�1 + �
𝜎
𝑤𝜖
�
2

+ 1) 

W is the signal frequency in rad/sec 

The propagation constant can  express the effective 
refractive index and the wavelength dispersion as  

DRw(𝜆) = −𝜆
𝑐

. 𝑑
2𝑛𝑒𝑓𝑓
𝑑𝜆2

 

And                                                                 (9)                                 

𝑛𝑒𝑓𝑓 =
𝛽(𝜆,𝑛𝑚)

𝐾𝑜
 

Where  𝑛𝑚 is the refractive index of any material,  KRoR is 
the wave number 

2.1 Dispersion calculation  

PCF 's are made of  a periodic arrangement of fused 
silica and air holes running to the parallel axis of the 
fiber . An essential effect of the transverse periodic 
structure to alter the effective index for propagation 
along the direction of the fiber leading to intriguing new 
dispersive properties  

we focus on the dispersion property of PCFs with 
triangular  air silica structure where the central air hole 
is missing as a high index defect as shown in figure (1) 

(d and Λ are air hole diameter and pitch respectively ) 

 

Figure1: All silica photonic crystal fiber 

In the PCF design , the air hole diameter to pitch ratio is 
a key parameter  The total dispersion loss of a PCF can 
be approximated [9]  by the sum of waveguide 
dispersion and material dispersion as  

𝐷(𝜆) = 𝐷𝑤(𝜆) + Γ(𝜆)𝐷𝑚(𝜆) 

Where Γ(𝜆) is the confinemental factor of silica (≈ 1 
for most practical PCF's) 

The material dispersion DRmR is decided by the material 
that is used in the PCF. The material dispersion can be 
directly derived from the Sellmeier formula [10] which  
can be expressed by 

𝑛2(𝜆) =  1 +
𝛽1𝜆2

𝜆2 − 𝑐1
+

𝛽2𝜆22

𝜆2 − 𝑐2
+

𝛽3𝜆22

𝜆2 − 𝑐2
 

Where  n  is the refractive index . 𝛽1  ,𝛽2     ,𝛽3  and cR1 R,R 
RcR2 R,cR3R are experimentally determined sellmeier 
coefficients .Table (1) shows the coefficients values for 
the three different materials ( borosilicate,  silica, 
sapphire for extra ordinary wave)which will be 
considered in our research paper. 

 

 



Table 1  Sellmeier coefficients for three different 
materials 

 

Figure (2) shows the relationship between 𝜂𝑒𝑓𝑓(𝜆) with 
wavelength for the three different materials which 
shows that the fused silica gives better refractive index 
for different wavelengths.The waveguide dispersion of 
PCF is related to the transversal geometrical structure 
which contributes all the design freedom. 

 

2.2 Effective Area 

The effective area is a quality of great importance. it 
was considered as a measure of non-linearities . A low 
effective area gives a high density of power needed for 
non linear effects to be significant [1].However, the 
effective area can be related to the spot area (w) through 

𝐴𝑒𝑓𝑓 = 𝜋𝑤2 and thus it is also important in the context 
of confinement loss , microbending loss , splicing loss 
,and numerical aperture .  

2.3 Non-linearity Coefficient  

The non-linearity coefficient is given by [1] 

Ψ = 𝑛2𝜔
𝑐𝐴_𝑒𝑓𝑓

= 2𝜋𝑛2
𝜆𝐴𝑒𝑓𝑓

                           (10) 

Where n2 is the non-linear index coefficient in the non 
linear part of the refractive index (that is mean 𝛿𝑛 =
𝑛2 |𝐸|2  ). Thus knowledge of Aeff is an important 
starting point in understanding of non-linear phenomena 
in PCFs. 

2.4 Numerical Aperture (NA) 

The numerical aperture (NA) relates to the effective 
area.for a Gaussian field of width z , one has the 
standard approximate expression 

tan𝜃 = 𝜆
𝜋𝑧

                                            (11) 

for half divergence angle 𝜃  of light radiated from the 
end facet of the fiber [8].the corresponding numerical 
aperture can be expressed as  

NA=sin𝜃 ≅ �1 + 𝜋𝐴𝑒𝑓𝑓�
−12                   (12) 

 

2.4 Macro Bending Loss 

For the estimation of the macro-bending loss coefficient 
the sakai-Kimra formula [11] can be applied to PCFs. 
This involves the evaluation of the ratio of 𝐴𝑒

2

𝑃
 where Ae 

is the amplitude coefficient of the field in the cladding 
and P is the power carried by the fundamental mode. 

The Gassian approximation gives: 

𝐴𝑒2

𝑃
=  1

𝐴𝑒𝑓𝑓
                                                            (13) 

And this was used to calculate the marco bending loss in 
the PCFs based on fully eigenmodes of maxwell 
equations. 

2.5 Splicing Loss 

Splicing loss can be quantified in terms of the concept 
of effective areas.the splicing of two aligned fibers with 
effective areas 𝐴𝑒𝑓𝑓1𝑎𝑛𝑑 𝐴𝑒𝑓𝑓2will have a power 
transmission coefficient T< 1   is given by 

𝑇 ≈ 4𝐴𝑒𝑓𝑓1𝐴𝑒𝑓𝑓2
�𝐴𝑒𝑓𝑓1+𝐴𝑒𝑓𝑓2�

2
 
                                        (14) 

Due to the mismatch of effective areas. 

2.6 The Bit Error Rate (BER) 

The bit error rate (BER) can be expressed by[7] 

𝐵𝐸𝑅 = 1
4𝐷(𝜆)∗𝐿∗Δ𝜆

                                              (15) 

Where  L is the fiber length, Δ𝜆 is the spectral width of 
the light source 

3- Results and Conclusions  

The results showed the propagation characteristics for 
different materials (silica, borosilicate, and sapphire) 
was carried out using MATLAB software program 
.figure (2) shows the relationship between the refractive 
index and wavelengths for the silica, borosilicate and 
sapphire (extraordinary wave). It can be noted that the 
fused silica and borosilicate graphs are near to each 
other because the silica enter in the construction in both 
materials. 



Figure (3) shows the effect of (Aeff /Pitch) ratio and 
wavelength for different pitch values. The micro 
bending loss and diameter was shown in figure 
(4).However the effective area play an important role in 
the behavior of PCF because it determines the numerical 
aperture (NA) and its relation to wavelength as shown 
in figure (5) which shows the numerical aperture for 
different effective areas. 

The most important factor is the fiber dispersion for the 
three different materials which is evaluated from 
Sellimer equation for 𝜂𝑒𝑓𝑓and equation (9)which are 
shown in figures (6),(7),(8) respectively .It can be seen 
from figure (7) that zero dispersion occur at 1.28𝜇𝑚 for 
silica ,at 1.19𝜇𝑚 for borosilicate, and 0.83𝜇𝑚 for 
sapphire (for extraordinary wave).it can be concluded 
that when there is no silica in the construction of the 
PCF it will lead low zero dispersion wavelength. Also 
when the construction contain silica give 
,approximately, characteristics near to each other. as a 
suggestion to modify this work, on can study other 
materials such as florid or phosphate .in the construction 
of photonic crystal fibers. Also the bit error rate 
variation with dispersion for different fiber lengths (for 
borosilicate , fsed silica,sapphire) are shown in figures 
(9),(10),(11) respectively. Figure (12)show the three 
dimension graph between the three variables (fiber 
length , dispersion and bit error rate)for the different 
materials as shown in figures(12),(13),(14) respectively 
. 

Figure 2: Refractive index & wavelength for 
different materials 

 

 

 

 

 

 

 

 

Figure 3: The variation of effective area and 
diameter for different pitches 

 

 

Figure 4: Microbending loss and diameter for 
different pitches 
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Figure 5: Numerical aperture and wavelength 
for different effective areas 

 

Figure 6: The relation between dispersion 
&wavelength for fused silica 

 

Figure 7: the relation between dispersion and 
wavelength for borosilicate 

 

Figure 8: the relation between dispersion and 
wavelength for sapphire  

 

Figure 9: the relation between bit error rate & 
dispersion for borosilicate 

Figure 10: the relation between bit error rate & 
dispersion for fused silica 
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Figure 11: the relation between bit error rate & 
dispersion for sapphire 

 

 

 

 

 

 

 

Figure 12: the relation between bit error rate & 
dispersion for borosilicate in 3-D 

 

Figure 13: the relation between bit error rate & 
dispersion for fused silica in 3-D 

 

 

Figure 14: the relation between bit error rate & 
dispersion for sapphire in 3-D 
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Abstract
We show a methodology on how to construct Dirac points
that occur at the corners of Brillouin zone as the Photonic
counterparts of Graphene. We use a triangular lattice with
circular holes on Silicon substrate to create a Coupled Pho-
tonic Crystal Resonator Array (CPCRA) which its cavitiy
resonators play the role of Carbon atoms in Graphene. At
first we draw the band structure of our CPCRA using tight
binding method. For this purpose we first designed a cavity
which its resonant frequency is approximately at the mid-
dle of the first H-polarization band gap of the basis trian-
gular lattice. Then we obtained dipole modes and mag-
netic field distribution of this cavity using Finite Element
Method (FEM). Finally we drew the two bands that con-
struct the Dirac points together with the frequency contour
plots for both bands and compared with the Plane Wave Ex-
pansion (PWE) and FEM results to prove the existence of
Dirac point in the H-polarization band structure of lattices
with air holes.

1. Introduction
Since the discovery of graphene in 2004 by K. Novoselov
and A. Geim a lot of researchers have found many inter-
esting applications and specifications for this material. The
main reason for these specs is its exclusive band structure
in which two bands coincide each other at a point in the cor-
ners of Brillouin zone called Dirac point. These two bands
are linear near this point, thus the electron dispersion can
be described by Dirac equation in this region. Graphene is
a good material to visualize some relativistic behavior of
electrons such as quantum hall effect, Zitterbewegung, and
Klein paradox. But because of complex interaction and lim-
ited scale, some of these phenomena can not be observed
directly[1].

Recently efforts have been made to construct Dirac
points in the band structure of optical materials [2]-[8] to
examine the existence of mentioned phenomena for pho-
tons of electromagnetic fields. Since we have great control
on the design of Photonic Crystals (PC), it is simpler to ob-
serve these phenomena in them than in graphene. Some of
the predicted or examined characteristics of PCs with Dirac
point in their band structure are inverse proportionality of
photon conductance to the length of crystal [9, 10, 11],
Extinction of coherent backscattering [12], Zitterbewegung
phenomenon for photons near the Dirac point [1], and one-
way light transport [13]. Some novel applications for this

kind of crystals have been proposed as well; among them
we can mention construction of photonic topological insu-
lators [14] and directional optical waveguide in PCs [15].

In the remaining of this paper we first explain the design
of specified supercrystal and then its band structure calcu-
lation to show the Dirac point in the H-polarization mode.

2. Crystal design
In order to construct a crystal which is similar to Graphene
we should use a triangular lattice as our basis. Also since
we want to use tight-binding method to obtain the band
structure, we have to create cavities which in addition to
form a triangular lattice should have confined electromag-
netic field and be separated sufficiently. The triangular ba-
sis lattice was supposed to be made of Silicon substrate with
circular air holes that their radius is 0.35 of lattice constant,
a. The distance between cavities was set to be two times the
lattice constant. The cavities were arranged so that every
cavity has six cavities in its neighborhood. The designed
CPCRA is shown in Fig. 1.

a1

a2

0.7

1

0.4

Figure 1: Supercrystal designed in this project. Green
hexagons are unit cells of this crystal. a⃗1 and a⃗2 are primi-
tive vectors

As said above the field of the cavities should be con-
fined to be able to use tight-binding method. To confine the
field we have to design the cavity so that its resonance fre-
quency falls inside a band gap of the basis lattice. We know
a triangular lattice with circular air holes has a wide gap
between its first and second band in H-polarization mode.
By changing the cavity radius we brought its resonance fre-
quency near the middle of the band gap. Of course a cavity
has different resonance frequencies depending on its field



distribution but since we need two bands to form Dirac
cones it seems we should consider a field distribution that
is degenerate. So we considered only dipole field. Fig. 2
shows the average amplitude of z component of dipole mag-
netic field inside cavities with different radii. The magenta
band in the figure is the first gap of our basis lattice. The
peaks of curves indicate the resonance frequency of each
cavity. It can be seen that the resonance frequency of the
cavity with radius 0.2a is approximately in the middle of
the gap. So we chose this radius for the cavities of our su-
percrystal.
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Figure 2: Average amplitude of z component of dipole mag-
netic field inside cavities with different radii

3. Symmetry analysis
Looking at the structure of the supercrystal in Fig. 1 it is
obvious that it has C6v symmetry. The operators of this
symmetry group are as follows

C6v =

{
(Ê), (Ĉ6, Ĉ

−1
6 ), (Ĉ3, Ĉ

−1
3 ),

(Ĉ2), (σ̂x, σ̂
′
x, σ̂

′′
x) ,

(
σ̂y, σ̂

′
y, σ̂

′′
y

) }
(1)

Three highly symmetric points, the Γ point, (0, 0), the K
point, (4π/3a, 0), and the M point, (π/a,−π/

√
3a) in the

reciprocal lattice have C6v, C3v, and C2v group symmetry
respectively. The T points (between Γ and K), Σ points
(between Γ and M), and Λ points (between K and M) have
C1h group symmetry. The compatibility relations between
adjacent points in the reciprocal lattice is summarized in
Table 1.

To find modes of bands in the band structure we have to
find irreducible representations of highly symmetric points
in reciprocal lattice. The number of a specific mode, A, at
a point in the reciprocal lattice can be calculated using the
following formula [16].∑

R̂∈G NR̂.XA(R̂)

number of elements in G
(2)

where G is the group symmetry of the point, NR̂ is the
number of invariant points of the specified type when the
operator R̂ is applied to the lattice, and XA(R̂) is the char-
acter of R̂ for mode A in that point. To find NR̂ we should
determine the exact location of each point in the reciprocal
lattice. This is done in Fig. 3. Using this figure modes of
each point is listed in Table 2.

Table 1: Compatibility relations in the hexagonal lattice

T Λ Σ
Γ : A1 A − A

A2 B − B
B1 A − B
B2 B − A

C1, C2 A,B − A,B
K : A1 A A −

A2 B B −
C A,B A,B −

M : A1 − A A
A2 − B B
B1 − B A
B2 − A B
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Figure 3: Position of defferent points in the reciprocal lat-
tice

4. Band structure calculation

In this section we calculate the dispersion relation of the
two bands which create the Dirac cone in the band structure
of the designed supercrystal using tight binding method and
then verify these two bands with the band structure obtained
by PWE and FE method. The results are in good agreement
with each other.

4.1. Tight binding method

It was mentioned that a triangular lattice with air holes
has a wide gap between its first and second band in
H-polarization mode. So we are interested in the H-
polarization bands of the designed CPCRA. In this mode
cavities have confined resonant field and tight binding is op-
erative. The cavity field distribution which is studied here
is double degenerate hence degenerate tight binding method
is applied. If we show each of the electric field distribution
of a cavity in its resonant frequency, ν, by E⃗ν,l , (l = 1, 2),
then according to the first and the second Maxwell equa-

2



Table 2: modes of points of reciprocal lattice

Symmetry Point Irreducible representations
C6v Γ1 A1

Γ2 A1, B2, C1, C2

Γ3 A1, B1, C1, C2

Γ4 A1, B2, C1, C2

C3v K1 A1, C
K2 A1, C
K3 A1, A2, 2C
K4 A1, A2, 2C

C2v M1 A1, B1

M2 A1, B2

M3 A1, A2, B1, B2

M4 A1, B1

tions we have

∇×∇× E⃗ν,l (r⃗) = εr (r⃗)
ν2

c2
E⃗ν,l (r⃗) (3)

where εr (r⃗) is the profile of the relative permittivity of a
single cavity and c is the speed of light in vacuum. For
H-polarization mode, electric field E⃗ν,l, has two compo-
nents in x and y directions. Because of the orthogonality of
eigenmodes of a degenerate field distribution we can write∫

εr (r⃗) E⃗ ∗
ν,l (r⃗) · E⃗ν,k (r⃗) d

2r = δlk , l, k = 1, 2 (4)

According to Bloch theorem electric field distribution in the
entire CPCRA lattice is obtained from the following equa-
tion

Eκ⃗ (r⃗) = (5)
+∞∑

n,m=−∞

2∑
l=1

e−i(nκ⃗·⃗a1+mκ⃗·⃗a2)blE⃗ν,l (r − na⃗1 −ma⃗2)

where a⃗1 and a⃗2 are primitive vectors of the CPCRA that
are shown in Fig. 1, κ⃗ is the Bloch wave vector, and bl is a
constant. Similar to Equation (3) we can write

∇×∇×Eκ⃗ = ϵr (r⃗)
ω2

c2
Eκ⃗ (6)

for electric field of the entire lattice, where ϵr (r⃗) is the pro-
file of relative permittivity of the whole CPCRA. By replac-
ing Eκ⃗ from equation (5) into equation (6) we have.

+∞∑
n,m=−∞

2∑
l=1

(
e−i(nκ⃗·⃗a1+mκ⃗·⃗a2)bl (7)

∇×∇× E⃗ν,l(r⃗ − na⃗1 −ma⃗2)
)

= ϵr (r⃗)
ω2

c2

+∞∑
n,m=−∞

2∑
l=1

(
e−i(nκ⃗·⃗a1+mκ⃗·⃗a2)

blE⃗ν,l (r⃗ − na⃗1 −ma⃗2)
)

Now if we put the value of ∇ × ∇ ×
E⃗ν,l (r − na⃗1 −ma⃗2) from equation (3) into equation
(7) we reach the following equation.

ν2
+∞∑

n,m=−∞

2∑
l=1

(
e−i(nκ⃗·⃗a1+mκ⃗·⃗a2)bl (8)

εr (r⃗ − na⃗1 −ma⃗2) E⃗ν,l (r⃗ − na⃗1 −ma⃗2)
)

= ω2
+∞∑

n,m=−∞

2∑
l=1

(
e−i(nκ⃗·⃗a1+mκ⃗·⃗a2)bl

ϵr (r⃗) E⃗ν,l (r⃗ − na⃗1 −ma⃗2)
)

Inner product of both sides of equation (8) by E⃗ ∗
ν,k (r) and

then integration over x− y plane results in

ν2
+∞∑

n,m=−∞

2∑
l=1

{
e−i(nκ⃗·⃗a1+mκ⃗·⃗a2)bl (9)∫ (

E⃗ ∗
ν,k (r⃗) · E⃗ν,l (r⃗ − na⃗1 −ma⃗2)

εr (r⃗ − na⃗1 −ma⃗2)
)
d2r

}
= ω2

+∞∑
n,m=−∞

2∑
l=1

{
e−i(nκ⃗·⃗a1+mκ⃗·⃗a2)bl∫

E⃗ ∗
ν,k (r⃗) · E⃗ν,l (r⃗ − na⃗1 −ma⃗2) ϵr (r⃗) d

2r

}
If we show the overlap integrals of electric field by

αk,l
n,m =

∫ (
E⃗ ∗
ν,k (r⃗) · E⃗ν,l (r⃗ − na⃗1 −ma⃗2) (10)

εr (r⃗ − na⃗1 −ma⃗2)
)
d2r

βk,l
n,m =

∫ (
E⃗ ∗
ν,k (r⃗) · E⃗ν,l (r⃗ − na⃗1 −ma⃗2) (11)

ϵr (r⃗)
)
d2r

we can write equation (9) in an abstract form.

ν2
+∞∑

n,m=−∞

2∑
l=1

ble
−i(nκ⃗·⃗a1+mκ⃗·⃗a2)αk,l

n,m (12)

= ω2
+∞∑

n,m=−∞

2∑
l=1

ble
−i(nκ⃗·⃗a1+mκ⃗·⃗a2)βk,l

n,m

It is seen from equations (10) and (11) that αk,l
n,m =(

αk,l
−n,−m

)∗
and βk,l

n,m =
(
βk,l
−n,−m

)∗
. on the other hand

for centrosymmetric permittivity profiles, αk,l
n,m and βk,l

n,m

are real valued [17]. We can assume

αk,l
n,m ≃ βk,l

n,m ≃ 0 , (2 ≤ |n|, |m|) (13)

for weak coupling conditions. Thus equation (12) can be
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written in an approximate form.

ν2
2∑

l=1

bl

(
αk,l
0,0 + 2Re

{
αk,l
1,0e

−i(κ⃗·⃗a1)+ (14)

αk,l
−1,1e

i(κ⃗·⃗a1−κ⃗·⃗a2) + αk,l
0,1e

−i(κ⃗·⃗a2)
})

≃ ω2 (κ⃗)
2∑

l=1

bl

(
βk,l
0,0 + 2Re

{
βk,l
1,0e

−i(κ⃗·⃗a1)+

βk,l
−1,1e

i(κ⃗·⃗a1−κ⃗·⃗a2) + βk,l
0,1e

−i(κ⃗·⃗a2)
})

This equation can be simplified as

ν2
2∑

l=1

bl

(
αk,l
0,0 + 2αk,l

1,0 cos (κ⃗ · a⃗1) (15)

+ 2αk,l
−1,1 cos (κ⃗ · a⃗1 − κ⃗ · a⃗2) + 2αk,l

0,1 cos (κ⃗ · a⃗2)
)

≃ ω2 (κ⃗)
2∑

l=1

bl

(
βk,l
0,0 + 2βk,l

1,0 cos (κ⃗ · a⃗1)

+ 2βk,l
−1,1 cos (κ⃗ · a⃗1 − κ⃗ · a⃗2) + 2βk,l

0,1 cos (κ⃗ · a⃗2)
)

We can write equation (15) in a compact matrix form as

ν2
[
A (κ⃗)

] [b1
b2

]
= ω2 (κ⃗)

[
B (κ⃗)

] [b1
b2

]
(16)

where matrices
[
A (κ⃗)

]
and

[
B (κ⃗)

]
are equal to

[
A (κ⃗)

]
=

[
α1,1
0,0 α1,2

0,0

α2,1
0,0 α2,2

0,0

]
(17)

+ 2 cos (κ⃗ · a⃗1)

[
α1,1
1,0 α1,2

1,0

α2,1
1,0 α2,2

1,0

]

+ 2 cos (κ⃗ · a⃗2)

[
α1,1
0,1 α1,2

0,1

α2,1
0,1 α2,2

0,1

]

+ 2 cos
(
κ⃗ · (⃗a1 − a⃗2)

) [α1,1
−1,1 α1,2

−1,1

α2,1
−1,1 α2,2

−1,1

]

[
B (κ⃗)

]
=

[
β1,1
0,0 β1,2

0,0

β2,1
0,0 β2,2

0,0

]
(18)

+ 2 cos (κ⃗ · a⃗1)

[
β1,1
1,0 β1,2

1,0

β2,1
1,0 β2,2

1,0

]

+ 2 cos (κ⃗ · a⃗2)

[
β1,1
0,1 β1,2

0,1

β2,1
0,1 β2,2

0,1

]

+ 2 cos
(
κ⃗ · (⃗a1 − a⃗2)

) [β1,1
−1,1 β1,2

−1,1

β2,1
−1,1 β2,2

−1,1

]
Using equation (16) we can write the dispersion relation

as follows

ω (κ⃗) = ν

√
Eigen value

{[
B (κ⃗)

]−1[A (κ⃗)
]}

(19)

Since
[
A (κ⃗)

]
and

[
B (κ⃗)

]
are 2× 2 matrices and have

two eigenvalues, equation (19) has two solutions that gives
two bands of the band structure. ω (κ⃗) variations obtained
from this equation is plotted in Figs. 4 and 5 as constant
frequency contours in reciprocal lattice. Each figure shows
one solution of equation (19). Fig. 6 shows the band struc-
ture calculated by this method.

Figure 4: ω (κ⃗) variations in reciprocal lattice for the first
band obtained by tight binding method

Figure 5: ω (κ⃗) variations in reciprocal lattice for the sec-
ond band obtained by tight binding method

4.2. Plane wave expansion method

In this method the dispersion relation is obtained by solving
an eigenvalue equation too. But unlike the tight binding in
this method nearly all of the bands are obtained. From the
first and the second Maxwells equations we have

∇×E (r⃗, t) = −µ0
∂

∂t
H (r⃗, t) (20)

∇×H (r⃗, t) = ϵ0ϵ (r⃗)
∂

∂t
E (r⃗, t) (21)
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Figure 6: band structure calculated by tight binding method

If we take curl of both sides of equation (21) and then re-
placing the value of ∇× E (r⃗) from equation (20) in it we
reach

∇×
(

1

ϵ (r⃗)
∇×H (r⃗, t)

)
= − 1

c2
∂2

∂t2
H (r⃗, t) (22)

By considering sinusoidal steady state magnetic field

H (r⃗, t) = H (r⃗) e−jωt (23)

equation (22) becomes a phasor equation.

∇×
(

1

ϵ (r⃗)
∇×H (r⃗)

)
=

ω2

c2
H (r⃗) (24)

It is possible to show that in the H-polarization mode
equation (24) becomes the following equation for the z
component of H (r⃗)

∇ ·
(

1

ϵ (r⃗)
∇ ·Hz (r⃗)

)
= −ω2

c2
Hz (r⃗) (25)

Now we define η (r⃗) ≡ 1/ϵ (r⃗) . Because of the peri-
odicity of permittivity in a photonic crystal lattice we can
write the Fourier series expansion for it as follows.

η (r⃗) =
∑
m,n

ηm,ne
−j(mb⃗1+n⃗b2).r⃗ =

∑
G

ηGe−jG.r⃗ (26)

In this equation b⃗1 and b⃗2 are primitive vectors of re-
ciprocal lattice. Using Bloch theorem we can write Hz (r⃗)
as

Hz (r⃗) = e−jκ⃗.r⃗
∑
G

φG (κ⃗) e−jG.r⃗ (27)

By replacing η (r⃗) and Hz (r⃗) from equations (26) and
(27) into equation (25) we obtain the following eigenvalue
equation.∑

G′

∑
G

(
ηG′ φG (κ⃗) (κ⃗+G) · (κ⃗+G+G′) (28)

e−j(G+G′).r⃗
)
=

ω2

c2

∑
G

φG (κ⃗) e−jG.r⃗

We can simplify this equation by changing variables.
The simplified eigenvalue equation to be solved is∑

G′

ηG′−G φG′ (κ⃗) (κ⃗+G)
2
=

ω2

c2
φG (κ⃗) (29)

In practice it is not possible to consider all of the Fourier
series coefficients, thus we take coefficients with indices not
greater than a specified number N. Then the final eigenvalue
equation becomes

N∑
p,q=−N

ηp−m,q−n φp,q (κ⃗)
(
κ⃗+ (mb⃗1 + n⃗b2)

)2

(30)

=
ω2

c2
φm,n (κ⃗)

Dashed curves in Fig. 7 are the band structure obtained
by solving equation (30). Modes of each band are also de-
termined in this figure.
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Figure 7: Band structure of designed supercrystal. Dashed
and continuous curves are results of PWE and FE methods
respectively. The magenta band is the first H-polarization
band gap of triangular basis lattice.

4.3. Finite element method

One of the numerical methods to calculate photonic crystal
band structure is FEM. In general FEM is a method to solve
partial differential equations numerically. In FEM a very
complicated problem is divided into small elements that can
be solved according to each other [18]. Continuous curves
in Fig. 7 are results of FEM for the band structure of our
supercrystal.

5. Conclusions
In this project we first designed a triangular CPCRA with
air holes in Silicon substrate. Then we calculated its band
structure in H-polarization mode using tight binding, plane
wave expansion, and finite element methods and proved the
existence of Dirac points at the corners of Brillouin zones.
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Abstract 

In this paper propagation effects induced by thermal tuning 
of photonic band gaps (PBGs) in a polymer photonic crystal 
fiber (Pol-PCF) infiltrated with a specially designed liquid 
crystal (LC) are observed. When temperature increases 
PBGs in the transmission spectrum are narrowing and 
moving towards shorter wavelengths. However, when 
temperature approaches the nematic-isotropic phase 
transition, PBGs are getting wider and shift back towards 
longer wavelengths. 

1. Introduction 

Over the past decade photonic crystal fibers (PCFs) [1] 
have attracted an increasing scientific interest due to a great 
number of potential applications. Optical wave guiding in a 
PCF is governed by one of two principal mechanisms 
responsible for light trapping within the core: a classical 
propagation effect based on the modified total internal 
reflection (mTIR or index guiding) and the photonic band 
gap effect, which occurs if the refractive index of the core is 
lower than the mean refractive index of the cladding region. 
Infiltrating the air-holes with liquid crystals introduces 
highly-tunable photonic structures, called photonic liquid 
crystal fibers (PLCFs) [2-7]. Due to high electro-, magneto-, 
and thermo-optic responses of LCs, their refractive indices 
may be relatively easily changed by physical fields and 
highly influence propagation conditions within PLCFs. One 
of the most spectacular phenomena was the successful 
realization of temperature-induced switching between two 
mechanisms of light propagation, which was demonstrated 
for silica-glass based PLCFs [3]. Recently more attention 
has been directed towards polymer photonic crystal fibers 
(Pol-PCFs) [8-12]. Plastic materials like polymethyl 
methacrylate (PMMA – acrylic glass which has a refractive 
index of 1.4914 at 588nm) as well as polycarbonate (PC for 
which the refractive index is 1.5849 at 588nm) are very 
interesting optical materials with high mechanical strength 
and white light transmittance of 93% for PMMA (for a 
thickness of 3mm and within a spectral band of 
380nm÷780nm) and 87% for PC (of the same thickness and 
within spectral band of  480nm÷680nm. Among the key 
advantages of microstructured polymer optical fibers are 
their high flexibility and greater resistance to mechanical 
stress than in the case of silica glass fibers. Thanks to that it 

is possible to create a variety of microstructured polymer 
photonic structures and in particular those with a large 
refractive index contrast between the core and the cladding.  

The best-known technique to fabricate Pol-PCFs is 
adapted from silica-glass PCFs manufacturing technology 
but in the case of polymer-based fibers the temperature is 
much lower than for silica glass fibers. A properly prepared 
polymer structure is then fused and drawn with a fiber 
drawing tower described in details elsewhere [13,14]. 
Microstructured polymer optical fibers can be also 
fabricated by drilling holes in a preform [13,14].  

In recent years losses of Pol-PCF fibers (which are 
relatively high and result mainly from the manufacturing 
process and the fiber material) have been the most important 
issue considered and improved. Presently the loss for a 
single-mode Pol-PCF has been reduced from 32dB/m to 0.7 
dB/m [15,16]. 

2. Materials  

Due to the fact that PMMA is dissolved in many organic 
solvents including liquid crystals, the  special 1781A-2’ LC 
mixture which prevents reaction with the PMMA material 
was synthesized. In our experiment a few-mode (FM-340 
KIRIAMA) polymer photonic crystal fibers and the 1781A-
2’ nematic LC mixture were used. 

2.1. Properties of FM-340 Pol-PCF 

The FM-340 Pol-PCF (Fig.1) was manufactured at Kiriama 
company. It has a 15-µm diameter solid core and is 
composed of 6 concentric rings of air-holes periodically 
distributed in the PMMA cladding. The outer coating is 
made of PC. The parameters of the Pol-PCF fiber are 
presented in Table 1 and its transmission spectrum is shown 
in Fig. 2 (black line). Fiber losses in the visible are at the 
level of a few dB/m. In the near infrared, a high-loss peak 
around  900 nm  is observed. 

Table 1: Parameters of polymer photonic crystal fiber  
FM-340. 

FM-340 
Fiber diameter 340 µm 
Core diameter 15 µm 
Loss @ 650nm 1 dBm 
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Figure 1: FM-340 polymer photonic crystal fiber. 
 

 
Figure 2: Normalized transmission spectrum of the FM-340 
Pol-PCF. Spectrum of the halogen lamp used as a light 
source is also presented (red line). 
 

2.2. Properties of 1781A-2’ LC mixture  

A specially designed 1781A-2’ nematic mixture was 
synthesized at the Military University of Technology 
(Warsaw, Poland). Its chemical composition was modified 
in order to prevent reaction with the PMMA material. 
1781A-2’ LC is characterized by the phase transition (N-
Iso) at 92.4°C and in a wide range of temperatures 
(corresponding to the nematic phase) its ordinary refractive 
index no is close to the refractive index of the PMMA. The 
temperature characteristic of refractive indices for 1781A-2’ 
is presented in Fig. 3a while its chromatic dispersion at 
25oC is shown in Fig. 3b. 

 

 

Figure 3: Refractive indices of the 1781A-2’ nematic LC 
(at the wavelength of 589nm) as a function of 
temperature (a) and at the temperature of 25oC (b), 
where no is an ordinary and ne is an extraordinary 
refractive index of the nematic phase, niso is a refractive 
index in an isotropic phase. Refractive index of  PMMA 
is also shown for comparison [17, 18]. 

2.3. Polymer photonic liquid crystal fiber (Pol-PLCF)  

The Pol-PCF was infiltrated with the 1781A-2' LC mixture 
by using capillary forces forming a polymer photonic liquid 
crystal fiber (Pol-PLCF). This infiltration method applied 
suggests planar orientation of molecules in the Pol-PLCF 
fiber [19]. However, the molecules orientation has not been 
controlled in experimental conditions. Most of the 
techniques of the LC molecules orientation in micro-
capillaries require the use of strong organic solvents and/or 
high temperature, which may be destructive for polymer 
microstructured fibers. It is why we have decided not to use 
any aligning layers and preserve the original microstructure.  

3. Numerical Results  

In order to identify the temperature-dependence of light 
guidance in the Pol-PLCF of interest, a custom-written 
numerical scheme based on the vector-field FDFD mode 
solver (with Yee-mesh) [20] has been applied. It has been 
also checked that the results of analogous simulations -
performed with commercial software (COMSOL, 
Multiphysics), based on the finite elements methods - are 
quantitatively and qualitatively consistent (with the 
compatibility of effective indices up to at least fifth place 
after the decimal point for the same mode). Specific values 
of refractive indices taken for simulations (for particular 
wavelengths and temperatures) have been approximated and 
extrapolated with the use of the dispersion equations and 
material characteristics shown in Fig. 3. Specifically, the 
diagonal form of the electric permittivity tensor for LC 
(with values of no

2, no
2, ne

2 on its diagonal) has been used, 
thus following an assumption of the planar orientation of 
the LC molecules within the Pol-PCF. Figure 5 shows the 
numerical results for the effective index of the fundamental 
core-mode of the Pol-PLCF sample as a function of the 
wavelength and temperature. It is worth mentioning that in 
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the presented cases PBG-guiding modes dominate due to 
the refractive indices of LC being higher than those of 
PMMA (approximated for the same conditions). The insets 
in the upper right hand corner of Fig. 5 show exemplary 
intensity profiles for the fundamental (core-guiding) modes 
(with their patterns dependent on the wavelength). As it is 
typical for the PBG-guiding mechanism, for some 
wavelengths there are no core-guiding modes, which 
corresponds to the gaps in the Pol-PLCF transmission 
spectrum (e.g. measured in experimental conditions). The 
results obtained suggest that when temperature increases, 
the bands in the transmission spectrum are narrowing and 
moving towards shorter wavelengths. However, when 
temperature approaches a value characteristic for the 
nematic-isotropic phase transition, the bands are getting 
wider and shift back to longer wavelengths. It is worth 
noting that for all temperatures considered, there are no 
core-guiding modes for the wavelengths longer than 715nm 
(whereas numerical simulations have been performed up to 
1100nm). 

 
Figure 5: Effective index of the fundamental mode in the 
Pol-PLCF as a function of the wavelength for three different 
temperatures of 28oC, 40oC and 80oC. Dispersion curves for 
the PMMA at the same temperatures are plotted as dashed 
lines for comparison. The insets in the upper right hand 
corner show typical intensity profiles obtained for the 
fundamental (core-guiding) modes in the Pol-PLCF of 
interest (please note that only the central part of calculation 
window is presented). 
 

4. Experimental results  

The experimental setup is shown in Fig. 4. It consists of a 
halogen lamp (Ocean Optics Mikropack, with a spectrum 
shown in Fig. 2) as a light source, Ocean Optics USB4000 
spectrometer with an 0.2 nm optical resolution as a detector 
and Peltier module used to heat a section of the Pol-PLCF 
in order to thermally tune its photonic band gaps.  
 

 
Figure 4: Experimental setup. 

 
The FM-340 fiber was infiltrated with the 1781-A2' liquid 
crystal. The length of the fiber was 350mm and the length 
of the infiltrated part was 30mm as obtained for an 
infiltration time of 10 minutes. After the infiltration of the 
polymer photonic crystal fiber, the fiber transmission curve 
shows formation of a single and wide photonic band gap 
(Fig. 6). The width of the band gap is 106nm. The thermal 
tuning of the photonic band gap in a polymer photonic 
liquid crystal fiber obtained for the range of 28.6°C to 
91.1°C  is shown in Figs. 6 and 7. Similar results of 
temperature PBGs tuning in PLCF made of silica glass were 
presented elsewhere [3, 5]. It can be noticed that increasing 
temperature causes the band gap to shift towards lower 
wavelengths (Fig. 6). We have also observed a narrowing of 
the photonic band gap, which can be attributed to 
limitations of the light source. The maximum shift is 
obtained for ~62°C and the PBG position changes of about 
104nm. For temperatures higher than 62°C the band gap 
starts to shift towards longer wavelengths (Fig. 7).  

 

 
Figure 6: Temperature tuning of photonic band gaps within 
the temperature range from 28.6°C to 62.7°C. Infiltrated 
section of FM-340 Pol-PCF is 30mm long. 
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Figure 7: Temperature tuning of photonic band gaps within 
the temperature range from 75.0°C to 91.1°C. Transmission 
in 28.6°C (in black) is used as a reference. Infiltrated 
section of FM-340 Pol-PCF is of the length of 30mm. 
 
When the part of the LC infiltrated fiber length is shorter 
than 30mm as shown previously, the photonic band gap 
effect is still observed but wavelengths from outside the 
band gap are not suppressed. In the case shown in Figs. 8-
10, the infiltration length of LC in Pol-PCF was 10mm. The 
resulting photonic band gap is wider than for an infiltration 
length of 30mm and it is 133nm-wide. The rising external 
temperature up to 63°C (Fig. 8) causes the narrowing of the 
photonic band gap and the reduction of propagating light 
intensity. In the temperature range from 64°C to 85°C the 
photonic band gap is widening and its intensity is restored 
(Fig. 9).  For temperatures above 85°C the widening of the 
photonic band gap and its shift towards higher wavelengths 
are observed (Fig. 10). 
 

 
Figure8: Temperature tuning of photonic band gaps, within 
the temperature range from 28.8°C to 63.2°C. Infiltrated 
section of FM-340 Pol-PCF is of the length of 10mm 

 
Figure 9: Temperature tuning of photonic band gaps, within 
the temperature range from 71.0°C to 85.0°C. Transmission 
spectrum obtained for 28.8°C is used as a reference. 
Infiltrated section of FM-340 Pol-PCF is of the length of 
10mm. 

  
Figure 10: Temperature tuning of photonic band gaps, 
within the temperature range from 85.0°C to 88.1°C. 
Transmission spectrum obtained for 28.8°C is used as a 
reference. Infiltrated section of FM-340 Pol-PCF is of the 
length of 10mm. 
 
Thermal tuning of the photonic band gaps in the polymer 
photonic liquid crystal fiber observed at the output facet of 
the Pol-PLCF fiber, for the range from 24.3°C to 89.1°C  is 
shown in Fig. 11. We observe a variation in the propagated 
wavelengths as the temperature changes.  
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Figure 11: Thermal tuning of the band gaps in FM-340 Pol-
PLCF. 

5. Conclusions 

To conclude, a novel polymer photonic liquid crystal 
fiber (Pol-PLCF) with PBG temperature-induced tuning 
effect was demonstrated along with a theoretical analysis of 
propagation properties of the polymer photonic crystal fiber 
infiltrated with a liquid crystal. The formation of the 
photonic band gap and its shift due to a change in 
temperature were also presented. Preliminary experimental 
results demonstrated transmission spectra for two different 
infiltration lengths of the polymer liquid crystal fiber. The 
observed PBG temperature tuning effect agrees 
qualitatively with the theoretical predictions.   

The polymer photonic crystal fibers (Pol-PCFs) 
presented here offer possibilities for developing photonic 
devices with new functionalities. The photonic band gap 
tuning in Pol-PLCF described in this paper could be used 
for building tunable filters, which can find practical 
applications in fiber-optic based spectroscopy. 
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Abstract 

Thin films of Ag-ZnO samples deposited on glass substrates with different percentage of Ag content (1, 2 and 3 at %) 

were synthesized, at room temperature, by a dip-coating sol-gel method. The obtained samples are hexagonal wurtzite 

structure. The average grain size of deposits is about 5 nm. Up to 3 at %, c-axis lattice parameter shifts towards higher 

value which indicates that silver atoms replace Zn atoms in the crystal lattice. As shown by the DRX spectra, growth 

rate in the (101) direction is favored by the presence of silver ions in the ZnO struture. The layers present a 

homogeneous crystallites distribution, as we can remark it on SEM micrographs and exhibit a very low roughness 

according to AFM images. The entire samples exhibit a transmission value greater than 80%, in the visible region, 

while the maximum is obtained for those doped at 2 at %. Energy band varies between 3.15 eV and 3.25 eV. The wider 

gap obtained is that of the ZnO layer doped with 1at%. It’s worth noting a strong UV emission observed on PL 

spectrum, performed at very low temperature (77K), for silver doped ZnO compared to that of pure ZnO. 

1. Introduction 

The synthesis and applications of nanoscale 

structures based on zinc oxide was the subject of 

intense investigation in recent years. This is mainly 

due to the special properties of ZnO as a wide gap 

(3.37 eV) and large exciton binding energy 

(60meV) at room temperature. These features have 

made this material an excellent candidate for 

applications such as semiconductor luminescent 

emitting in the spectral region Blue-UV [1-3]. 

A large number of ZnO nanostructures have been 

synthesized by various methods such as magnetron 

sputtering [4], laser ablation [5], electron beam 

evaporation [6], ultrasonic pyrolysis [7], and the 

sol-gel [8]. Among the different methods of 

preparation, the sol-gel method is easier to 

implement and is generally carried out at near 

room temperature. This technique should also be 

promising for doping ZnO nanostructures since it 

consists of mixing, beforehand, dopant sources 

with zinc atoms precursors. In addition, the 

preparation of thin films by this method minimizes 

intrinsic defects and gives good optical quality 

samples [9]. 

The silver is one of the most promising dopant. Once 

introduced into ZnO, it behaves as an acceptor and is 

actively involved in improving the low temperature 

photoluminescence UV emission. Ruiqun et al. 

obtained, the PL spectra of pure and Ag-doped 

nanowires at 10 K using wet oxidation doping process 

[10]. Xu, Jin et al. have conducted PL studies, at 



            

130K, on thin films substrates using sol-gel method 

[11].To our knowledge, there are no 

photoluminescence studies carried out at the liquid 

nitrogen temperature (77 K) on Ag-doped ZnO thin 

films using sol-gel technique. Influence of Ag doping 

on structural and optical properties of ZnO nano thin 

films synthesized by sol–gel technique is little studied. 

In this work, microstructure and optical properties, in 

particular the low temperature photoluminescence UV 

spectra, of Ag-doped ZnO nanostructures are studied. 

Thin films of Ag doped ZnO were prepared by the sol-

gel method and deposited on glass substrates by dip-

coating technique. The effects of silver ions 

concentration on structural, morphological and optical 

properties of as deposited films were studied. The low 

temperature (77 K) UV emission is discussed. 

1. Experimental procedure 

Di-hydrate zinc acetate, ethanol, diethanolamine 

(DEA) and nitrate are used respectively as silver 

precursor, solvent, stabilizer and source doping. The 

doping level Ag / Zn varies from 1 to 3%. The 

deposition of thin films was performed by dip-coating. 

The pulling speed was set at 20 mm / min. After each 

deposition, the sample is dried at 200 ° C for 40 

minutes. This process is repeated for each of the three 

deposited layers. Finally, thin films prepared were 

annealed in air in a muffle furnace at 500 ° C. 

The thin films prepared were characterized by X-ray 

diffraction (XRD) at grazing incidence using the 

PanAnalytical diffractometer.  X-rays are produced 

from a CuK radiation source (wavelength 1.54 Å), an 

acceleration voltage of 40 kV and a current of 30 mA. 

The SEM images were obtained by Zeiss scanning 

electron microscope and AFM images were obtained 

with a VEECO microscope type. The optical 

transmittance spectra were obtained using a Safas 

uvmc2 UV-Visible. The photoluminescence spectra 

were recorded using Jobin-Yvon HR460 

spectrophotometer. The samples were excited by a 

laser of wavelength 244 nm. 

2. Results and discussion 

Pure ZnO and Ag-doped ZnO thin films X-ray 

diffraction are shown in Figure 1. Spectra present 

hexagonal wurtzite structure. The lattice parameter 

value (c) has increased from 5.177 Å (pure ZnO) to 

5.300 Å (Ag 3%-ZnO) while the parameter "a" 

remains practically constant for all deposits. This 

shows the substitution of zinc atoms by those of silver 

in the crystal lattice [11, 12]. The high intensity of the 

(101) peak indicates that heterogeneous nucleation is 

easier in the presence of silver ions, which favors the 

growth rate in this direction. On the other hand, the 

average crystallite size (~5 nm) calculated by the 

Scherrer method [13] is not modified by the addition 

of small amounts of silver atoms. 

Scanning electron microscopy (SEM) images (figure 

2) show a homogeneous distribution of crystallites for 

our prepared simples.  

Silver doped ZnO thin films (1, 2 and 3%) 

topographies obtained by atomic force microscopy 

(AFM) are shown in Figure 3. The best roughness is 

found for ZnO layers doped with 2% silver atoms. 
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Figure 1: X-ray diffraction spectra of the ZnO 

and Ag-doped ZnO films 



            

 

 

 

 

 

 

The UV-visible optical transmission spectra are given 

figure 4a. The average value of the visible 

transmission is greater than 80%. The 2at% Ag- doped 

ZnO layer shows the maximum transmission value in 

the near UV and visible. The transmission threshold of 

this layer is slightly shifted towards shorter 

wavelengths. From the UV-visible optical 

transmission data, curves giving the absorption 

coefficient α as a function of photon energy hν are 

plotted (Figure 4b) following the relationship:  

	            (1) 

Band gap energy values ( ) obtained by linear 

extrapolation (for 0,when	 ⟶ 0, ⟶ ) 

vary from 3, 15 eV to 3, 25 eV. The wider energy 

band gap value is obtained for 2 % Ag-doped ZnO 

films. 

	

 

 

Figure 6 and Figure 7 show the photoluminescence 

spectra (PL) at very low temperature (77 K) of, 

respectively, pure ZnO and Ag doped ZnO films. At 

liquid nitrogen temperature, it is worth noting a sharp 

increase of the UV emission for Ag-doped samples 

compared to undoped ones. Thus, the excitons in the 

ZnO scatter less when their concentration is increased. 

And most excitonic recombination leads to stronger 

UV emission [14].  

ZnO thin films present three bands centered on 3.36, 

3.32 and 3.26 eV while four bands centered on 3.36, 

3.32, 3.24 and 3.16 eV followed by a shoulder at 3.10 

eV appear for Ag (3%) doped-ZnO samples. The peak 

at 3.36 eV is attributed to the radiative recombination 

of free excitons (FX) and the peak at 3.32 eV is due to 

the recombination of bound excitons (BX) [15, 16]. 

b

a

Figure 2: SEM micrograph of ZnO (a) and Ag 3%-

doped ZnO (b) 

a

b

c

Figure 3: Topography of Ag doped ZnO thin 

films: 1% (a), 2% (b) and 3% (c). 



            

400 600 800
0

20

40

60

80

100

d c
b

a
a - ZnO:Ag (1 %)
b - ZnO:Ag (2%)
c - ZnO:Ag (3%)
d - ZnO  pur  

 

T
ra

n
sm

is
si

o
n 

(%
)

    (nm)

3
0,00E+000

1,00E-022

2,00E-022

3,00E-022

4,00E-022

a - ZnO:Ag (1 %)
b - ZnO:Ag (2%)
c - ZnO:Ag (3%)
d - ZnO  pur 

d

c

ba

( 


h
)2   

h   (eV)

 

  

 Transitions assisted by optical phonon replicas are located 

at positions 3.24 (1LO), 3.16 eV (2LO) and 3.1 eV (3LO). 

1LO and 2LO peaks are absent for the pure ZnO. 

For Ag-doped ZnO, the most important emission at 

77K is that due to 2LO optical phonon and the DX 

exciton emission is larger than the FX exciton 

emission contrary to undoped ZnO. This indicates that 

doping with silver increases DX and 2LO emissions. It 

is probable that the peak at 3.16 eV is not only due to 

2LO but also to electrons transition from the 

conduction band to an acceptor level A+. This level is 

the result of the introduction of the silver as an 

acceptor in the ZnO.  
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Conclusion 

The concentrating effect of Ag doping on structural 

and optical properties of ZnO films prepared by sol 

gel method were studied. The films exhibited the 

monocrystalline structure with hexagonal wurtzite. 

The surface morphology of the Ag-doped ZnO films is 

homogenous. 
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The best roughness is found for ZnO layers doped 

with 2%. We note that doping favors c-axis orientation 

Figure 4: Transmittance spectra of ZnO and Ag -

ZnO films    

Figure 5: Plot of (αhυ)2 vs. photon energy 

Figure 7: PL spectra at 77K of ZnO (a) 

and Ag 3%-doped ZnO (b) 

Figure 6: PL spectra at 77K of Ag 3%-doped ZnO 



            

which proves the substitution of zinc atoms by those 

of silver in the crystal lattice. The high intensity of the 

(101) peak indicates that heterogeneous nucleation is 

easier in the presence of silver ions, which favors the 

growth rate in this direction. Entire films exhibit high 

optical transmission rates  (>80%), while the 2at% 

Ag- doped samples present the maximum values in the 

near UV and visible. The wider gap is obtained for 

1at% Ag-ZnO layer.  

The photoluminescence spectra at very low liquid 

nitrogen temperature (77 K) of pure ZnO and Ag 

doped ZnO films show a sharp increase of the UV 

emission for Ag-doped samples compared to undoped 

ones. ZnO thin films present three bands centered on 

3.36, 3.32 and 3.26 eV while four bands, centered on 

3.36, 3.32, 3.24 and 3.16 eV followed by a shoulder at 

3.10 eV, appear for Ag (3%) doped-ZnO samples. The 

peak at 3.36 eV is attributed to the radiative 

recombination of free excitons (FX) while the related 

peak to 3.32 eV is due to the recombination of bound 

excitons (BX). 
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Abstract
We report on the application of various optimization meth-
ods as a very promising simulation approach for the de-
sign of true integrated optical devices by means of inverse
design. We show that these techniques provide a global
optimum towards one or various functional objectives at
a reasonable computational cost. The results obtained by
these methods are far better than intuitive design proce-
dures and clearly outperform trial-and-error based models.
We illustrate their performance by using a series of inverse-
designed practical photonic devices.

1. Introduction
Photonic crystals (PC) have generated a surge of interest
in the last decades as they offer the possibility to control
the propagation of light to an unprecedented level. The
prospect of attaining a fully functional photonic device that
tackles light propagation in subwavelength scale requires
breaking the spatial symmetry of PCs. These topologies en-
hance additional functionalities and enable a higher level of
control in complex light paths. However, creating novel de-
signs based upon aperiodic PC clusters entails dealing with
numerous sensitive and correlated parameters. In addition,
investigating all feasible combinations of structural param-
eters for a particular application demands a lot of compu-
tational effort, which scales exponentially with the number
of parameters. Therefore, the challenging problem of de-
signing such PC structures belongs to the class of the NP-
complete optimization problems.

Currently, the process of designing a PC structure that
ultimately complies with a certain required objective is still
based on intuitive assumptions rather than using a rigor-
ous mathematical technique. However, designing structures
founded on intuition, usually yields to non-optimum sce-
narios. Beyond these assumptions, creating PC structures
to fulfill multiple conflicting objectives highly hinders the
design procedure.

In contrast with intuition-based approaches, we show
in the present manuscript that global optimization heuris-
tic and evolutionary algorithms are specially well suited
to deal with the noisy and non-linear nature of disordered
PCs. In this work, we report a number of inverse designed

novel passive devices using two alternative heuristic meth-
ods, namely the fast simulated annealing technique (FSA)
[1] and the harmony search (HS) [2] algorithm and an evo-
lutionary algorithm called Non dominated Sort Genetic Al-
gorithm 2 (NSGA2) [3]. The optimized complex systems
obtained by means of these techniques clearly outperform
intuitive based models. These procedures support a con-
strained search of the parameter space and hence they can
render PC topologies that are fully compatible with CMOS
fabrication technology. We found that these methods are
easily applicable to most of PC engineering design prob-
lems since they do not require any detailed knowledge of
the structure of the problem and they can rely on the solver
of the problem as a blackbox. Therefore, we exploit the
advantages of implementing a stochastically-driven opti-
mization process and the rapidity and accuracy of the finite
element method (FEM) in order to design fully functional
optical components, such as sharp bend PCWGs, compact
power splitters, PCWG crossings and wavelength selective
routing mechanisms, and high quality factor and reduced
modal area cavities.

2. Optimization and inverse design
Heuristics are typically used when there is no known way
to find an optimal solution, or when it is desirable to give
up finding the optimal solution for an improvement in run
time. They do not attempt to find the best result to a certain
problem, albeit they do their best in order to achieve a close
to optimal solution, which is normally more than enough
in NP-Complete problems. There are two fundamental rea-
sons that favor the use of these methods: on the one hand,
they are easily adapted to face new problems and, on the
other hand, they provide a proper balance between the de-
gree of complexity involved and the quality of the obtained
results. When studying novel PC systems based upon non-
periodic scatterer systems, the number of possible configu-
rations becomes extremely large. For the sake of simplicity,
let us consider a simple PC model, e.g. an arrangement of
holes drilled in a dielectric material, wherein, one must de-
cide whether to plug a hole with bulk material or to leave it
at is in order to guide the light through a certain path. Re-
garding to this case, the amount of possible configurations



grows rapidly with the number of holes that comprise the
PC cluster (N); i.e. the number of distinct configurations
grows up to 2N . Nonetheless, even this simple case entails
dealing with a large amount of possible configurations, and
it is evidently impractical to analytically solve each of them.
Thus, we must resort to seek for an approximation that min-
imizes the computational effort.

Heuristic algorithms comprise two fundamental fea-
tures: the divide-and-conquer process, in which the prob-
lem is divided into a more manageable subsets and the iter-
ative improvement that performs a sequential downhill op-
timization.

2.1. Inversion by FSA

The Simulated annealing (SA) technique is a well known
meta-heuristic ground state search method that has been
commonly applied to combinatorial optimization (CO)
problems. It aims to find the optimum state of a specific
problem with non-zero probability for accepting uphill so-
lutions. However, the classical SA scheme enhances the
acceptance of worse solutions in the early stage of the op-
timization process in a non-local form. Thus, these initial
PC arrangements are most likely to be disregarded later on
and, the throughput of the optimization method decreases.
Consequently, several alternative SA schemes have been
proposed so far [4, 5]. In this work, we employ the fast
simulated annealing (FSA) algorithm [1]. The FSA algo-
rithm reduces significantly the required running time of the
standard SA algorithm by performing a semi-local search
and enhances the efficiency of the optimization process by
further controlling the number of uphill moves. Besides,
we have included a re-annealing scheme that aids to bound
the search space of less sensitive parameters relative to the
ranges of more sensitive parameters.

2.2. Inversion by IHS

The HS algorithm is a meta-heuristic optimization algo-
rithm inspired by musical improvisation processes, which
aims to achieve a perfectly melodic harmony. This har-
mony, in music, is analogous to finding the optimality in an
optimization process. HS was proposed by Geem in 2001
[2] and thenceforth it has been widely applied to a variety
of combinatorial optimization problems [6, 7, 8]. Trying
to characterize the process of musical improvisation, Geem
pointed that any musician in the process of composition has
three options for suggesting a new note: play a tune exactly
in the way he has memorized, play something similar to a
stored melody (eg. slightly adjusting the pitch), or com-
pose new notes randomly. Based on these three options,
Geem et al., made a new quantitative optimization process.
These three corresponding components became: memory
usage of harmonies, pitch adjustment and randomization.
However, the local search procedure of HS does not ensure
a high performance [9]. In this context, Mahadavi et al.
[9] proposed a new method for enhancing the local search
and convergence of HS through dynamic adaptation of both

pitch adjusting rate (PAR) and bandwidth. In addition, we
have included a further randomization operator proposed in
[10].

2.3. Inversion by NSGA-II: multiobjective formulation

Former heuristic methods, namely the FSA and IHS opti-
mization methods, in its native meta-heuristic formulation,
have proven to be a very valuable computational tools for
inverse designing. Nevertheless, there are many situations
wherein multiple simultaneous objectives must be fulfilled.
Moreover, usually there is no way to elucidate a PC struc-
ture that produces an optimum for each of the competing
objectives. This is due to the existence of conflicts be-
tween both objectives. In these cases, multi-objective evo-
lutionary algorithms (MOEAs) allows one to find multiple
Pareto-optimal solutions in a single run; i.e., they provide a
sparse number of alternative solutions that simultaneously
optimize all objectives. This is a fact of a great practical
value for designing novel PC devices such as e.g. photonic
crystal resonant cavities that possess a high Q factor and a
low modal volume or PC wavelength division multiplexers,
just to cite some. In this paper, we use a computationally
fast elitist multi-objective evolutionary algorithm, NSGA-
II, which uses a spread non-dominating sorting approach.

2.4. Solving harmonic TM propagation using FEM

FEM is a general purpose numerical method for solving
partial differential equations that it is especially well suited
for dealing with electromagnetic problems in geometries of
arbitrary complexity. Recently, we pointed out that FEM is
a reliable and fast computational method for calculating im-
portant electromagnetic quantities in the stationary regime
[11], such as the transmittance spectra in PC clusters. Fur-
thermore, it combines very good with iterative processes
such as the optimization methods described in sections 2.1
and 2.2. On the other hand, the finite-difference time-
domain (FDTD) method is the most widespread method
for the PC topology analysis, but as mentioned in [11],
its variable convergence time makes it less suitable for an
iterative hard search problem. For simplicity, in this pa-
per, we have used an approach consisting of optimizing a
two-dimensional PC and, later, calculating the correspond-
ing merit function (the transmittance mainly) for the corre-
sponding 3D slab extruded from the 2D template. In a later
work, we will report calculations performed directly on the
PC slabs [12]. All the PC designs sketched in the present
work share a triangular lattice made of 0.35a radii holes
drilled into a Si material. This bulk material was set to an
index of refraction of 3.46, which is appropriated at optical
wavelengths. We restricted our analysis to TM modes.

3. Inverse designed PCWG sharp bends
PCs can modify and even inhibit the density of photonic
states inside the crystal. In addition, if the symmetry of the
crystal lattice along one of its main crystalline directions is
broken, evanescent, standing waves and/or traveling single

2



Figure 1: Left: Inverse designed model of a 60◦ waveguide
using the IHS algorithm. Right: Inverse designed waveg-
uide of a 60◦ model using the FSA algorithm.

or multiple modes may break through the band gap leading
to novel nanoscale optical waveguides (PCWGs). In this
situation, the light is guided at subwalength scale with min-
imal propagation losses. Furthermore, the band gap guid-
ing mechanism allows to create unprecedented waveguide
curvatures while it preserves an efficient guiding along ex-
tremely sharp corners. PCWG bends, unless conventional
curved dielectric waveguides, are not limited to a critical
curvature angle of the order of millimeters, instead, they
can offer a much more compact way to guide light along
curved light paths. This fact opens the possibility of build-
ing essential stages for novel integrated optoelectronics,
small-scale all-optical circuits and overall for semiconduc-
tor device miniaturization. Reducing the reflection from the
bend region in a large bandwidth has been widely investi-
gated in the literature [13, 14, 15, 16]. The first results on
PC waveguide bends were reported by Mekis et al. [13],
where the transmission through a 90◦ bend in a 2D photonic
crystal with a square lattice structure was investigated. Sev-
eral techniques have been used so far in order to improve
the transmission of the PC bends [14, 17, 18]. A simple
60◦ PC bend can be introduced in a triangular structure as
shown in Fig .1. Due to the existance of a PBG, light is
confined to the bend region and no power will be radiated
out of the waveguide. In this simple bend structure the dis-
continuity along the guidance path causes large reflection
and hence it provides low transmission. The main reason
for the low transmission is that the mismatch at the bend
region stimulates higher order modes that are evanescent in
the PC waveguide. The PC bend consists of two parts: a
waveguide in the Γ–K direction and another one in the Γ–
M direction. In a simple bend structure, the coupling of
energy between these parts is not efficient and, therefore,
the transmission of the bend is low (see Fig .2).

The situation radically changes, however, when we ap-
ply our optimization algorithms to this waveguide. The re-
sulting topologies obtained by using the HS and FSA algo-
rithms, respectively, are depicted in Fig .1. It can be seen
that the optimized topologies present a significant improve-
ment in the transmittance on the selected dimensionless fre-
quency range from 0.26 to 0.28, as shown in in Fig .2. The
structural modifications carried out by our heuristic algo-
rithms resulted in a shift of the waveguide modes and hence
brings about a better coupling of the energy from the Γ–M
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Figure 2: Transmittance calculation comparison for PCWG
curved geommetries obtained from the IHS, and FSA al-
gorithms, together with the transmittance of a straight W1
PCWG and the transmittance of a non-optimized structure.

to the Γ–K direction waveguides. As a consequence, the
bandwidth increases and the spectrum is flatter.

4. Inverse design of ultracompact Y-junction
power splitters

A power-splitter device is one of the most essential and
functional devices required in future PICs, i.e., optical
power splitters are key building blocks in any photonic sys-
tem. In addition, the optical waveguide splitter is an im-
portant device in integrated optical interconnect systems.
Equal amount of power distribution in each branch is a fun-
damental function in electronics. Standard splitters follow
the X and Y shape, but these systems usually present high
transmission losses.

Here we pose some novel power-splitting schemes in
two-dimensional PC using the standard approach of an Y-
junction (or branch) structure, which has been widely criti-
cized for having a poor transmittance [19, 20]. Some of the
drawbacks that have been attributed to such configurations
are mainly due to the existence of sharp 120◦ bends. How-
ever, in [12], we demonstrate that by means of heuristic, one
can minimize the reflectance of curved waveguides even for
systems requiring high bandwidth. Even though some rea-
sonably good configurations are known for the microwave
region power splitting [21], none of them seems to be eas-
ily made using PC technology on optical wavelength scale.
Focusing on a practical design, we performed an heuristic
optimization in order to overcome these problems. In this
context, new half power splitting schemes are proposed (see
Fig .3) using a symmetric structure. Besides, these splitter
configurations divide the input power equally at the out-
put ports without significant reflection or radiation losses.
Moreover, since they are built following the PC standards,
they comply with the size compactness requirements of fu-
ture PICs.
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Figure 3: Left: Inverse designed model of a Y-junction
splitter using the IHS algorithm. Right: Inverse designed
of a Y-junction splitter model using the FSA algorithm.

Figure 4: Geometry and mode profile calculated within the
harmonic regime using FEM and a monochromatic plane
wave source excited in the westernmost W1 boundary for
f = 0.275.

5. A Photonic Crystal Line Defect Waveguide
Integrated with a Multimode Interference

Block (MMI) based Power Splitter
The Y-junction configurations presented in previous section
operate within a broad bandwidth, they present negligible
losses, and they possess a very compact size. However, they
require an additional sharp bend stage that further compli-
cates the whole splitter design yielding to a very challeng-
ing structure. Alternatively, we have applied inverse design
technique to a different geommetry that does not contain
these inconveniences. This structure consists of three dis-
jointed elements, namely an input waveguide, a short in-
terference section (MMI block) and two symmetric output
waveguides. Therefore, the incoming field interacts with
the interference stage in such a way that the field is split
and redirected equally into both output waveguides. This
structure allows to couple the split light power directly into
the output ports and therefore, the overall design is simpli-
fied. Fig . 4 depicts the power splitting of an incoming
monochromatic field and the shape of the inverse designed
structure.

Fig. 5 shows that both algorithms succeed in the task
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Figure 5: Transmittance spectra comparison for both FSA
and IHS Y-junction splitter models, a splitter model com-
prised witha MMI and a non-optimized Y-junction splitting
geommetry. The dashed black line indicates the transmit-
tance spectra of a reference straight PCWG of the same
length as the Y-junction model.

of maximizing the half-splitting for both, the Y-junction
and the MMI like splitting structures along the 0.26–0.28
frequency range, up to an extremely wide operating band-
width that almost covers the entire passband of the selected
guided mode. Yet, the maximization of the transmittance
over frequency range 0.26–0.28 ensures that the transmit-
tance losses due to the splitter mechanism are almost in-
hibited. Regarding the transmittance of the W1 PCWG it
should be pointed out that the amplitude of the transmit-
tance of the isolated W1 PCWG lies below the theoretical
value of 1. This fact is due to the presence of absorption
boundaries surrounding the simulation domain.

5.1. Inverse design of an optical cross-connect and
wavelength multiplexing structure

Optical cross-connect interconnects (OXC) are the key fun-
damental element for a high-speed all-optical signal switch-
ing system. In contrast with the present digital OXC sys-
tems, this PC based optical OXC deals with multiple high
speed optical signals that are switched in the optical domain
in their entirety and do not require any prior multiplexing
stage or optical-to-electrical conversion. In this context,
we present a fully bidirectional WDM and OXC compat-
ible with chip-scale silicon photonics. This device is com-
prised by two parallel PCWG sections joined by an inverse
designed interference stage that produces a mode matching
between opposite waveguides through a reasonable band-
width. In addition, the most widespread configuration of
add/drop multiplexing devices that, in general, are con-
structed including an array waveguide diffraction grating
or fiber gratings, demand a significantly large bend radius,
and so the overall device dimensions scale accordingly. Our
simulations reveal that this component outperforms previ-
ous approaches, as it permits to couple waveguide modes
using a short and compact PC geometry comprised by only
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Figure 6: Convergence of the HS algorithm across an opti-
mized tapering structure. The final structure is shown in the
inset.
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Figure 7: Transmittance spectra for the cross connect sys-
tem depicted in Fig. 6. The incoming light is thenceforth
routed to one of the output ports according to the wave-
length. Noticeably, reflection and cross-talk losses are al-
most negligible.

a few holes and allows miniaturizing the crossing and mul-
tiplexing functionalities, as shown in Fig. 6.

Fig. 7 depicts the transmittance flux calculated at the
boundary of each output port. Therein, it is shown that al-
most the entire input power is redirected through a unique
port and moreover, this structure changes this procedure ac-
cording to the input signal wavelength. We believe that this
system could serve as an optical signal encoding source for
a OCDMA system, as long as it allows for an efficient, low
loss and fast routing of WDM signals through an optical
networks architecture.

6. Inverse designed PC resonant cavities with
high quality factor and reduced modal area

When the periodic lattice of a PC is intentionally broken,
there is the possibility to trap light within this imperfection.
Following this principle, a wide variety of novel functional
devices can be designed. On the one hand, PC point defect
cavities rely on the Bragg reflection confinement strength,
which allows to confine light and yielding extremely high
quality factors (Q). On the other hand the spatial local-
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Figure 8: Convergence of the optimal Pareto-fronts through
the MOEA optimization run. Both objectives scale as the
iterative process evolves. The modal area was calculated as
in [22], where A =

∫
ε(r)H2(r)d2r

(ε(r)H2(r))max
. The insets show (a) a

dipole PC resonator provided by a high Q of 62.168 ,and a
dodecapole resonant mode with a Q factor of 37.000

ization of trapped modes within these cavities present ex-
tremely low mode volumes. These facts make PC cavities
an attractive field for developing novel potential applica-
tions in quantum information technology. Nevertheless, im-
plementing both optimal criteria simultaneously is a chal-
lenging task, since both objectives are somehow competing
ones. Therefore, in this section, we resort to the NSGA-II
MOEA in order to find topologies that optimize both ob-
jectives in a balanced way. In this case, we focused our
research on structures presenting good criteria within donor
state cavities. The optimization process of the NSGA-II run
is schematically shown in Fig.8. There, the Pareto-optimal
front it shifted to higher values of quality factors and to
minimum values of modal area (A), during the process of
optimization. Two of the proposed resonant cavities are de-
picted in the inset of Fig. 8, corresponding to a resonant
cavity with a dipole aspect and a high Q value and a res-
onant cavity that is reminiscent of the whispering gallery
mode observed in microdisk resonant cavities.

7. Conclusions
In this paper, novel PC passive devices are proposed us-
ing single objective heuristic algorithms, namely the FSA
and IHS algorithms together with a MOEA algorithm called
NSGA-II, for more challenging designs. We report on sharp
bends structures providing a near 100% intrinsic bending
efficiency for a broad bandwidth, two alternative power
splitter structures that equally divide the incoming power
supply without significant reflection losses. In addition, we
report on a cross-connect structure formed by two paral-
lel PCWGs that simultaneously acts as a broadband WDM.
Last but not least, we report on a fast elitist multi-objective
Genetic Algorithm approach as a design tool for designing
PC cavities that exhibit simultaneously high quality factors

5



and reduced modal areas.
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Abstract 

Electromagnetic wave propagation in metamaterials 

including photonic crystals has been widely investigated 

due to their inherent capabilities for developing novel 

devices in optics, microwave and antenna engineering. In 

reality, most of the materials are frequency-dependent; on 

the other hand, it is necessary to investigate how the 

performance of photonic crystals depends on frequency. In 

this paper, it is shown that the eigenmodes can be 

accurately calculated in two-dimensional Lorentz-type 

frequency-dependent photonic crystals using a new finite-

difference frequency-domain (FDFD) algorithm.                                                

1. Introduction 

Recently, remarkable progress has been made in the field of 

photonic crystals (PCs) due to their various applications in 

optics, microwave, and antenna engineering [1-4]. The 

band diagram of PCs has been analyzed for frequency-

independent materials. Recently, interest has been grown in 

the analysis of frequency-dependent or dispersive PCs for 

novel applications. Therefore, accurate modeling of the 

band diagram of PCs composed of frequency-dependent 

materials is highly desirable to efficiently analyze the wave 

propagation phenomena over a wide range of frequencies in 

microwave and optical disciplines.   

     Several numerical methods have been used to compute 

the band diagram of two-dimensional (2-D) PCs. The most 

commonly applicable methods are the plane-wave 

expansion (PWE) method [4], the finite-difference time-

domain (FDTD) method [5, 6], and the finite-difference 

frequency-domain (FDFD) method [3, 7]. The PWE 

method is very simple and easy to apply. However, the 

resultant matrix of the PWE method is dense and large, thus 

making its computation heavy for large problems. 

Moreover, it suffers from slow convergence of the Fourier 

transform of the dielectric function [3, 8]. 

The FDTD method is a well-known electromagnetic 

computational method, which is also applicable for 

frequency-dependent materials [9]. However, in some cases, 

the FDTD method does not have enough accuracy for band 

diagram calculation of PCs. To improve the accuracy of the 

conventional FDTD method, several FDTD algorithms 

have been developed. Although the accuracy of the FDTD 

has been improved, it is still not adequate. There is 

possibility of losing the resonant frequencies if the 

excitation and monitor points are not properly positioned in 

the calculation domain [5, 7]. In addition, spurious modes 

may occur in the band diagram calculation because of low 

spatial resolution [10]. Moreover, the FDTD has difficulties 

in resolving of the degenerating eigenmodes [5]. For further 

accuracy of the band diagram calculation, Johnson et al. 

applied the filter-diagonalization method (FDM) [11] for 

band diagram calculation of PCs [12, 13]. FDM gives better 

accuracy than the straight forward calculating of the 

spectral peaks. The FDM can calculate the nearly 

degenerating eigenfrequencies, but it is difficult to 

distinguish those eigenfrequencies when they are very close 

or overlap to each other because they appear in the same or 

very closed frequency. 

     Conversely, the FDFD method is highly accurate in 

band diagram computation of 2-D PCs [14-20]. Because the 

FDFD method does not utilize spectral analysis to be in 

trouble for detecting spectral peaks. The FDFD method 

simply uses the eigenvalue equation to compute the 

eigenvalues of the  characteristic matrix composed of field 

coefficients. Therefore, the FDFD is capable to compute the 

eigenfrequencies accurately even if they are very close to 

each other or degenerate. Yang [14] proposed a FDFD 

method based on discretizing the Helmholtz equation in the 

homogeneous sub-regions and field matching at the central 

grid point. After that, various 2-D FDFD algorithms were 

developed for band diagram calculations of PCs. 

Nevertheless, it has not been possible to compute the band 

diagram for lossy or any other type of frequency-dependent 

materials with the FDFD method. Lately, we developed an 

improved 2-D FDFD algorithm that contains electrical 

conductivity in its formulation and that allows the 

calculation of the band diagram of 2-D lossy PCs [18]. In 

addition, we have proposed new 2-D FDFD algorithms for 

band diagram calculations of Debye-type and Drude-type 

frequency-dependent PCs [19, 20]. 

     In this paper, we propose a new FDFD algorithm for 

band diagram analysis of 2-D PCs composed of Lorentz-

type frequency-dependent materials. As this FDFD 

algorithm uses only the eigenvalue equation, therefore, 

there is no chance to miss the eigenfrequency for any of the 

band points. This algorithm allows accurate computation of 

propagation modes in Lorentz-type frequency-dependent 

PCs. To confirm the accuracy of this FDFD algorithm, the 

results are compared with the FDTD method. The 

comparison verifies high accuracy and stability of this 

FDFD algorithm.  
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2. Formulation 

 formulation has been developed for TMz mode, single-pole 

Lorentz-type frequency-dependent materials. In the 

Maxwell’s equations in frequency domain  

                                                                                 
 

                                                                                            (1) 
 

 

                                                                                            (2) 

    

     and   are the relative permeability and permittivity, 

respectively. Here, the relative permittivity      is replaced 

with the single-pole Lorentz type frequency-dependent 

relative permittivity      
 

       

                                                   (3)

      

        

where  is relative permittivity at infinite frequency, s is 

the relative frequency at static or zero frequency, p is the 

frequency of the pole pair (the undamped resonant 

frequency of the medium),  is the angular frequency, 

and p is the damping coefficient. Discretizing equations 

(1) and (2), using Yee’s mesh as shown in Fig. 1(a), and 

further arrangement of the equations yields the following 

matrix equation.   

 

      

                 

                                                                                           (4) 

 

 

 

 

where '
zε r is a diagonal matrix composed of  Lorentz 

relative permittivity at the grid points; xyx UVV ,, , 
 
and 

yU are square matrices containing space-differential  

operators  along x  and y directions;  xμ and yμ are 

diagonal matrices of relative permeability at the grid points; 

,yx H,H and zE  are column matrices containing the field 

values. Periodic boundary conditions, on the square unit 

cell as shown in Fig. 1(b), are applied in the space-

differential operators [3]. For simplicity, equation (4) is 

reduced to  

     
                                                  (5) 

                                                                                                                                                                                                                                                                                                                                                                                                            
Where A  is a sparse matrix composed of space differential 

operators and the inverse of relative permeability matrices 

 
                                   (6)

                                                                                   

we place the value of  
'
zε r into equation (5) that yields  

 
                 (7) 

 

 
where   εεεΔ s   

and  I  is the identity matrix. 

 

Let 2
pεωΔB 

 
then we can write 
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Multiplying both sides of equation (10) by 1
ε
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yields  
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Substituting the coefficients 

 

 

 

 

 

 

                                                                                         (12) 

 

into equation (11) yields 
 

 
        (13) 

 

Equation (13) can be summarized in the following 

eigenvalue equation. 
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The quantityω is the eigenvalue of matrix H, from which 

one finds the normalized eigenfrequency              , where  a  

is periodic length and c is the speed of light in vacuum. 

3. Numerical Results 

For numerical analysis, a 2-D PCs composed of Lorentz-

type frequency-dependent periodic cylinders with square 

lattice is considered. As shown in Fig. 1(b), the unit cell 

contains only one cylinder with radius r  and has periodic 

length a. The ratio r/a = 0.2, a =1 mm, and 

mm025.0 yx . Arnoldi Algorithm [21] is used to 

compute the eigenvalues of the characteristic matrix in the 

FDFD algorithm. In the FDTD calculation, the recursive-

convolution (RC) approach [5] is used to model the 

Lorentz-type frequency-dependent PCs. In order to confirm 

the validity of the new FDFD algorithm and analyze the 

frequency effect on the Lorentz-type PCs, different values 

of the frequency-dependent permittivity are used.   

     First the validity of this FDFD algorithm is confirmed 

by setting the relative permittivity at infinite frequency 

(  ) equal to the relative permittivity at zero or static 

frequency ( s ) and then the computed eigenfrequencies are 

compared to the eigenfrequencies of the conventional 

dielectric PCs case. The  eigenfrequencies must agree well 

because by setting   equal to s the imaginary part of the 

relative permittivity of Lorentz-type frequency-dependent 

PCs approaches to zero and its real part equals to the 

relative permittivity of the conventional dielectric PCs.  

Figure 2 shows the comparison of normalized frequency of 

the first six (1
st
 to 6

th
) eigenmodes of the Lorentz-type PCs, 

1010256.1 p , 910256.1 p , 9.8s , and 9.8 , 

and pure dielectric PCs, 9.8r . The normalized 

frequency computed by this FDFD algorithm for Lorentz-

type PCs and conventional FDFD method for pure 

dielectric PCs agree well, because the relative permittivity 

of Lorentz-type PCs equals to the relative permittivity of 

pure dielectric PCs, that confirms the validity of this new 

FDFD algorithm.  

     Figure 3 shows the normalized frequency of the first 

six(1
st
 to 6

th
) eigenmodes of the band diagram computed by 

the new FDFD algorithm and FDTD methods. The 

parameters of the frequency-dependent relative permittivity 

are set 1010256.1 p , 
910256.1 p , 9.8s , 

and 0.4 . Both methods agree well in this calculation, 

except that, the FDTD method calculates some unexpected 

values for  and  points in the irreducible Brillouin zone 

because at these points some of the modes degenerate and 

the FDTD method has difficulties in the calculation of the 

degenerating eigenmodes because they appear very close or 

at the same frequency.  In addition, FDTD has low 

accuracy in the calculation of the higher eigenmodes 

because some of the higher eigenmodes arise closer to each 

other, acquire closer frequencies, and cause to create 

abnormality in the FDTD calculation. However, the new 

FDFD algorithm simply uses the eigenvalue equation and is 

capable to calculate all of the eigenmodes accurately even if 

they are degenerated. 
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Figure 1: (a) Yee’s mesh for TM mode analysis (b) The 

square unit cell    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

 

 
 

     Figure 2: Comparison of the new FDFD algorithm and the  

     conventional FDFD method 
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Figure 4 shows the normalized frequency of the first six(1
st
 

to 6
th

) eigenmodes computed by the new FDFD algorithm 

and FDTD method considering the following values 
1010256.1 p , 910256.1 p , 9.8s , and 0.2 .  

Similarly, as shown in figure 3, both methods agree well in 

this calculation, except for  and  points of the 

irreducible Brillouin zone. In these points, the eigenmodes 

degenerate and the FDTD method has difficulties to clearly 

calculate them. Because the eigenfrequencies of the 

degenerated modes appear very close to each other that the 

FDTD detects one frequency for both eigenmodes and 

misses the other frequency. Also, FDTD issued some 

irregular value for higher eigenmodes as seen at the top of 

the figure. 

     Figure 5 shows the comparison of the FDFD algorithm 

and FDTD method using the values  1110256.1 p , 

1010256.1 p , 9.8s , and 0.6 . In this case, the 

FDFD and FDTD results are more compatible comparing to 

the results of figure 3 and figure 4. Because using these 

values of  p  and p in the Lorentz-type relative 

permittivity, the imaginary part of the relative permittivity 

is decreased for the eigenfrequencies of figure 3 and figure 

4. FDTD uses spectral analysis for detecting 

eigenfrequencies of the eigenmodes. In the spectral analysis, 

if the imaginary part of the relative permittivity increases 

then it causes to increase the width of each spectral peak. 

When the width of each spectral  peak increases then the 

closer modes are appearing under a single peak and FDTD 

detect only a single frequency for these eigenmodes instead 

of separate frequencies for each eigenmode. This causes to 

create abnormality in the FDTD calculation for those 

relative permittivities that have higher imaginary part. 

However, the FDFD algorithm is capable to accurately 

calculate the band diagram for all values of the relative 

permittivity because it only uses the eigenvalue equation 

and does not need spectral analysis to calculate 

eigenfrequencies. 

     Figure 6 shows the effect of variation of the relative 

permittivity on normalized frequency using the new FDFD 

algorithm.  In this calculation, the values of p
 
and p are 

set 1010256.1  and 910256.1  respectively. First, the 

values of  or .)Inf( and s are set 8.9 and 8.9 

respectively. Secondly, the values of  and s are set 4.0 

and 8.9 respectively. The normalized frequencies are 

computed for both cases and then compared as shown in 

figure 6. The result confirms that as the net relative 

permittivity decreases then the normalized frequency 

increases and if the net relative permittivity increases then 

the normalized frequency decreases.  

     Similarly, figure 7 confirms the effect of variation of the 

relative permittivity on normalized frequency using the new 

FDFD algorithm.  In this calculation, the values of p
 
and 

p are set the same as in the calculation of figure 6. In first 

case, the values of  and s are set 8.9 and 8.9 

respectively. In second case, the values of  and s are set 

2.0 and 8.9 respectively. The normalized frequencies are 

computed for both cases and then compared as shown in 

figure 7. The result further confirms that as the net relative 

permittivity decreases then the normalized frequency 

increases and if the net relative permittivity increases then 

the normalized frequency decreases.  

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

     Figure 3:  Comparison of new FDFD algorithm and FDTD  

     method for .4  
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4. Discussion 

As mentioned earlier, most of the materials are frequency-

dependent and it is necessary to investigate how the 

performance of photonic crystals depends on frequency. 

Several numerical methods have been used to compute the 

band diagram of 2-D PCs. However, these methods have 

some limitations in the band diagram computation of 

frequency-dependent PCs as discussed in the introduction 

section. In this paper, a new 2-D FDFD algorithm is 

proposed to compute the band diagram of Lorentz-type 

frequency-dependent PCs. The validity, accuracy, and 

stability of this FDFD algorithm is confirmed in section 3, 

numerical results, for Lorentz-type frequency-dependent 

PCs.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
  

 

5. Conclusions 

In this paper, eigenmodes of 2-D Lorentz-type frequency-

dependent PCs are analyzed using a new FDFD algorithm. 

The validation of this FDFD algorithm is confirmed by its 

comparison to the traditional FDFD method for dielectric 

PCs and the FDTD method. The simulation results of this 

FDFD algorithm for band diagram analysis of Lorentz-type 

frequency-dependent PCs are compared with the FDTD 

method that confirm high accuracy and stability of the 

FDFD algorithm. The FDFD algorithm successfully 

computes eigenfrequencies of the degenerate modes 

appearing in band points of the irreducible Brillouin zone. 

This algorithm relies only on linear algebra and directly 

uses the eigenvalue equation; thus it can accurately analyze 

the band diagram of different types of Lorentz frequency-

dependent PCs. 
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Abstract 

We introduced a metallic nanograting structure at the 
bottom of thin-film tandem solar cells, and carried out an 
investigation into the light absorption in the top and bottom 
cells via electromagnetic simulation. It indicated that 
broadband and polarization-insensitive light absorption 
enhancement was obtained in the bottom cell while the light 
absorption in the top cell remained unchanged by the 
influence of this metallic nanograting. It caused that overall 
carrier generation enhancement can be achieved as much as 
60% for both polarization. This light absorption 
enhancement effect can survive in a wide range of cell 
thickness and nanograting geometries, which enables us to 
reduce the thickness of the bottom cell with minimal impact 
on light absorption. Thereby, it reduces the solar cell 
production cost in the meanwhile it enhances the solar cell 
efficiency by the decrease of light-generated carrier 
recombination rate. 

1. Introduction 

Plasmonic solar cell is a type of thin-film solar cells which 
has the capability of trapping light in the thin absorbing 
layer by the plasmonic (metallic) nanostructures, resulting in 
the increase of the total light absorption [1-7]. Plasmons are 
thought to be useful because the absorbed energy is 
proportional to the electric field squared, and the near-field 
enhancement of the plasmons causes a larger absorption in a 
smaller volume. Both localized surface plasmons (LSPs) 
excited in metallic nanoparticles and surface plasmon 
polaritons (SPPs) propagating at the metal/semiconductor 
interface are of great interest. The plasmonic nanostructures 
can be on top of, within, or at the bottom of the absorbing 
layer in a solar cell. 

The rectangular grating structure is widely chosen for its 
simple geometry, and easy fabrication [1, 4, 5]. The grating 
structure applied in a solar cell was firstly reported by 
Atwater in 2007[4-6]. By placing the grating on top of the 
cell, large light absorption enhancement was achieved in a 
narrow spectral range for transverse magnetic (TM) waves, 
where the SPPs were resonantly excited. However, the 

absorption for transverse electric (TE) waves were 
suppressed, since the top metallic gratings acted as a reflect 
mirror for TE waves [5]. It suggested that the technique of 
top metallic grating was narrow-band, polarization sensitive, 
and blocked a fairly amount of incident photons. Our group 
proposed a structure in 2010 that placed the metallic 
nanograting at the bottom of the active layer[7]. This design 
not only free up those photons blocked by surface 
nanostructures, but also achieved broadband and 
polarization in-sensitive enhancement; as kinds of resonant 
effects collaborated. 30% integrated light absorption 
enhancement integrated over the solar spectrum was 
achieved in amorphous silicon thin-film solar cells.  

In this paper, we place a metallic nanograting at the 
bottom of the absorbing layer in a tandem solar cells, which 
is composed of multi-junctions of absorbing materials with 
different band gaps [8]. 

The tandem solar cells were introduced to avoid the 
trade-off between the maximum absorption spectrum band 
and the maximum voltage. We took the amorphous silicon 
(a-Si, band gap 1.7 ev)/microcrystalline silicon (μc-Si, band 
gap 1.1 ev) tandem solar cells as an example [9]. Up to now, 
most researches are devoted to reducing the thickness of the 
top cell, considering the unstability of a-Si caused by light 
induced degradation [10]. Intermediate reflector layers with 
lower refractive index are introduced, such as transparent 
conducting oxide indium tin oxide (ITO) or zinc oxide 
(ZnO), to trap short wavelength light in the thin top layer 
[10-13]. However, little attention is paid on the naturally 
poor light absorption of silicon in infrared. To achieve 
enough absorption of infrared light, the bottom cell is 
usually of several micrometers, which raises the production 
cost and declines the light generated carrier collection 
efficiency due to the increase of the recombination rate.  

With the structure of a metallic (silver) nanograting at 
the bottom of the a-Si/μc-Si tandem solar cell, we 
investigated the light absorption of the top and bottom cell 
via numerical calculation. Different from the effect of the 
top metallic grating, our technique gives rise to broadband 
and polarization-insensitive absorption enhancement in the 
bottom cell, on the other hand the high absorption of the top 
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cell remains unchanged. Over 40% integrated light 
absorption enhancement and 60% integrated carrier 
generation enhancement factor is achieved in the bottom cell. 
By varying the configuration parameters, it indicates that the 
light absorption enhancement can survive in a wide range of 
cell thickness and grating geometries. In addition, our study 
demonstrates that an Ag/Al bimetallic nanograting structure 
with less Ag cost provides us with the same light absorption 
enhancement as that of Ag nanograting structure. Our 
bottom nanograting technique opens up a pathway to cut 
down the solar cell manufacture cost by reducing the solar 
cell thin film thickness. 

2. Computational methods 

The 3-dimensional (3-D) and 2-dimensional (2-D) 
schematics of the solar cell with the metallic nanograting 
were shown in Fig. 1. Indium tin oxide (ITO) has been 
widely used a transparent conductor because of its high 
conductivity and high transparency. On top of the cell, a thin 
layer of ITO with a thickness of T1 acted as the top 
transparent electrode. An interlayer electrode was a layer of 
ITO with T2 thickness. The cell bottom electrode was a 
silver nanograting, on top of planar silver film as back-
reflector as shown in Fig 1. The grating slits were filled with 
suitable dielectric materials, here chosen as ITO. Different 
dielectrics used here can tune the dielectric environment of 
the nanograting, thus the optical properties. To determine 
the thickness of the silver back-reflector, our numerical 
investigation indicated that a thickness of 100 nm was 
enough to reflect all light back into the cell. Two active 
layers of amorphous silicon (a-Si) and microcrystalline 
silicon (μc-Si) were sandwiched by the three electrodes, 
with thicknesses of T2 and T4 respectively. The structural 
parameters used were marked in Fig. 1 (b). In the following 
discussions, we compared this tandem cell structure with the 
planar structure, which consisted of Top ITO (T1)/a-Si 
(T2)/interlayer ITO (T3)/μc-Si (T4)/back ITO (T5)/silver. In 
order to maximize the absorption, it is important to 
investigate the absorption’s dependence on all the structural 
parameters. However, to simplify our discussion and focus 
on the effects of the grating, we fixed T1 and T3 to be 80 nm 
and 20 nm, and a-Si thickness T2= 100 nm. 

 

Fig. 1 Schematic (a) and cross section view (b) of the 
proposed tandem solar cell structure, with the structural 
parameters to be used in the simulation. 

In order to match the solar spectrum with the absorption 
band of the two silicon materials, a wavelength range of 270 
nm to 1200 nm was selected. The frequency-dependent 
dielectric constants of the four materials used in our study 
were interpolated from experimental data reported by ref 
[14, 15]. The modeling software we used is commercially 

available 2D finite element method (FEM) software Comsol 
3.5a. The computational domain was considered as a single 
unit cell surrounded by bilateral periodic boundaries 
including top and bottom perfect matching layers 
(PMLs)[16]. The steady-state electromagnetic field 
distributions across the structure and the light absorption in 
the two silicon layers were investigated in this paper. The 
light absorption was calculated as the integral of the 
Poynting vectors over the surface of the active layer. 

3. Results and Discussion 

We compared the absorption spectrums of the structures 
with and without the metallic gratings (blue line versus red 
line) in Fig. 2. The geometry parameters were: T4=200 nm, 
p=350 nm, w=100 nm, T5=50 nm. As shown in Fig. 2(a, c), 
light absorption of the top cell changed little in the presence 
of the nanograting while the absorption of the bottom cell 
was greatly enhanced (Fig 2 b, d) in a wide spectrum. 
According to the effect of the gratings, the absorption 
spectrum can be roughly divided into three regions: 400-800 
nm, 800-1000 nm, and > 1000 nm. For 400- 800 nm region, 
the absorptions changed little for both polarizations, as the 
silicon material absorbed radiation in this spectrum very 
well[14]. The radiation at this region came from the residue 
of the top cell. For 800- 1000 nm (which is beyond the band 
gap of a-Si), the absorption was enhanced by the grating 
structure, with different shapes for TM and TE polarizations. 
For > 1000nm region where silicon’s absorption was small, 
the absorption of TM waves was enhanced to a considerable 
level; while the absorption of TE was still near to zero. 

 
Fig. 2 Absorbance of the top (a and c) and bottom (b and 
d) cells for both polarization, for the structure with and 
without the gratings. The geometric parameters are: 
T4=200 nm, p=350 nm, w=100 nm, T5=50 nm. 

To investigate the enhancement effect mechanism, 2D 
map of the absorption enhancement spectrum by varying the 
configuration parameters and incident wavelengths for both 
polarizations was simulated as shown in Fig. 3. The peak 
shift in 400-800 nm was linearly dependent on μc-Si 
thickness, but exhibited independence on the grating period, 
for both polarizations. In the cell structure without adding 
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nanograting, these peaks in 400-800nm were also observed 
as shown in Fig. 2 and the shift trends for both polarizations 
are similar. We attributed it to the Fabry-Perot (FP) 
resonances, which existed with cavity length > λ/2 (λ is the 
effective wavelength, standing for the product of the free 
space wavelength and the refractive index)[17]. For the 800-
1000 nm region, several bright peaks exhibited dependences 
on both the μc-Si thickness and the grating period. These 
may be ascribed to the planar waveguide resonances. The 
wave vector mismatch between the free propagating light 
and the guide mode can be achieved by the diffraction of the 
grating. The peaks for TM and TE waves were slightly 
different, as the grating was 1-dimensional and produced 
polarization dispersion. For the region > 1000 nm, the peaks 
exist for TM waves only. It could be due to the surface 
plasmon resonances, which also need wave vector 
compensation from the grating, and can be excited by the 
TM waves only [18].  

 

Fig. 3 Mapping the absorbance of the bottom cell with μc-
Si thickness T4 (a and b) and the grating period p (c and 
d), under TM (a and c) and TE (b and d) polarizations. 
The black dots correspond to the absorption peaks with 
structural parameters the same as those in Fig.2. 

To further confirm the mechanisms, we plotted the 
normalized and time-averaged electromagnetic field 
distributions in Fig. 4. The wavelengths were at the 
absorption peaks in Fig. 2. The waveguide modes are clearly 
demonstrated in (a), (b), (c) and (d). For TM waves, the 
scattering from the silver grating caused a near-field 
enhancement at the silver-silicon interface, though it didn’t 
perfectly match surface plasmon. The scattering 
enhancement collaborated with the waveguide modes, so the 
field enhancement factors of TM waves were larger than TE 
waves’ (as shown in the color bars), and the absorption 
peaks were broader (as shown in Fig. 2). Fig. 4 (c) and (f) 
are at 1130 nm, where enhancement only occurs for TM 
waves. The FP and waveguide resonances participate little in 
this spectrum region, as the wavelength is quite large 
relative to the cavity thickness. For TM waves, a clear 
surface plasmon pattern is shown in Fig. 4(c). 

 
Fig. 4 Normalized and time-averaged electromagnetic 
field distributions for TM (a, b and c) and TE (d, e and f) 
waves, at 830 nm (a), 950 nm (b), 1130 nm (c), 790 nm 
(d), 950 nm (e) and 1130 nm (f). 

To further confirm the mechanisms, we plotted the 
normalized and time-averaged electromagnetic field 
distributions in Fig. 4. The wavelengths were at the 
absorption peaks in Fig. 2. The waveguide modes are clearly 
demonstrated in (a), (b), (c) and (d). For TM waves, the 
scattering from the silver grating caused a near-field 
enhancement at the silver-silicon interface, though it didn’t 
perfectly match surface plasmon. The scattering 
enhancement collaborated with the waveguide modes, so the 
field enhancement factors of TM waves were larger than TE 
waves’ (as shown in the color bars), and the absorption 
peaks were broader (as shown in Fig. 2). Fig. 4 (c) and (f) 
are at 1130 nm, where enhancement only occurs for TM 
waves. The FP and waveguide resonances participate little in 
this spectrum region, as the wavelength is quite large 
relative to the cavity thickness. For TM waves, a clear 
surface plasmon pattern is shown in Fig. 4(c). 

To evaluate the overall absorption enhancement effect 
over the whole solar spectrum, we define two functions 
Aenhance and Nenhance. Aenhance is defined as the total energy 
absorption enhancement, calculated using  

   
   enhanceA

grating

planar

I A d

I A d

  

  
 


, (1) 

where I(λ) is the normalized AM 1.5 solar spectrum, Agrating 
is the absorption spectrum of the investigated structure with 
gratings, and Aplanar is the absorption spectrum of the 
comparison planar structure with only planar back reflector. 
Nenhance is defined as the total carrier generation 
enhancement, calculated via 

     
     

1

enhance 1N =
grating
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, (2) 

which includes the different quantum energy of photons of 
different wavelengths. (We assume uniform internal 
quantum efficiency (IQE) over the solar spectrum)  
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Fig. 5 Energy absorption (dotted line) and carrier 
generation (solid line) enhancement integrated over the 
solar spectrum for TM (a) and TE (b) polarizations, as a 
function of the incident angle. The geometric parameters 
are: T4=200 nm, p=350 nm, w=100 nm, T5=50 nm. 

 
Fig. 6 Carrier generation enhancement factors evolving 
with the grating period p (a), grating thickness T5 (b), 
grating width w (c), and μc-Si thickness T4 (d), for both 
the top (blue) and bottom (red) cells, for TM (dotted line) 
and TE (solid line) polarizations. 

In Fig. 5, we investigated the effect of the incident angle 
on the overall enhancement. As shown in the absorption 
spectrum (Fig. 2), the grating made less impact on the light 
absorption of the top cell (blue lines). For the bottom cell, 
the enhancement effect oscillated with the incident angle in 
tiny amplitude. An overall carrier generation enhancement 
of 60% was achieved for both polarizations. Although the 
absolute absorption decreased at large incident angles due to 
the large reflection at the air/ITO interface, the absorption 
enhancement exhibited little dependence on the incident 
angle, and was even larger than normal incident case. It was 
ascribed to multiple effects participating in the enhancement 
mechanism. 

The structural parameter dependence of the light 
absorption enhancement was discussed in Fig. 6. The other 
structural parameters were fixed when varying one of them. 
It suggests that the enhancement effect can survive in a wide 
range of grating parameters, which is of importance for 
applications in solar cells, as well as it allows relaxing 
tolerance for nanofabrication, and may reduce the 
production cost. By the study of the cell-thickness 
dependence of the enhancement effect as shown in Fig 6(c), 

it enables us to achieve the enhanced light absorption for 
large range of μc-Si thicknesses. 

4. Further discussion 

Considering that the electromagnetic field concentrated at 
the top surface of the grating and penetrated little into the 
grooves (Fig. 4), we proposed an Ag/Al bimetallic structure 
(in the inset in Fig. 7 (a)). Compared to Ag metallic 
nanograting, modeling results presented that this bimetallic 
structure was able to provide the same performance of light 
absorption enhancement as shown in Fig 7. 

 
Fig. 7 Enhancement factors as functions of incident angle 
for both TM (a) and TE (b) polarizations, for the Ag/Al 
bimetallic structure; with dotted line for carrier generation 
enhancement and solid line for absorption enhancement, 
red line for the bottom cell and blue line for the top cell. 
The geometric parameters are the same as that in Fig. 5 
with T4=200 nm, p=350 nm, w=100 nm, T5=50 nm. The 
inset is a schematic of the Ag/Al bimetallic structure. 

5. Conclusions 

In conclusion, we introduced a metallic nanograting to the 
bottom of the a-Si/μc-Si thin-film tandem solar cell. While 
maintaining a similar absorption in the top cell, the light 
absorption in the bottom cell was greatly enhanced in a wide 
spectrum. Three mechanisms, the Fabry-Perot resonance, 
planar waveguide mode and surface plasmon resonance, are 
involved in different wavelength regions. Overall carrier 
generation enhancement of 60% is achieved. Due to the 
multiple effect included in, the enhancement exhibits little 
dependence on the incident angle and structural parameters. 
The Ag/Al bimetallic structure shows similar enhancing 
effect with much lower production cost. Since the design has 
no demand for the materials of the solar cell, extending the 
similar design into other active materials such as organic 
tandem cells can be expected. 
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Abstract 

We studied optical properties of VO2/Al:ZnO(AZO)/glass 
multilayer films near the semiconductor-metallic (S-M) 
transition of VO2, when changing the temperature across the 
S-M transition. It was found that both VO2/AZO/glass films 
with a periodic VO2 stripe grating and ZnO/VO2/AZO/glass 
multilayer structures showed much enhanced luminous 
transmittance and the solar modulation ability. The optical 
transmission properties of the films could be tuned by 
changing either VO2 or AZO layer thicknesses. The obtained 
results may lead to a potential application in thermochromic 
smart building windows for energy saving. 

1. Introduction 

Energy-saving windows can significantly reduce the energy 
consumption of buildings and vehicles. To achieve the 
optimized energy-saving performance, it is critical to 
modulate the solar irradiation of such windows via common 
routes of material selection and/or structural design [1, 2]. In 
the solar spectrum, ultraviolet (UV), visible and near-
infrared (NIR) light account for 8%, 43% and 48%, 
respectively, in terms of the energy distribution [3]. Among 
them, UV irradiation is harmful to both human skin and in-
house furniture, and thus should be blocked entirely by the 
windows; while visible light is essential for having a clear 
vision inside; and NIR carries solar heat and should be 
treated according to different seasons and out-door weather 
conditionss [4]. Simply to say, windows with high NIR 
transmittance are needed in cold days; however, windows 
should be highly reflective to NIR for maintaining a 
comfortable indoor temperature in hot days. Automatic 
switching between the two statuses requires a new window 
smart enough and responsive fast enough to the out-door 
temperature changing, without using any external forces 
such as the electrical voltage in common electrochromatic 
windows. 

As an important component for making energy-saving 
smart windows, chromogenic materials sensing and 
responding to external stimuli have attracted intensive 
research interest in recent years [2, 5-8]. Among the 

materials studied, thermochromic vanadium dioxide (VO2) 
undergoes a reversible first-order semiconductor-to-metallic 
(S-M) phase transition at a critical temperature (Tc) under a 
few types of external excitations, such as thermal excitation 
[9], electrical excitation [10], and optical excitation [11]. In 
the temperature range below Tc, VO2 is in the 
semiconducting state with a monoclinic structure. As 
temperature increases to above Tc, it is in metallic state with 
a rutile lattice. With this structural transition, a dramatic 
change in the optical properties occurs when the 
transmission for NIR switches between a transparent state 
and an opaque state [12, 13]. Besides, during the phase 
transition the UV light is always almost fully absorbed; the 
transmission of visible light remains almost unaffected [14]. 
Bulk-like VO2 has a transition temperature of Tc ≈ 68°C [9, 
15], which is too high for building-related applications, even 
for the summer time around majority areas of the world. 
Fortunately, it has been reported that Tc can be adjusted to 
near room temperature by doping [16-18], or by reducing its 
dimension to thin films or nanoparticles [19]. For example, 
it was stated that the tungsten doping in VO2 could lower the 
Tc to ~40°C [20]. Compared to other types of energy-saving 
windows, such as electrochromic [5, 8, 21], photochromic 
[22] or gasochromic [23] energy-saving windows, VO2 
based thermochromic energy-saving smart windows are 
more attractive due to the relatively simple structure, cost-
effective materials to be used, fast response to 
environmental temperature changes [24], and ‘true 
smartness’ to the environment.  

A few research groups have reported the use of noble 
metals [25] or oxides [4, 13, 26, 27] combined with VO2 in 
order to improve the optical performance that is otherwise 
insufficient if using VO2 films only. For example, when 
combining VO2 with transparent conducting oxides (TCO) 
as multilayers, both visible transmission and low-emissivity 
were improved due to TCO’s high reflectivity for both 
middle and far infrared radiation. Pt/VO2 structure, 
combining VO2 with continuous Platinum film on the top, 
was also proposed, and high reflectivity in infrared and low-
emissivity were achieved. However, all such improvements 
come along with a decrease in luminous transmission and 
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NIR modulation ability. A room to maximize the 
performance via optimizing both structural design and 
material selection will definitely exist. Unfortunately, not 
much work, especially a thorough investigation via 
modeling and simulation, has been done in the past. 

In this research, we attempted to optimize the structure 
for achieving a much improved luminous transmission and a 
much enhanced NIR modulation via modeling and 
simulation. Preliminarily, we have focused on the VO2 and 
ZnO materials systems, due to that one of the doped ZnO, 
aluminum doped zinc oxide (Al:ZnO or AZO), is a widely 
used electrode material in solar cell industries. Fabrication 
of large area Al:ZnO thin films is relatively easy and cost-
effective. We have systematically explored the optical 
properties of multilayer structures composing of VO2 and 
AZO on glass substrates, over a wide temperature range 
across the VO2 phase transition temperature and over a 
range of structural parameters. We further introduced a 
stripe grating of VO2 and an antireflection layer ZnO in 
order to further improve the luminous transmittance and 
NIR modulation ability. Our simulations suggested that 
VO2-based multilayer films combining with specific 
structural design could provide a promising route to the 
enhanced properties of VO2 as next generation energy-
saving smart windows. 

2. Computational methods 

2.1 Structure 
Figure 1 shows the schematic of the structures studied in this 
work. Basically the structure composes of VO2, AZO, ZnO 
and glass. Two forms of VO2 were used: continuous film 
and periodic gratings (slit width 50 nm and period 200 nm). 
For VO2/AZO/glass films, we mapped the VO2 thickness 
from 0.02μm to 0.2μm continuously, and changed the AZO 
thickness from 0 (no AZO layer) to 200nm at an interval of 
50 nm. A wavelength range from 0.35 to 2μm, covering the 
major solar spectrum from UV to NIR, was swept through in 
the investigation. Dielectric constants (complex refractive 
indices n and k) of VO2 used in our simulations were taken 
from the interpolation of the experimental spectroscopic data 
reported by others [28, 29]. Dielectric constants of ZnO and 
AZO were taken from the data in the Reference [30]. In the 
wavelength range studied here, the K9 glass’s dispersion is 
small compared to those of AZO and VO2, and was thus 
neglected. A constant refractive index of 1.51 was used for 
K9 glass. The simulations were carried out using a 
commercially available 2-dimensional (2D) finite element 
method (FEM) software (Comsol 3.4a) [31]. For modeling 
the multilayer structures with two infinite horizontal 
dimensions, the computational domain was considered as a 
single unit cell surrounded by either periodic boundary 
conditions or by perfectly matching layer (PML)[32]. The 
light was incident to the film surface and the transmittance 
was calculated from the electromagnetic field distributions 
obtained.  
 
2.2. Luminous, solar and NIR solar transmittances 
Performance of the thermochromic energy-saving smart 
windows can be indicated by luminous (Tlum, 380~780 nm), 

solar (Tsol, 350~2000 nm), NIR solar (TNIR,sol, 780~2000 nm) 
transmittance, solar modulation ΔTsol, NIR solar modulation 
ΔTNIR,sol, as defined in the following,  

 d )(/d)(T)(T  lumlumlum
                      (1) 

 d )(/d)(T)(T  solsolsol                        (2) 

 d )(/d)(T)(T ,,,  solNIRsolNIRsolNIR
           (3) 

msolssolsol ,, TTT                                                     (4) 

msolNIRssolNIRsolNIR ,,,,, TTT                                   (5)                           

Here T() denotes the spectral transmittance at the 
wavelength ; ϕlum is the standard luminous efficiency 
function for the photonic vision; ϕsol and ϕ NIR,sol are spectral 
solar irradiance and NIR solar irradiance for an air mass of 
1.5 [33], where s and m stand for semiconducting and 
metallic phase of VO2, respectively. 

 
Figure 1 Schematic view of the structures: (a) 
VO2/AZO/glass films with VO2 layer thickness ‘h1’ and 
AZO layer thickness ‘h2’; (b) VO2/AZO/glass films with 
stripe gratings in VO2 having VO2 layer thickness ‘h1’, 
AZO layer thickness ‘h2’, slit width ‘a’, period ‘d’; (c) 
ZnO/VO2/AZO/glass films with VO2 layer thickness ‘h1’, 
AZO layer thickness ‘h2’ and ZnO layer thickness ‘h3’.  

3. Results and Discussion 

3.1 Effect of adding AZO layer 
We first investigated the structure of VO2/AZO/glass films 
[Fig. 1(a)]. Figure 2 shows the normal incident transmittance 
and absorbance spectra of the structures with different AZO 
thicknesses and 40 nm continuous VO2 film in the 
semiconducting or metallic phase. We can see from Figure 
2(a) that the optical transmittance in NIR region for the 
metallic VO2 reduces as the AZO thickness increases. This 
can be attributed to the stronger absorption of thick AZO 
and enhanced multiple interface reflections in longer 
wavelengths. However, the visible transmittance remains 
about the same independent on the AZO thickness due to 
weaker absorption in the visible light. On the contrast, for 
the structure with VO2 in the semiconducting state, the 
transmittance was first enhanced with introducing a thin 
AZO layer and then reduced when the AZO thickness is 
bigger than 100 nm. This may be explained by the 
possibility that the planar cavity resonance response plays a 
leading role in the thin AZO films, while gradually stronger 
absorption (Figure 2(b)) and multiple interface reflections 
play an increasingly important role for thick AZO films. 
This cavity effect can be seen much clearly in the s AZO 
200 nm spectrum. On the other hand, owing to the huge 
photoionization absorption in VO2 for high energy UV 
photons, the transmission in UV is always weak for both 
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semiconducting and metallic phases of VO2. The integral 
luminous, solar and NIR solar transmittance and their 
modulation during SMT are summarized in Table 1.  

 
Fig. 2 Transmittance (a) and absorbance (b) spectra for 
VO2/AZO/glass films having different AZO layer 
thicknesses, with ‘s’ standing for semiconducting VO2 
(25°C) and ‘m’ for metallic VO2 (90°C). The VO2 layer 
thickness ‘h1’ is fixed at 40 nm.  

 
Table 1 Optical and SMT Properties for VO2/AZO/glass 
Films with Different AZO Layer Thicknesses. 

 
 
As shown in Figure 2 and Table 1, the VO2/AZO 

double-layered films maintained VO2’s thermochromic 
property across the phase transition, with improved 
luminous transmittance and NIR solar modulation ability as 
the AZO thickness was increased. From the results shown in 
Figure 2(a) we can see that the 75 nm thickness is not too 
thin but still maintains acceptable bi-status transmittance 
contrasts over a fairly large NIR wavelength range. Thus, 
the AZO thickness of 75 nm was selected in our subsequent 
simulations for studying the influence of other parameters. 
The AZO thin film with such a thickness can also be 
fabricated with high quality relatively conveniently [4, 30].   

 
3.2 Structure-tunable properties 
With a fixed thickness of 75 nm for AZO, the transmittance 
of VO2/AZO/K9 multilayer structure was mapped over a 
wavelength range of from 0.35 to 2μm and over a VO2 
thickness range of from 0.02μm to 0.2μm in both the 
semiconducting [Fig. 3(a)] and metallic phases [Fig. 3(b)]. 
Obviously, the transmittance is high when the VO2 layer is 
thin, but it reduces monotonously as the VO2 layer thickness, 
because of the gradually enhanced absorption and multiple 
interface reflections of VO2. Figure 4 shows integrated data 
on luminous, solar and NIR solar transmittance derived from 
the spectra in Figure 3. It can be seen that the variations of 
Tlum, Tsol and TNIR,sol are consistent with the spectral 
variations in Figure 3, on condition that requiring a 
noticeable luminous transmittance Tlum to 40%, the 
modulation of TNIR,sol doesn’t exceed 15%.  Figure 3 and 

Figure 4 give the necessary instructions to further windows 
design for selecting proper VO2 thickness.  

 
Fig. 3 Mapping transmittance for VO2/AZO/glass films with 
varying VO2 layer thickness in semiconducting (a) and 
metallic phase (b). The AZO layer thickness ‘h2’ is fixed at 
75 nm.  

 
Fig. 4 Integral luminous (a), solar (b) and NIR solar (c) 
transmittance for VO2/AZO/glass films with various VO2 

layer thickness in semiconducting and metallic phase. The 
AZO layer thickness ‘h2’ is fixed at 75 nm. Lines with solid 
red and open blue symbols are computed at 25°C and 90°C, 
respectively.  
 
3.3 Temperature-agile tunable Properties  

 
Fig. 5 Mapping transmittance (a, c, e) and reflectance (b, 
d, f) spectra for VO2/AZO/glass films with varying 
temperature and VO2 layer thicknesses ((a, b) for 20 nm, 
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(c, d) for 40 nm, (e, f) for 60 nm). The AZO layer 
thickness ‘h2’ is fixed at 75 nm. 

Figure 5 shows the optical transmittance and reflectance 
spectra with varying temperature and VO2 layer thickness, 
when the AZO layer was fixed at 75nm. Here we neglected 
a possible reduction of the VO2’s S-M phase transition 
temperature caused by overlapping the VO2 with AZO [4] 
[14] [25], and fixed the phase transition temperature at 
~68oC in all the following simulations. A noticeable 
phenomenon is the abrupt change (from high to low) in 
optical transmittance when the VO2 layer changes its state 
from semiconductor to metal. This change occurs mainly in 
the visible to NIR wavelength range, which shifts to longer 
wavelengths when the VO2 thickness increases from 20 to 
60 nm. This change can be explained by overlapping the 
intense absorption and multiple interface reflections. As 
VO2 layer thickness increases, the shut off effect for NIR 
incidence becomes better, which makes us to tune the 
windows property by changing the VO2 film thickness. 

4. Structural optimation 

To improve the luminous transmittance and to strengthen 
NIR solar modulation, two special designs, either a VO2 
gratings instead of continuous VO2 film or an antireflection 
layer ZnO on the top, were introduced. The VO2/AZO/glass 
films with one-dimensional stripe VO2 grating and 
ZnO/VO2/AZO/glass multilayer films structure has been 
displayed in Fig. 1(b) and Fig. 1(c), respectively. 

Figure 6 shows the normal incident transmittance 
spectra for VO2/AZO/glass films with a stripe grating in 
VO2 and ZnO/VO2/AZO/glass films in its semiconducting 
and metallic phases. Clearly, the transmission of both 
structures were enhanced for both phases of VO2 over the 
spectrum of from visible to NIR region, when compared to 
VO2/AZO/glass films with continuous VO2 films as 
discussed above. The reason of why the transmission are 
enhanced after adding stripe gratings in VO2 can be 
explained by the Effective Medium Theory (EMT) [12, 34-
36]. When un-polarized electromagnetic waves are incident 
on the sub-wavelength grating, the VO2 gratings act as a 
mean medium and the waves transmit through the gratings, 
owing to the grating size is far less than the incident 
wavelength. While for multilayer structure, it complies with 
the interference principle. The integral luminous, solar and 
NIR solar transmittance and their modulation during S-M 
phase transition are summarized in Table 2.  

 

Fig. 6 (a). Transmittance spectra for VO2/AZO/glass 
films with stripe gratings in VO2 having different slit 
width ‘a’ with period of 0.2 μm. (b) Transmittance spectra 

for ZnO/VO2/AZO/glass films having different ZnO layer 
thicknesses. In both structures, VO2 layer is fixed at 40 
nm, AZO layer is fixed at 75 nm, ‘s’ in the legend stands 
for semiconducting VO2 and ‘m’ for metallic phase.  

 
Table 2 Optical and SMT properties for VO2/AZO/glass 
Films with Stripe Gratings in VO2 for Different Slit 
Width and ZnO/VO2/AZO/glass Films for Different ZnO 
Layer Thicknesses 

 
 
As shown in Figure 6 and Table 2, the grating design in 

VO2 layer and ZnO/VO2/AZO multilayer structure maintain 
the thermochromic property of VO2, with improved 
luminous transmittance (>50%) and NIR solar modulation 
ability. Especially, in ZnO/VO2/AZO multilayer structure, 
when the thickness of ZnO layer is 200 nm, the integrated 
values of Tlum are 58.13% and 55.28% at 25°C and 90°C, 
respectively. The corresponding changes across the phase 
transition, ΔTsol and ΔTNIR,sol, are 10.03% and 21.00%, 
respectively. These values are comparable to those of five-
layered TiO2/VO2/TiO2/VO2/TiO2 films, where Tlum are 
45.00% and 42.00% at 20°C and 90°C, respectively, and the 
corresponding modulation data of ΔTsol 12.00%. The above 
structure design may give some instructions to further 
windows design for achieving better optical properties.  

5. Conclusions 

In summary, VO2/AZO/glass multilayer films near the 
semiconductor-metal (S-M) transition of VO2 was proposed 
and fully investigated by simulations. VO2/AZO/glass films 
with stripe VO2 gratings design and ZnO/VO2/AZO/glass 
multilayer structure showed a much enhanced luminous 
transmittance and NIR solar modulation ability. In addition, 
the transmission properties of the films could be tuned by 
changing VO2 and AZO layer thicknesses. Such properties 
can be explained by photoionization of UV photons, EMT, 
multiple interface reflections, absorption and planar cavity 
effect. The results may lead to the possible application of 
VO2 in VO2-based thermochromic windows. 
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Abstract 

The efficiency of UV photocatalysis on TiO2 particles was 

increased by mixing TiO2 particles with nanoporous gold 

(NPG) with pore diameters of 10–40 nm. This means that 

NPG acts as a promoter in the photocatalytic reaction of 

TiO2. Broadband spectroscopic results from millimeter 

wave to ultra violet of NPG membrane are discussed to 

estimate plasmonic effect on the catalysis. 

  

1. Introduction 

It is well known that bulk Au is inert. However, Au 

nanoparticles with several-nanometer-scale sizes are 

catalytically active for several chemical reactions such as the 

decomposition of formaldehyde and oxidation of CO
1,2

. The 

catalytic activity depends on the size of nanoparticles. The 

nanoparticles with diameters in the range of 2 to 5 nm show 

the highest activity for oxidation
3
. Nanoporous Au (NPG) 

with 10–50 nm pore size also shows catalytic activity for 

oxidation
2
. 

Recently, TiO2 is being widely used for photocatalysis 

of various materials. TiO2 has a different activity with 

crystal structure for different wavelengths. It has been 

reported that composite materials of TiO2 with Au or Pt 

nanoparticles enhance TiO2 catalytic activity
4
. TiO2 plays 

an active role in the decomposition of water to generate OH 

radicals. It is supposed that the plasmonic electromagnetic 

effect of Au or Pt enhances the catalytic activity of TiO2. In 

addition, since pores of NPG are able to trap the TiO2 

particles on its surface, NPG seems to be a photocatalytic 

nanocomposite because of enhancement of the catalytic 

activity by the electromagnetic effect. We have found that 

NPG acts as a promoter to produce OH radicals using TiO2 
5
. 

We report optical properties of NPG in this paper to 

investigate electromagnetic and plasmonic origin of the 

promotor effect. 

2. Experimental 

NPG films were obtained by nitric acid etching of Ag from 

Au35Ag65 alloy films with about 100 nm thickness. The 

average pore diameter was 10–40 nm, according to the 

dealloying temperature and time. Figure 1 shows SEM 

images of NPG films with average pore diameters of 20 nm 

(a) and 42 nm (b). The other samples were confirmed to 

have average pore diameters of 11 and 33 nm. 

Reflectivity spectra of the NPG films on quartz plate 

were measured over four regions: (1) millimeter wave 

region was measured using a coherent transition radiation 

induced by the LINAC facility of Research Reactor Institute, 

Kyoto University; (2) far-infrared region was measured 

using synchrotron radiation by UVSOR facility of Institute 

for Molecular Science. This region was also measured using 

a Martin-Puplett interferometer JASCO FARIS-1 with a 

 

Figure 1: SEM images of NPG films. Pore diameter is (a) 20 nm and (b) 42 nm. 
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conventional mercury light source; (3) infrared region was 

measured using JASCO FT-4100 spectrometer; (4) near 

infrared, visible and ultraviolet region.  

 

3. Results and discussion 

3.1. Promoter effect 

Anatase (25 nm average diameter) and rutile (85 nm average 

diameter) TiO2 particles were in the ratio 4:1. The mixture of 

NPG, TiO2, and spin trapping agent was irradiated by Black-

light with wave length 365 nm. The spectra for the 

estimation of the amount of induced OH radicals were 

measured by X-band ESR. No OH radical was formed by 

the Au35Ag65 alloy film or NPG film alone during the Black-

light irradiation. Besides, the coexistence of TiO2 particles 

and NPG films enhanced the production of the OH radical. 

ESR signals of the OH-radical spin adduct were observed, 

and it was confirmed that NPG is a promoter for 

photocatalysis on TiO2. Fig. 2 shows the efficiency of OH 

radical productivity vs. average pore sizes. The maximum 

efficiencies normalized by that of an Au35Ag65 alloy film 

was 1.5 at average pore diameter of 20 nm. No enhancement 

was observed at pore diameters over 40 nm. This peak 

seems to be due to that the average particle diameter of the 

anatase TiO2 particles, which are sensitive to the irradiated 

Black-light, was 25 nm. Therefore, the active anatase TiO2 

particles appear to dispersively infiltrate into the pores of Au 

and tightly stick to the pore surface. This seems to enhance 

the promoter effect of Au on TiO2. 

 

3.2. Spectroscopic results 

3.2.1. Reflectivity spectra  

Fig. 3 shows broadband reflectivity spectra of NPG with 

various average pore sizes. The horizontal axis is in a 

logarithm to show the wide spectral range. Fine structures in 

IR spectra are due to CO2 and H2O in atmosphere. 

Measurement of the lack region at terahertz wave is under 

way at the UVSOR facility. Peaks at 0.06eV are due to 

reflection of the substrate quartz. It is especially strong at 

 

Figure 2:  OH-radical production efficiency as a function of 
average pore diameter. 
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Figure 3: Reflectivity spectra of NPG membranes on quartz substrates. Average pore diameters of the five samples with 
diameter on the order of 42 nm to 11 nm are shown in the NIR-UV figure.  
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42nm pore sample because of void content (low average 

density) of the large porous thin film.  Small structures at 

infrared region are due to absorption by CO2 and H2O in 

atmosphere.  Peaks at 1.45eV are due to reflectivity dip of 

the reference Al mirror. Plasmonic characteristic spectral 

changes were observed from IR to UV region. They depend 

on the pore size. 

3.2.2. Dielectric constants  

Dielectric constants are obtained by Kramer-Kronig analysis. 

The measured reflectivity spectra were wide enough to 

obtain dielectric constants by calculation from it. The 

reflectivity spectra were extrapolated as constant to connect 

smoothly at low energy side and terahertz region. They were 

extrapolated as exponential decrease function to connect 

smoothly. The optimum exponent coefficients were 

scattered largely. Fig. 4 and 5 show dielectric constants at 

the exponent β= 5 to see the pore size dependence of 

optical properties. Fig. 4 shows real parts of the dielectric 

constant. The large structures at 0.06eV are due to the 

reflection of the substrate quartz. Spectra at low energy 

region change as sequent by pore sizes except the case of 

42nm. This seems to be due to low average density of gold 

by pore volume.   

Fig. 5 shows imaginary parts of the dielectric constant. 

Lower figure shows a log-log plot to show the region from 

infrared to UV. The large structures at 0.06eV are due to the 

reflection of the substrate quartz. Spectra at low energy 

region change as sequent by pore sizes except the case of 

42nm as in the ε1 spectra. It is clearly observed in the lower 

figure that the spectra of large and intermediate pore sizes 

show linear decrease which means these spectra decrease as 

power function in the region from 0.1 to 1eV. The ε 2 

spectra shows absorption intensity for transverse wave. To 

investigate plasmonic absorption for longitudinal wave, 

energy loss function spectra obtained from these dielectric 

constants spectra are discussed in the next section. 
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Figure 4: Dielectric constant spectra (real part) of NPG membranes on quartz substrates.  The extrapolation exponent index of 
the reflectivity at high energy β= 5. 
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Figure 5: Dielectric constant spectra (imaginary part) of NPG membranes on quartz substrates. The above figure is semi-log 
plot and the below one is log-log plot.  The extrapolation exponent index of the reflectivity at high energy β= 5. 
 



5 

 

3.2.3. Plasmon fitting  

Plasmon fitting by classical Drude model in energy loss 

function spectra is shown in fig. 6. In Drude model, 

dielectric constant is 
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m

Ne
p is the plasma frequency, γ is 

dumping factor and ε ∞  is dielectric constant at high 

frequency. Energy loss function, Im(1/ε), is proportional to 

absorption intensity by transverse wave. The plasmon fitting 

parameters are summarized in Table 1. Systematic decrease 

of the plasma frequency with pore size increment was 

observed. Plasma frequency of bulk gold is 8.6eV, therefore, 

these ωp for pore samples are much small. The promoter 

effect seems to be related with small values of these 

parameters. The origin of pore size dependence of the 

promoter effect is still not clear. 

 

Table 1: Plasmon parameters. 

pore size(nm) ωp(eV) γ(eV) ε∞ 

42 2.3 0.06 2.2 

33 2.4 0.01 9 

25 2.3 0.025 4 

20 2.6 0.02 8 

11 3.6 0.03 10 
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Figure 6: Drude curve fitting of the energy loss function spectra of NPG membranes on quartz substrates. Dashed lines show 

fitting curves for each pore size sample. 
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4. Conclusions 

Promoter effect was discovered on NPG/TiO2 system. The 

detail enhance mechanism of the promoter effect is not clear 

yet. However, we could observe that smaller plasmon 

parameters on  NPG than those on bulk gold.  

 

Acknowledgements 

Part of this work was done under the visiting researcher 

program of Research Reactor Institute, Kyoto University 

and UVSOR facility of Institute for Molecular Science. 

 

References 

[1] Bierner, J. et al., Surface-chemistry-driven actuation in 

nanoporous gold, Nature Materials 8: 47–51, 2009. 

[2] Wittstock, A., V. Zielasek, J. Biener, C. M. Friend, M. 

Bäumer, Nanoporous Gold Catalysis for Selective Gas-

Phase Oxidative Coupling of Methanol at Low 

Temperature, Science 327: 319-322, 2003. 

[3] Haruta, M., When Gold Is Not Noble: Catalysis by 

Nanoparticles, Chem. Rec..3: 75-87, 2003.  

[4] Haruta, M., Nanoparticulate Gold Catalysis for Low-

Temperature CO Oxidation, J. New Mat. Electrochem. 

Sys. 7: 163-172, 2004. 

[5] Kuwano-Nakatani S., T. Ando, K. Oba and Y.H. Han, 

to be published. 

 



 META’13 CONFERENCE, 18 – 22 MARCH 2013, SHARJAH – UNITED ARAB EMIRATES 

  

Design Consideration for Plasmonic Solar Cells Based on Ag Nanoparticles 
 

 Razan R. Nejm
1
, Mousa Hussein

1
, Ahmed Ayesh

2  

  
1 Department of Electrical Engineering, United Arab Emirates University, Al Ain, , United Arab Emirates 

 

2 Department of Physics, United Arab Emirates University, Al Ain, , United Arab Emirates  

*corresponding author, E-mail: r.radwan@uaeu.ac.ae 
 

 

Abstract 

A plasmonic solar cell based on silver (Ag) nanoparticles is 

modeled and studied theoretically in this paper as a 

preliminary study for future experimental work. Ag 

nanoparticles were deposited on a silicon (Si) substrate 

surface and are excited by normally incident light source 

propagating from air into silicon surface. Two main 

parameters were the interest of study, nanoparticles (NPs) 

size, period and number and dielectric environment. NPs 

parameters show enhancement in the forward scattering 

power, whereas dielectric environment can be controlled to 

enhance and tune the resonance region. 

1. Introduction 

Most renewable energy investments are spent on materials 

and researches, especially solar energy market which 

attracted researchers and manufacturers from different 

sectors. 40% of a solar module cost made from crystalline 

silicon is the cost of the silicon wafers. This fact draws the 

attention of the researchers over the past ten years toward 

thin-film solar cells which have thicknesses usually in the 

range 1-2 μm, and are deposited on cheap substrates such as 

glass, plastic or stainless steel. Although many researches 

are carried to find alternative type of solar cell materials, 

silicon solar cells are still the dominant type in the market 

and have the best share in the research. [1] 

According to Solar Market Research and Analysis 

(Solarbuzz ) report in 2010, the total global cell production 

increased 108%, with crystalline silicon up 117% and thin 

film up 62% [2]. Decreasing the cell thickness raised light 

absorption problem.  This creates new challenge and active 

research area for thin film solar cells people by looking for 

solutions to enhance its absorption for light especially the 

near band-gap light. 

Light trapping showed great results after depositing metallic 

nanoparticles on the surface of the solar cells. [1, 3-5] Silver 

(Ag) and Gold (Au) nanoparticles respectively, showed the 

best results although other metallic nanoparticles were used. 

S. Pillai et. al. [6] deposited Ag nanoparticles on 

semiconductor surface using thermal evaporation of thin 

layers of silver. They observed a significant enhancement of 

the absorption for both thin-film and wafer-based structures 

at wavelengths close to the band gap of Si. They reported a 

sevenfold enhancement for wafer-based cells at λ = 1200 nm 

and up to sixteen fold enhancement at λ = 1050 nm for 

1.25 μm thin silicon-on-insulator (SOI) cells. D. M. Schaadt 

et. al. [7] deposited spherical Au nanoparticles on a silicon 

(Si) pn semiconductor junction surface. Their work showed 

enhancement in absorption within the semiconductor, which 

increased the photocurrent response in pn junction diodes 

over wavelength ranges that correspond closely to the 

nanoparticle plasmon resonance wavelengths. They found 

that at or near the plasmon resonance wavelengths, 

photocurrent response increased between 50%–80% relative 

to that of the Si pn junction diode itself. 

 

This paper investigates light scattering from Ag 

nanoparticles numerically by varying the adjustable 

parameters experimentally (the next step) in order to 

determine some fundamental design principles. 

Nanoparticles size, period, density and adding insulator 

layer effect were studied using FDTD method.  

2. Numerical Simulation  

Numerical simulations using FDTD from optiwave 

company was used. Ag NPs on a c-Si substrate was 

modeled using Drude-Lorentz model. Using more than one 

NP in the study is due to the importance of interparticle 

coupling effect which is neglected in the most theoretical 

works. Two observation points were used to observe the 

backward and forward scattering power in the solar cell 

placed behind the source by 0.02um and inside the C-Si 

substrate respectively. All the results are depending on the 

calculated back/forward scattered fields are as a function of 

wavelength. 

 

 
Figure 1: Reference device structure 
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A normally incident source is used to illuminate a finite c-Si 

substrate. Three silver spherical NPs with diameter of 40nm 

on the c-Si substrate was our reference as shown 

schematically in Fig.1.  

 

NPs number, size (D) and spacing between them (p) were 

studied first. NPs number was changed with saving the 

distance from boundaries and other parameters to study the 

nanoparticles density effect only. The size effect was 

studied by changing the sphere diameter only without 

changing the spacing between the spheres. Then the period 

between the NPs was changed too.  

Next, insulating layer between the NPs and the Si substrate 

was added to increase the distance between the 

nanoparticles and the substrate. Different types were used 

SiO2, TiO2, Si3N4, Mica, GaAs and ITO with constant 

thickness equal to 20nm to study the type effect only, were 

20 nm is the typical thickness of SiO2 used for coating Si 

solar cells [8]. 

3. Results and Discussion 

When the number of NPs is increased, an improvement in 

forward scattering is expected. Fig.2 shows the opposite, as 

the number decrease the performance enhanced. 

 

 

Figure 2: Normalized forward scattered power as NPs 

number change. 

 

Figure 3: Normalized backward scattered power as NPs 

number change. 

Three Ag NPs show the best enhancement around λ=507nm 

than others. Increasing NPs number showed reduction in 

power scattered into the Si. 7Nps showed less scattered 

power to thus obtain from 3Nps but with widening 

resonance range. This improve that the forward scattering is 

not subjected to increasing the nanoparticles number on the 

surface.  This can be related to the loss of the power as the 

metal NPs increased on the Si surface due to increasing of 

signal absorption by the NPs [9]. However 7NP showed the 

highest backward scattered power around λ=705nm 

compared to the 3NPs which scatter comparable power for 

the entire region (Fig.3). 

 

The period between the nanoparticles doesn’t show 

recognizable enhancement. Period between the NPs changed 

from 0.05 um to 0.08 um as shown in Fig.4. Although it is 

not clear to the reader, less distance between the NPs 

enhanced the scattered power in Si with very small fraction.  

 

 

Figure 4: Forward scattering power as NPs period change. 

The last parameter to change in the NPs is their diameter. As 

the diameter size of the NPs increased from 20 nm to 50 nm 

(Fig.5), the distance between the substrate and the NP 

increased too whereas the distance between the NPs itself 

decrease. This showed the forward scattering increases as 

the sphere diameter is increase where the distance between 

the NPs was saved.  

 

 

Figure 5: Forward scattering power as NPs size change 
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Repeating the same experiment with saving the distance 

between the NPs edges showed different results. Decreasing 

the NPs size and decreasing the distance between them as 

well shows enhancement in the forward scattering power. 

This is due the fact that decreasing the NP diameter 

decreases the average spacing to the substrate. Less spacing 

increases the probability of losing the scattered light in the 

air and allows efficient coupling and more scattering light to 

propagate in silicon. [10-11]. 

 

After that, insulating layer between the NPs and the 

substrate was added. Different types were studied (figures 

not show). SiO2 and Mica layers showed almost similar 

improvement as their refractive indexes are closed. Si3N4 

showed higher enhancement than the latter two dielectrics 

with wider and red shifted resonance region. On the other 

hand TiO2 layer showed the best improvement in the 

scattered power value, red shifted and wider resonance range 

compared to the reference output. From the obtained results 

it was clear that increasing the dielectric refractive index 

improves the forward scattering efficiency and widening the 

resonance region [12]. 

4. Conclusions 

Different parameters can be controlled to tune the solar cell 

efficiency. This paper studied the most important and 

applicable parameters nanoparticles dimensions and 

dielectric environment.  

It was found that increasing the nanoparticles number is not 

efficient as decreasing the particles diameter and the 

spacing between them. Also coating the substrate with high 

refractive index insulator layer increases its absorbance.  
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Abstract 

Metamaterials are known to have effective properties that 
are distinctive from their composites; they have engineered 
designed properties that are not found in nature. In order to 
be able to design a metamaterial, we should establish well 
understanding of the properties of the constituents to 
eventually be capable of engineering new effective 
parameters of the metamaterial, just like a recipe that we 
should be familiar with its ingredients to deliver a good 
cook.  We perform a detailed analytical study for the 
effective parameters and the constituents’ parameters of 
Silver-Silica metamaterial that describe the optical response 
of the mixture at different sizes of the inclusions’ particles 
and different volume fractions of the silver and silica 
components. We also propose the optimum value of the 
volume fraction to achieve a broadened resonance optical 
response for the metamaterial. Finally, a design of a non-
magnetic optical cloaking device using high order 
transformation optics is also proposed with the proper 
volume fractions of Silver and Silica.  

1. Introduction 

Metamaterials applications are arising exponentially every 
day; they are used in negative index materials [1] super lens  
[2] , hyper lens [3], black holes [4], chiral Metamaterials [5] 
and even a variety of  invisibility cloaks as carpet cloaks[6], 
non-magnetic cloaks[7], magnetic cloaks [8], and other 
transformation optics cloaks [9]. The special aspect about 
metamaterials is the flexibility of having tailored desired 
properties according to the unit structural that is called 
meta-atoms. The effective parameters of the metamaterials 
which are the macroscopic parameters are dominant over 
the parameters of the constituents. The key feature of 
manipulating the optical response of the metamaterials is 
the presence of metals in the structural unit, and what is 
vital about the metals especially at the nano scale is the 
existence of surface plasmons that act as the gate for the 
propagation of the electromagnetic wave inside the 
metamaterials. Therefore, a composite structure of metal-
dielectric mixture is vital for controlling the optical 
response of the metamaterials, and the effective parameters 
are according to the meta-atoms shape and volume fraction 
of the components [10].  
Controlling the structure and the size of the constituent 
particles gives out different values for the permittivities, 
consequently different values for the refractive index, 

resulting in a variety of optical response of absorption and 
reflection according to the real and imaginary parts of the 
parameters. In this work we show a simplified explanation  
 
 
for the parametric analysis of Silver-Silica composite 
metamaterial assuming spherical particles of the inclusions 
by Bruggeman effective medium theory (EMT) [11]. We 
start with analysis for the Silica dielectric parameters 
followed by the optical response of the metals, and finally 
the composite structure response. [12] 

2. Theory 

2.1. The Optical Response of a Typical Dielectric (Silica) 

Although the permittivity of a typical dielectric is 
usually approximated to a real positive number, this is 
not the case for all the optical range. Figure 1 shows 
the frequency-dependent permittivity of a typical 
transparent dielectric such as Silica. 

 Figure 1 ε(ω) of a typical dielectric with ω_1 and ω_2 
corresponding to the lattice resonance and electron 
transition resonance [13] 
 

Two resonant frequencies, and , can be noticed. 
In the mid-infrared range, and due to photon absorption 

of the core electrons, the former resonance, , is 

occurred. The latter one,  on the other hand, occurs 
in the ultraviolet range due to the bandgap of the 
crystal. [13] At each resonance, the dielectric function 
shows a Lorentz line shape associated with a peak in 
the imaginary part of the permittivity. These peaks 
indicate material losses, and in-between the two 
resonances, the approximation of a constant positive 
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real value to the permittivity becomes valid. This flat 
response in the visible range is the reason why Silica is 
observed as a transparent material. 
Only slightly after each resonance, where the real part 

of  for dielectrics can take negative values, thus 
the response of the material in this range is opposite to 
the driving force of the applied field. In contradiction, 
in general cases where the frequency is below the 
resonance or far beyond it, the function is usually 
positive. Consequently, the response of the material is 
able to follow the driving force with no delay. 
However, the optical response of Fused Silica at the 
nano scale is different from the bulk response [14]. 

 

(1) 

 where  is the resonance frequency of the th mode, and  

and  are the strength and damping constant of the th 
mode, respectively.    
 

 

2.2. The Optical Response of a Metal (Silver) 

 
As opposed to dielectric materials, which are characterized by 

a positive permittivity at optical frequencies, the real part of the 
dielectric function for noble metals is distinctively negative. In a 
negative permittivity material, the oscillation of free electrons is 
out of phase with respect to the driving field. Therefore, at the 
interface between a metal and a dielectric, most of the incident 
photons are reflected back [13]. The real part of permittivity is 

almost constant at different  which indicates the interband 
transitions [15]. At optical frequencies, the effect of the modified 

damping constant  will be dominant only for the imaginary part 
of the permittivity in (2), a proportional relation is observed 

between  and . Therefore the imaginary part of the 
dielectric constant will depend on the size of the metal structure R 
in (3). 

(
2) 

 

(
3) 

       ;    

 

(
4) 

2.3. where  is a valid replacement of the frequency-
dependent permittivity at longer wavelengths away from the 

interband resonance, and  is the material’s Fermi velocity 
[13]. 

 

The width of the surface plasmon resonance of metallic 
particles increases as the particle size decreases due to 
confinement effects that modify the metal dielectric function. This 
effect is developed from the change in the mean free path of the 

electrons as the physical boundary of the metal particles is lessen, 

and since  depends on the mean free path, therefore  
will be affected. In the limit of very low particle concentration, 
particle size can be directly related to the plasmon width [16-17]. 
More details about the optical properties of silver at nano scale in 

[18] Figure 1 shows  and  versus the wavelength 
for bulk silver, while  Figure 2 show at different sizes of silver 
particles. It is obvious that when the dimension of the metal is tens 

of nanometers or smaller, the magnitude of  is 
substantially larger than its bulk value. This feature should be 
taken into account in the design and simulation of most optical 
metamaterials with metal-dielectric meta- atoms [19]. 
 

 

Figure 1  and  of bulk silver 

 
Figure 2 The imaginary part of the dielectric constant of silver 
at different sizes of the silver spherical particles. 

A better way to illustrate this point is to study the refractive 
index of metal. From (4) along with (2), we can obtain the 
complex refractive index of metals, as plotted in Erreur ! 
Source du renvoi introuvable. for silver. At optical 

frequencies,  holds for the permittivity function of 
metals, therefore the refractive index has a pronounced 
imaginary part while the real part of the index is only slightly 
larger than zero. From the Fresnel equations, we know that the 
reflection coefficient expressed 

by  must have an absolute value of 

unity [20] when  is real and  is purely imaginary. As a 
result, at the boundary between a dielectric and a noble metal, 
almost all light is reflected as long as the wavelength is 
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substantially longer than that of the interband transitions. 

Another phenomenon resulting from the large value of  is 
that light can only penetrate through a very thin layer of the 
noble metals. This travelling distance, called the skin depth, is 
the inverse of the absorption. [15] 

 Figure 3 The real and imaginary parts of the refractive index 
of silver versus wavelength 

 
 

2.4. The Optical Response of a Silver-Silica Composite 

 
In order to estimate the effective parameters of a composite 
medium without being restricted by the low-frequency cases for 
the Maxwell–Garnett theory (MGT), Bruggeman made a great 
improvement to the MGT by finding a way to treat the two 
constituent materials on equal footing. The technique is assuming 

2 complementary inclusions in a host, where  [21], 
and the host is the effective parameter. 

(5
) 

where   is the effective permittivity,  is the permittivity of 

the metal inclusions,  is the permittivity of the dielectric which 

is equal 3.8 for the silica at the visible range,  and  are the 
filling fraction of the metal and the dielectric in the composite 
respectively. 
Metal-dielectric composites with effective dielectric function that 
obey the previous expressions can show a negative real part of the 

effective permittivity  function  which 
absolute value can be adjusted by controlling the filling fraction 
[21] as shown in Erreur ! Source du renvoi introuvable.. As 
concentration increases, the interaction among particles induces 
additional broadening. It is shown that for noble metals the 
contribution of interparticle interaction to plasmon resonance 
width cannot be neglected even at volume concentrations of a few 
percent. 
 

 
 
b) 

 
Figure 5 a) The real and b) imaginary parts of the effective 
permittivity of silver-silica composites for a series of metal 
volume fractions. 
Bruggeman’s Effective Medium Theory (EMT) predicts a critical 
filling fraction for metal, which is known as the percolation 
threshold. It represents the minimum volume fraction of 
conducting particles needed for the formation of a continuous 
conducting pathway [11]. In Erreur ! Source du renvoi 

introuvable.-b, we see that the resonance band in  is very 
broad in the curve where f=0.4. In fact, this peak can extend to an 
infinite bandwidth if the filling fraction approaches 1/3, which is 
the percolation threshold for a three-dimensional metal-dielectric 
composite. The percolation in a mixture indicates that the 

magnitude of the metal permittivity | | is much larger than the 

permittivity of the dielectric component . The real part of  
approaches the silver permittivity with increasing metal filling 

fraction , which is a rather intuitive result. Interestingly, the 

imaginary part of  shows a broadened resonance peak due to 
the electromagnetic interactions between the metal and dielectric 
grains. If the constitutes of this mixtures is arranged to form a 
planar arrays of nearly-touching metallic nanoparticles, thus 
yielding well confined guided mode [22].  

a) 
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Figure 4 The real and imaginary part of the effective permittivity 
of silver-silica composites at volume fraction (f=0). 

 
Figure 5 a) The real and b) the imaginary part of the 
effective permittivity of silver-silica composites for a 
different sizes of silver inclusion at volume fraction (f=0.2). 
 

  

 
Figure 6 a) The real and b) the imaginary part of the effective 
permittivity of silver-silica composites for a different sizes of silver 
inclusion at volume fraction (f=0.4). 

 
Figure 7 a) The real and b) the imaginary part of the effective 

permittivity of silver-silica composites for a different sizes of silver 
inclusion at volume fraction (f=0.6). 

 

 

Figure 8 a) The real and b) the imaginary part of the 
effective permittivity of silver-silica composites for a 
different sizes of silver inclusion at volume fraction (f=0.8). 

 
Figure 11 a) The real and b) the imaginary part of the effective 
permittivity of silver-silica composites for a different sizes of 
silver inclusion at volume fraction (f=1). 

Figures 6-11 show the real and the imaginary part of the 
effective permittivity of silver-silica composites for different 
sizes of silver inclusion at different volume fractions. . The 
volume fraction represent the concentration of the  metal 
(silver) in the composite (silver-silica), so when f=0 as 
shown in Figure 6 this means that the composite consists of 
dielectric only so we observe that the real part of the 
effective permittivity equals 3.8 which is positive value ,and 
the imaginary one equals zero .By increasing the value of 
the volume fraction the composite approaches a pure metal , 
this explains the decrement  of the value of the real part of 
the effective permittivity from 3.8 at f=0 till reaches  a 
negative value at volume fraction equal one. 
The imaginary part of the effective permittivity shows a 
broadened resonance peak due to the electromagnetic 
interaction between the metals and the dielectric substrate, 
the metal-dielectric composite acts as dielectric medium for 
small metal concentrations of less than one third of the 
volume fraction, beyond the percolation threshold which 
occurs at f=0.4 as shown in fig.5b. The percolation threshold 
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is the minimum volume fraction that satisfies the mixture 
will conduct (surface plasmons allow propagation of wave). 
The composite acts as a dilute metal with an effective 

permittivity proportional to . 

 

(6) 

It is observed in Figure 6 that the broadened resonance 
(peeks) increasing from f=0 (pure dielectric) tell reaches 
maximum at f=0.4 then decreases from f=0.6   tell reaches 
zero at f=1 (pure metal). It is noted that at f=0.4 is the 
optimum value that provide the most sufficient coupling 
between the electromagnetic wave and the metamaterials. 
 
 

3. Design 

 
In this section, a design of a non-magnetic optical cloaking 
device is proposed; however, we must first analyze a 
periodically layered composite with two isotropic 
constituent materials aligned in a parallel manner as shown 
in Erreur ! Source du renvoi introuvable.. The bulk 

permittivities of the two constituents are  and , 
respectively. The volume filling fraction of material 1 is 

noted as , so the second constituent has a filling factor of 

.  

 
Figure 9 Schematic of a layered metal-dielectric structure, 
with the permittivities of the two constituents given as  and 

, respectively. Two principal effective permittivities,  and 

.[13] 
In such a system, there are two principle situations to be 
studied: when the external electric field is either parallel or 
perpendicular to the planar interfaces. 

 (7) 
  

 
(8) 

The two extremes in equations (7) and (8) are called the 
Wiener bounds to permittivity, which indicate the absolute 

values of the effective permittivity of the whole composite 
in two extreme situations. [23-24] The Wiener bounds of a 
Silver-Silica layered composite is plotted in Figure 13. 

 
Figure 10 The Wiener bounds,  and  , of a Silver-Silica 
layered composite 
 
To achieve optical cloaking, we use the design proposed in [25]. 
The device has a cylindrical geometry, as shown in Figure 11, and 
using high order transformation optics. Transformation optics is a 
field of a study which enables a precise control over 
electromagnetic fields by distorting the Cartesian coordinate 
system according to our design. The mathematical fundamentals 
and equations of the transformation technique are presented in 
[26].   
 

 
Figure 11 Schematic of a cylindrical non-magnetic cloak with 
high-order transformations for TM polarization. [25] 
 
The dielectric material that is used here is silica (silicon dioxide), 
and the metal is silver. We will subject the device to an 
electromagnetic wave of a wavelength of 532 nm. The electric 
permittivities of the two constituent materials at this wavelength 

are as follow:  and . 
 
 
3.1 Constraints 

Three main constraints must be put in consideration when 
designing the device. First, the main and most important 
constraint in the design is the thickness of the metal slabs, which 
shouldn’t exceed the skin depth. As a result, the first step in 
designing the device is calculating the skin depth of silver. 
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From (9) and (4), we can calculate the skin depth of the silver 

at wavelength of ; we find it about 13 nm. So we 
take the thickness of the silver slap to be 10 nm. 

 
(9) 

where is the skin depth, is the wavelength of the wave 

and  is the imaginary part of the refractive index of silver. 
Second, the device must satisfy a graded-index manner as the 

electromagnetic wave moves from the outer radius to the inner one. 
The cylindrical geometry of the device forces us to perform a 

coordinate transformation function  from 

 to . This transformation compresses the 

region  to a concentric shell . For a purely 

non-magnetic TM mode, equation (10) shows that  varies from 

0 at the inner boundary of the cloak  to 1 at the outer 

surface . [27] 
 

(10) 

The third and final constraint is the proper volume fractions, 

 and , of Silver and Silica, respectively, at both boundaries of 

the cloak. At the inner boundary , we derive the Silver 

volume fraction  which satisfies the effective permittivity 

 from the Wiener bounds plotted in Figure 10 and 

expressed in equation (7). We note that  in equation (7) 

corresponds to  in equation (10). The same steps are done for 

the outer boundary of the cloak .   

By performing the previous step, we find that  at the outer 
radius is approximately equal to 0.0887666, and at the inner radius 
equal to 0.167321. 

Since the thickness of the silver slap is 10 nm for all the region, 
therefore we can calculate the lengths of the arcs at the outer and 
inner radii. At the outer radius, and in order to satisfy the metal 
filling fraction, we must take the thickness of the silica to be 
102.65 nm and 49.765 nm at the inner radius. 

Now we assume that the angle between the metal slaps is ; 
therefore, we can calculate the lengths of the outer and inner radii. 
By calculations, we find that the outer radius is equal to 2.15 um, 
and the inner radius is equal to 1.14 um.  
 

4. Conclusions 

From our study for the optical response of silver-silica 
composite metamaterial we have concluded that the 
parameters of the mixture responses in an independent 
manner from constituents of the metamaterial as it depend 
mainly on the structure of the meta-atom. We studied the 
parameters of the typical Silica, then the parameters of the 
silver particles at different sizes, then the effective 
parameters of silver-silica composite at different volume 
fractions and different sizes of the metal particles. We have 
shown that the optical response changes correspondingly 

according to the volume fraction of the component, and the 
critical volume fraction for the silver in which the 
metamaterials exhibits broadened resonance response due to 
the propagation of the surface plasmons oscillation. 
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Abstract 
This paper presents an analytical model to design a self-
complementary connected antenna array above artificial 
materials like High Impedance Surfaces (HIS). Objective of 
this model is to perform parametric studies to facilitate 
deeper understanding of a complex antenna array with a 
significantly shorter computation time than with 
electromagnetic simulators. The model of the complete 
structure has been designed in receiving mode when 
structure is illuminated with a plane wave and by using 
transmission line model and ABCD matrix. Applying an 
interesting property which gives equivalence between the 
input impedance in transmit mode and the surface 
impedance in receiving mode, the impedance match of the 
self-complementary connected antenna array can be quickly 
calculated. It is also simple to evaluate the influence of the 
incidence angle on the reflection coefficient of a self-
complementary connected antenna array above Perfect 
Electric Conductor (PEC) or HIS. PEC or artificial 
materials can modify the antenna array behavior by either 
increasing the bandwidth or by adding additional 
bandwidths. All these results have been verified to be 
accurate by numerical simulations done with Ansys HFSS.  

1. Introduction 
This work has been carried out in the framework of 

research on wideband and low-profile antenna arrays for 
airborne applications. Among wideband antennas, self-
complementary antennas have a theoretically infinite 
bandwidth and are good candidates to fix the input 
impedance of such antennas [1]. In this work, the antenna 
consists of checkerboard array of square conducting patches 
on an electrically thin dielectric substrate. Without 
dielectric, an infinite array of this form is self-
complementary and therefore well matched to half free 
space impedance according to the Babinet’s principle. The 
patches are fed with balanced excitation at their corners [2] 
generating a dual linear polarized field (Fig. 1).  

 
Figure 1: Finite Self-complementary connected phased 
antenna array composed of 18 patches. 

Designing unidirectional antennas is required on many 
platforms in order to obtain outward radiation and to 
preserve the interior against any electromagnetic pollution. 
In wideband applications the most common solution is to 
place the antenna above an absorbing cavity, but this 
solution is bulky for low frequency applications. Another 
efficient technique is to use a reflector made of a very good 
electrical conductor to retrieve the backward radiation lost 
in the previous solution. This technique is optimal at the 
middle of the bandwidth where a constructive interference 
phenomenon is obtained by placing the reflector at a quarter 
wavelength (at central frequency) from the antenna 
radiating face. But this solution is inherently limited in 
bandwidth and can rarely exceed an octave. Among 
artificial materials, High impedance Surfaces (HIS) have 
remarkable characteristics. While a good electrical 
conductor imposes a reflection phase of π between incident 
and reflected electric fields, HIS do not introduce any phase 
shift. Hence it becomes possible to position the antenna 
closer to the new reflector. As a consequence, the antenna is 
unidirectional and thin.  
In this work, an analytical model will be proposed to 
calculate an infinite self-complementary connected antenna 
array located above a HIS or PEC and will be detailed in the 
following paragraphs. 



2 
 

2. Analytical model of a checkerboard antenna 
above HIS 

The antenna, with or without HIS, can be considered like a 
stack of dielectric and metallic layers. We assume that the 
antenna is illuminated by a plane wave. Each layer, metallic 
or dielectric, can then be represented by an ABCD matrix 
[3]. Consequently, the surface impedance of this structure 
can be determined by the product of the ABCD matrices of 
each layer of the stack. 

2.1. Analytical model of a self-complementary connected 
antenna array  

The radiating part of the antenna is composed of a 
checkerboard array of square metallic patches located above 
an electrically thin dielectric substrate. Antenna is assumed 
illuminated by a plane wave under a particular incidence. 
So, the antenna can be modeled by two-port network, with 
the parameters of defined hereafter. The ABCD matrix 
linking the input and output tensions and currents is given 
by the following equation: 
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The ABCD matrix of cascade connection of N two-ports 
networks can be determined by the product of the ABCD 
matrices representing each network. 
 
For a dielectric layer with thickness d, the terms of the 
ABCD matrix are given by the relation [3]:  
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Where Zdiel and Ydiel are respectively the impedance and 
admittance of the plane wave for both TE and TM 
polarization in the dielectric. Their expressions are given 
by the equations (3) and (4): 
 

 

i

00TE
diel k

kZ η
=   (3) 

 

0ri

i0TM
diel k

kZ
ε
η

=    (4) 

 
where η0 = 120π is the free space impedance, k0 is the free 
space wave number, ki is the wave number in the dielectric 
host defined by: 
 

 ( ) 2/1
diel

2
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θ−ε=   (5) 
 
θdiel represents the incident angle of the wave in the 
dielectric medium with a relative permittivity εri. 
 

 
The metallic layer is described by the simple following 
ABCD matrix: 
 

 








10
Z1  (6) 

 
Where Z is the surface impedance of the self-
complementary grid (only the metallic patches).  
This surface impedance of an infinite antenna array is 
calculated with a 3D electromagnetic simulator prior to 
build the model. In this simulation the antenna array is 
considered in a receiving mode where all generators are 
replaced by their internal equivalent impedance. Then this 
result will be used for the rest of the optimization and no 
other 3D electromagnetic simulations are required. 

 

2.2. Analytical model of artificial materials 

Artificial surfaces may be modeled with a transmission line 
model when illuminated by a plane wave. Luukkonen [4] 
proposed an analytical model to design artificial surfaces 
facilitating their use for different applications. HIS are 
modelled as a parallel connection of grid impedance and 
surface impedance of the grounded dielectric slab. Here the 
HIS is composed of a planar array of metallic square 
patches with no via printed on a grounded dielectric slab 
with thickness h and relative permittivity εr. The width of 
each square patch is w, the gap between neighbouring 
patches is g and the lattice period P=w+g (Fig. 2). 
 

 

 

Figure 2: High Impedance Surface consisting of metallic 
square patches printed on a grounded dielectric slab 

 The surface impedance of HIS can be represented by the 
parallel connection of grid impedance Zg, modeling the 
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metallic shape array, with grounded dielectric impedance Zd 
[4].  
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The surface impedance Zs can be calculated by the following 
equations when the structure is excited respectively by a 
plane wave polarized in TM or TE mode [4]: 
 

 
( )

( )
2

2
eff

2
2

TM
s

coshtank21

coshtanj
Z

θ
β
β

α−

θ
β
β

ωµ
=

 (8) 

 
 

 
( )

( )








θ

+ε
−

β
β

α−

θ
β
β

ωµ
=

2

r
eff

2
2

TE
s

sin
1

21htank21

coshtanj
Z

  (9) 

 
where µ=µ0 is the absolute permeability of the substrate, β is 
the propagation constant defined by: 
 
 β = k2 − kt

2  (10) 
 
 r0kk ε=  (11) 
  
k is the wave number in the substrate and kt is the tangential 
wave number component imposed by the incident plane 
wave:  
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The refracted angle θ2 is calculated from the refraction law: 
 

 








ε
θ

=θ
r

2
sinarcsin   (13) 

 
The α term in expressions (9) and (10) represents the grid 
factor and is equal to: 
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Furthermore keff is the wave number in the effective host 
medium: 
 

 eff0eff kk ε=  (15) 

 
The effective permittivity of an equivalent uniform medium 
can be approximated in this case by [3]: 
 
 ( ) 2/1reff +ε=ε  (16) 
 
The grid parameters are g the gap between two adjacent 
patches and P the periodicity of the metallic square patches 
(Fig. 2).  
 

2.3. Analytical model of the antenna array above 
artificial materials 

 
Finally, the complete model of the antenna above a HIS is 
built with the antenna model loaded by the HIS model (Fig. 
3). The surface impedance Ze of the complete antenna can be 
determined from expression (17):  
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The global structure is illuminated by a plane wave in free 
space. The impedance Zs represents the surface impedance 
of the artificial material used.  

Figure 3: Equivalent model of a self-complementary 
connected antenna array loaded with HIS. 

The reflection coefficient Γ of the multilayer structure 
modeled by its ABCD matrix is then calculated with relation 
(18): 
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With Z0 the free space impedance polarized in TE or TM 
mode respectively defined by: 
 
 θη= cosZ 0

TM
0  (19) 
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Finally, we used an interesting property given by Cavalo et 
al. [5]. The authors have shown that the reflection 
coefficient of an infinite phased array antenna can be 
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calculated either in transmit or in receive mode. So, finding 
the surface impedance of the antenna array is equivalent to 
calculate the input impedance. This is the reason why the 
infinite complete structure is characterized in receiving 
mode. 
 

3. Self-complementary connected antenna array 
over PEC and artificial surfaces 

In this part, the analysis using the analytical model is 
performed and results are compared to numerical results 
obtained with HFSS. In order to highlight the influence of 
the artificial reflector on the reflection coefficient of the 
antenna array, we consider here a single layer antenna (Fig. 
4).  
 

Unit cell of a 
self-complementary
 connected phased 

antenna array

HIS

 
Figure 4: Unit cell of a self-complementary connected 
antenna array above HIS (dielectric layers are hidden). 

Nevertheless, the results presented here are valid for a 
multilayer stacking [6]. For the numerical simulations, only 
one cell is considered where periodical boundaries are 
applied.  

3.1. Antenna array above a PEC reflector 

First, we consider a Perfect Electric Conductor (PEC) as 
reflector. This case represents a conventional case and will 
be considered as a reference. This reference case will be 
used to verify the validity of the analytical model and also 
the property enounced by Cavalo et al. [5]. The ground 
plane is located at a quarter wavelength (at 8.5 GHz) 
distance from the infinite antenna array printed on dielectric. 
To simplify the analysis, the substrate is considered as free 
space. The metallic reflector is considered as a PEC, i.e. has 
a reflection coefficient equal to -1. Hence, the back radiation 
generated by the radiating elements is reflected by the 
metallic reflector with a π reflection phase for electric field. 
As the metallic reflector is placed at a quarter wavelength 
distance at f0 away from the radiating elements, the PEC 
reflector provides at this frequency a constructive 
interference phenomenon for the forward radiation. At 
f=17GHz, a destructive interference phenomenon is 
observed resulting from short-circuit of the antenna array. 
The reflection coefficient of the antenna calculated with 
analytical and numerical methods is plotted on Fig. 5.  

Figure 5: Reflection coefficient of an infinite antenna array 
above a PEC reflector in receive and transmit modes 

The comparison is done when the infinite antenna array is 
considered in a receiving mode, i.e. illuminated by a plane 
wave (analytical model and HFSS) and in transmitting mode 
(all antenna ports are excited simultaneously and with the 
same amplitude and phase with HFSS) (Fig. 5).   
A very good agreement between the analytical and 
numerical results is observed when the antenna array is 
calculated in a receiving and transmitting mode (Fig. 5). 
 

 
a) 

 
b) 

Figure 6:  Reflection coefficient versus frequency of a self-
complementary connected antenna array above a PEC 
reflector for TM (a) and TE polarizations (b). 
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The antenna array is now only considered in a receiving 
mode. On Fig. 6 is plotted the reflection coefficient of a 
self-complementary connected antenna array for several 
incident angles for both TE and TM polarization.  
The effect of the increase of the incident angle is less 
sensitive in TM than in TE polarization. In TM mode, when 
increasing the incident angle, the reflection coefficient of 
the antenna array increases without large variations of the 
resonant frequency. The -10dB bandwidth is slightly 
reduced when the antenna is illuminated by an incident 
plane wave with angle up to 30°. However, the antenna is 
mismatched as the incident angle increases showing that 
good results can be obtained from 0° to 45° with this simple 
multilayer structure. In TE mode, the reflection coefficient 
of the antenna array is quite stable when the incident angle 
increases despite the shift of the resonance frequency 
toward high frequencies. The numerical results are very 
close to the ones obtained analytically. Hence, it is possible 
to quickly evaluate an infinite antenna array in receiving 
mode with this analytical model. 

3.2. Antenna array above a HIS 

The self-complementary connected antenna array is now 
placed above a HIS. This reflector is composed of a periodic 
array of metallic square patches (P=1.7mm, g=0.1mm, Fig. 
2) printed on a grounded dielectric (h=0.762mm, εr=10.35). 
The HIS behaves like a Perfect Magnetic Conductor (PMC) 
at f=13GHz. The reflection coefficient versus frequency of 
the infinite antenna array on a high impedance reflector is 
plotted on Fig. 7.  

 
Figure 7: Comparison between analytical and numerical 
results: reflection coefficient of the infinite antenna array 
above HIS reflector and reflection phase diagram. 
 
 By fixing the height of the antenna to λ0/4 at the frequency 
f0, the HIS will impose a π reflection phase between incident 
and reflected electric fields in antenna plane and a 0° 
reflection phase at 2f0. The classical solution of a PEC 
ground plane only allows having a single operation 
bandwidth around frequency f0 (Fig.6). The use of a high 
impedance reflector gives a second bandwidth around 
frequency 2f0 (Fig. 7).  
The radiation pattern of the antenna array can be estimated 
by the product of the array factor with the radiation pattern 
of the unit cell. With this formulation one can easily obtain 

approximate radiation patterns of the whole structure. The 
realized gain of a self-complementary connected antenna 
array made of 5x5 elements located above HIS is plotted on 
Fig. 8 (a single polarization is activated). These preliminary 
results show that the antenna array exhibits a directive 
radiation pattern at the center of the two selected bandwidths 
defined in Fig. 7. 
Moreover by the modification of the HIS parameters it is 
possible to shift the antenna resonant frequency or to add 
other bandwidths. A solution for increasing the antenna 
bandwidth is to use HIS designed with several resonances 
spread over the total bandwidth [6] or to use an active HIS 
able to modify the resonant frequency of the reflector [6]. 
This analytical model is also accurate to design an ultra thin 
absorber [7] and a self-complementary connected antenna 
array positioned above an absorbing HIS [6].  
 

 
(a) 

     
(b) 

 
Figure 8: Radiation pattern of a self-complementary 
connected antenna array. Realized Gain at: (a) f=6.5GHz, 
(b) f=13GHz. 
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4. Conclusions 
An analytical model allowing evaluation of the reflection 
coefficient of a self-complementary connected antenna array 
above several specific reflectors has been presented. 
Comparisons between results obtained with this method and 
computations HFSS show a very good agreement. Hence, 
the analytical method allows performing parametric studies 
of the antenna with shorter computer time compared to the 
time required by an electromagnetic 3D computer code. In 
this way, such 3D electromagnetic tool should only be used 
in the final steps of the antenna design. 
 

Acknowledgment 
The present work has been led in the framework of the 

ITP SIMCLAIRS competed program. France, United 
Kingdom and Sweden have mandated the European Defence 
Agency (EDA) to contract the Project with a Consortium 
composed of THALES SYSTEMES AEROPORTES 
France, acting as the Consortium Leader, SELEX Galileo 
Ltd, THALES UK Ltd and SAAB AB. 
 

References 

[1] Y. Mushiake, Self-complementary antennas, IEEE 
Antennas Propagation Magazine, Vol.34, No.6, pp.23-
29, 1992. 

[2] M. Gustafsson, Use of dielectric sheets to increase the 
bandwidth of a planar self-complementary antenna 
array, IEEE Antennas and Propagation Society 
International Symposium 2006, pp. 2413-2416, 2006. 

[3] D.M. Pozar, Microwave Engineering, 2nd Edition, 
Wiley, pp.206-213, 1998. 

[4] O. Luukkonen, C. Simovski, G. Granet, G. Goussetis, 
D. Lioubtchenko, A.V. Räisänen and S.A. Tretyakov, 
Simple and Accurate Analytical Model of Planar Grids 
and High-Impedance Surfaces Comprising Metal Strips 
or Patches, IEEE Transactions on Antennas and 
Propagation, Vol.56, No.6, pp.1624-1632, 2008 

[5] D. Cavallo, A. Neto and G. Gerini, Green's Function 
Based Equivalent Circuits for Connected Arrays in 
Transmission and in Reception, IEEE Transactions on 
Antennas and Propagation, Vol.59, No.5, pp.1535-
1545, 2011. 

[6] F. Linot, Apport des Surfaces à Haute Impédance à la 
conception d’antennes réseaux compactes et d’antennes 
réseaux à très large bande passante, PhD Thesis 
Telecom ParisTech, April 7th 2011. 

[7] F. Linot, X. Begaud, M. Soiron, C. Renard, M. 
Labeyrie, Characterization of a loaded high impedance 
surface, International Journal of Microwave and 
Wireless Technologies, Vol.1, Special Issue 06, pp. 483-
487, 2009. 
 



 META’13 CONFERENCE, 18 – 22 MARCH 2013, SHARJAH – UNITED ARAB EMIRATES 

  

Design and measurement of a thin and light absorbing material for 

space applications 
 

Yenny Pinto
1
, Julien Sarrazin

2
, Anne Claire Lepage

1
, 

Xavier Begaud
1
, Nicolas Capet

3
 

 
1Institut Mines-Télécom, Télécom ParisTech, France  

2UMPC Univ. Paris 06, UR2, L2E, Paris, France 
3Centre National d’Etudes Spatiales, France 

 

*corresponding author, E-mail: pintobal@telecom-paristech.fr 
 

 

Abstract 

This paper presents the design, realization and measurement 

of a thin lightweight absorbing material for space 

applications. Absorber design is based on High Impedance 

Surfaces (HIS) loaded with resistors and known as a 

Resistive High Impedance Surface (RHIS). The behaviour 

of RHIS is analysed at normal and oblique incidences for 

TE and TM polarizations. Prototypes have been realised and 

measured. Final design has a reflection coefficient less than 

-15dB in S-Band [2-2.3GHz] at normal incidence and till an 

angular dispersion of 40° for waves in TE polarization, and 

35° for waves in TM polarization.  Simulation results are 

validated by measurement.  

1. Introduction 

Absorbing material can be used to reduce the reflection of 

electromagnetic waves on a surface. For space applications, 

these materials may for example be placed on the satellite in 

order to reduce interference between antennas. 

Conventional design methods consist in the insertion of 

losses on the surface of the material. The Salisbury screen 

[1] is an example of this approach in which a resistive layer 

is placed on top of a metal surface at a distance equal to a 

quarter wavelength. The major drawback of this resonant 

structure is to operate on a narrow band of frequencies. The 

Jaumann absorber [2], consisting of several resistive layers 

spaced approximately by a quarter wavelength, operates 

over a wide band. However, this technique greatly increases 

the thickness of the structure. 

In 2002, Engheta proposed to introduce metamaterials in the 

design of absorbers [3]. This approach has represented a 

technological breakthrough as it allows reducing drastically 

the thickness. Thus, in [4] the use of a High Impedance 

Surface (HIS) associated with a resistive material as 

absorber is presented. This type of structure, called 

Resistive High Impedance Surface (RHIS), consists in a 

FSS (Frequency Selective Surface) over a grounded 

dielectric slab. The FSS is usually a periodic array of 

printed patterns loaded with resistors or resistive sheets in 

order to achieve absorption. Such a material has the 

advantage of being lightweight and thin. 

In this article, RHIS is optimized for good absorption 

performance (|Γ | < -15dB) in the band ([2 - 2.3GHz] 14%) 

at normal incidence, while fulfilling specific constraints for 

space applications as a low mass density (<2.5 kg/m²) and a 

thickness less than 50 mm. This structure is also analyzed at 

oblique incidence for TE and TM polarizations. 

The paper is organized as follows: in the next Section, the 

design of the RHIS structure is described, in Section 3 the 

experimental validation and results are presented, and finally 

in Section 4 conclusions are given. 

2. RHIS Design 

The RHIS structure is composed of square patches 

interconnected by resistors on top of a grounded dielectric 

slab. Figure 1 shows the unit cell of the RHIS structure. It is 

composed of square copper patches over Rogers RO4003 

substrate ( r = 3.38 + / -0.05). Below, are a honeycomb layer 

( r = 1.08+ / -0.05) and the ground plane, consisting of a 

copper film. Interconnecting patches, resistors are formed 

with TICER resistive film with width Wres = 0.53mm, 

resistivity 100Ω/square and thickness t = 0.1μm which 

provides a resistance of 377 Ω.  

 
Figure 1: Unit Cell of RHIS.  
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The structure is simulated and optimized using the CST 

Microwave Studio (frequency solver) [5]. For simulations, 

only one cell is considered and periodical boundaries are 

applied. 

2.1. Simulation results 

The structure is optimized to obtain a reflection coefficient 

lower than -15dB (|Γ| < -15dB) in a wider band ([1.6 - 

2.3GHz] 36%) than required ([2 - 2.3GHz] 14%) for normal 

incidence, in order to compensate, to some extent, the 

expected performance degradation when the incidence angle 

increases. This structure is also analyzed at oblique 

incidence for TE and TM polarizations. The simulations 

results are given in figures 2 and 3. A good absorption 

performance (|Γ| < -15dB) in the targeted band [2 - 2.3GHz] 

is observed at normal incidence for both polarizations. When 

the angular dispersion increases, the absorption level 

decreases and the frequency band shifts. Consequently, a 

reflection coefficient lower than -15dB in the 2-2.3 GHz 

band is limited to an angular dispersion of 40° for waves in 

TE polarization, and 35° for waves in TM polarization.  

 

Figure 2: Simulated reflection coefficient at normal and 

oblique incidence. TE polarization (BW: required 

bandwidth). 

 

Figure 3: Simulated reflection coefficient at normal and 

oblique incidence. TM polarization (BW: required 

bandwidth). 

 

3. Experimental validation  

3.1. Prototype 

Figure 4 shows the prototype. It is composed of three 

layers. The first one is a Rogers RO4003 substrate with the 

patches and the resistive sheet (TICER 100 Ω/square) above 

it. This layer has a thickness of 0.203 mm. The second layer 

consists in a honeycomb with a 25 mm thickness, and the 

third one is the ground plane (a copper sheet of 35 µm). All 

the layers are added together using double-sided adhesive 

film. The total thickness of the structure is about 25.3 mm 

(~0.17λ  at 2.1GHz), thereby meeting the specifications.  

 

 
 

Figure 4: Prototype. 

 

The total size of the prototype is 578x428 mm and the mass 

density is about 2.4 kg/m2. Two prototypes are realized in 

order to validate the fabrication process and to compare the 

measurement.  

3.2. Measurement setup 

The measurement of the reflection coefficient of the 

absorbing material is carried out in three stages: 

 Measurement with a reference metallic plane 

(Γ_PEC) 

 Measurement with the RHIS structure (Γ_RHIS) 

 Calculation of the reflection coefficient of material 

under test by using (1). 

PEC_

RHIS_

                

 (1) 

 

The reflection coefficient is measured using two horn 

antennas. These are positioned in front of the Material 

Under Test (MUT). The two horn antennas are connected to 

a network analyzer E5071C Agilent. The measurement 

setup at normal incidence is shown in Figure 5.  
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Figure 5: Measurement setup at normal incidence. 

 

The antennas are positioned (Fig. 6) at a distance (dam) of 

MUT and are separated by a distance (da). The material is 

positioned at a height of 1.15 m above the ground. Two 

different scenarios are investigated: a measurement in the 

laboratory and in an anechoic chamber. The objective is 

then to estimate if the RHIS structure is efficient in a 

perturbed environment like a laboratory. 

The Figure 6 illustrates the measurement setup at oblique 

incidence. The distance between the antenna and MUT is 

dam =107 cm. MUT is fixed and the antennas are displaced 

according to incidence angle ( i r). 

 

 
Figure 6: Measurement setup at oblique incidence. 

3.3. Measurement results 

Measurements were realized in two different environments. 

The first environment is an anechoic chamber where the 

conditions are suitable to eliminate external interferences 

and absorb reflections of electromagnetic waves. Second 

measurements are realized in a laboratory without ideal 

conditions. The figure 7 shows results at normal incidence 

comparing the measurements from two different 

environments and simulation. A good agreement between 

results is obtained however a shift in frequency band is 

observed. The influence of the environment is noticeable. 

Indeed, measurement in laboratory presents more 

oscillations than measurements in anechoic chamber. In 

order to explain the oscillations presence, different 

measurements, where the distance between antennas and 

material is changed are performed.  

First, the distance (dam) is changed from near field 

(dam=35cm) to far field (dam =130cm). 

 
Figure 7: Comparison between simulation and 

measurements results at normal incidence  

(da= 8 cm, dam =107cm). 

 

The results are displayed in Figure 8. Differences in 

absorption levels are observed when measurements are 

realized in the near field. For all cases, the percentage of the 

frequency shift (according to simulation result) is about 

10%. The oscillations are present in all cases.  

 
Figure 8: Inluence of the measurement distance (dam) on the 

reflection coefficient (normal incidence, da= 8 cm). 

 

Then, the influence of the separating distance between the 

antennas (da) is shown in figure 9.  

 
Figure 9: Influence of the distance between Tx and Rx 

Antennas (da) on the reflection coefficient (at normal 

incidence and with dam= 107 cm). 
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The oscillations amplitude increases when the value of da 

decreases. Thus the coupling between the antennas is 

probably the cause of the oscillations. Moreover, this 

coupling may have an impact on measurements 

performances at oblique incidence.  

For oblique incidence, the measurements are performed for 

angles 45 ° and 60 °. The results are plotted in figures 10 

and 11 for TE polarization. All the following measurement 

have been realized in the laboratory (Fig. 10, 11, 12 and 13) 

with dam= 107 cm. There is an agreement, but differences in 

frequency and level are observed. At oblique incidence for 

45° and 60° requirements are not reached. In fact, after 35° 

bandwidth shifts to low frequencies and level increases. 

 
Figure 10: Comparison between simulation and 

measurements results at oblique incidence (45°). 

 TE polarization. 

 
Figure 11: Comparison between simulation and 

measurements results at oblique incidence (60°).  

 TE polarization. 

 

Measurements for TM polarization are presented in figure 

12 and 13.  

 
Figure 12: Comparison between simulation and 

measurements results at oblique incidence (45°). 

 TM polarization. 

 
Figure 13: Comparison between simulation and 

measurements results at oblique incidence (60°). 

TM polarization. 

  

Shifts in frequency and level can be explained by different 

ways: 

- The imperfections of realisation. 

- The simulation does not take into account the 

presence of the glue.  

- The resistance value is not accurate and has a 

tolerance of + / - 10%. 

- The permittivity value of honeycomb is not 

accurate.  

In order to find explanations, further investigation will be 

driven to highlight and reduce all these uncertainties. 

4. Conclusion 

The design, realization and measurement of a thin 

lightweight absorbing material for space applications has 

been presented. Absorber design was based on High 

Impedance Surfaces (HIS) loaded with resistors and known 

as a Resistive High Impedance Surface (RHIS). The 

behaviour of RHIS has been analysed at normal and oblique 

incidences for TE and TM polarizations. Simulation results 

have been compared to measurement. Measurements were 

realized in two different environments: anechoic chamber 

and laboratory. There was a good agreement, despite some 

differences in frequency and level. Shifts in frequency and 

level can be explained by the imperfections of realisation, 

tolerances of materials and the glue not taken into account in 

the simulation. 

 Final design has a reflection coefficient less than -15dB in 

S-Band [2-2.3GHz] at normal incidence and till an angular 

dispersion of 40° for waves in TE polarization, and 35° for 

waves in TM polarization.  
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Abstract 

In This paper, a novel rectangular patch antenna is proposed 

and studied based on the Metamaterial Composite Right 

Left Handed (CRLH) transmission line (TL) model. It is a 

miniaturized Zeroth Order Resonance (ZOR) antenna 

designed on Reactive Impedance Surface (RIS). The 

miniaturization is provided by the use of vias that increase 

the Left Handed (LH) inductor and then push down the 

(LH) region. Simulated result at zeroth order resonance 
show improvement in the antenna gain by increasing a 

number of vias. 

1. Introduction 

Several Metamaterial realizations were presented using 

Transmission Line theory. They were done by [1-4], where a 

mushroom structure [2] is used for the realization of the 

High Impedance Surface (HIS) [5]. Microstrip antenna 

loaded with this CRLH metamaterial is able to excite the 

negative order resonance and provide decreased resonance 

frequencies [6]. It is shown that they have a good radiation 

and small size. 

The basic structure of the CRLH metamaterial antenna 

as shown in Fig 1 is consist of (n) CRLH structures, ground 

plane, substrate and patch on the top of the substrate, a via 

connects the patch and the ground plane, and there is a gap 
between the adjacent patches. The Left Handed (LH) 

capacitance is provided by coupling of adjacent top patches 

while the LH inductance is provided by a via connected to 

the ground plane. 

2. Antenna configuration and performance 

Introducing the proposed antenna geometry, it consists 

of CRLH structure with two unit cells. Each unit cell 

consists of a ground plane, substrate, and patch on the top of 

the substrate. Three configurations are presented; the first 

one without mushrooms, the second one with one mushroom 

mushrooms inserted into each unit cell and the third has 

three vias per cell. 

The antenna is printed on a thin substrate with dielectric 

constant 2.2
r

 and dimensions of 358.14040 mm . 

Two patches are printed on the substrate and each patch has 

dimensions of 23.715 mm  with a gap between the two 

patches of 0.2mm. A microstrip line, of 254.115 mm , is 

used to feed the first patch through a gap of 0.2mm. A vias 

with radius 0.12mm are used in each unit cell to introduce 

the shunt inductance. The gap between the patches is used to 

introduce the series capacitance. 

 

 

Figure 1: Microstrip antenna based on CRLH 

metamaterial 
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Figure 2: Effect of the mushroom on the return loss of 

the CRLH antenna. 

The return loss properties of the usual patch antenna and 

the proposed CRLH antenna are plotted on figure 2. Also the 

electric filed distribution is visualized to convince the design 

of the true ZOR phenomenon. 

The results of simulation show that the antenna has two 

resonances at the frequency 11.9GHz, and 17.3GHz. The 

return loss at the first resonance for one vias is -8dB, 
whereas it is -9.8dB for three vias. At the second resonance 

for one vias is -34dB, whereas it is -41dB for three vias. 

 

 
Figure 3: Simulated far-field pattern at first order 

resonant frequency of a patch antenna without via 

 
Figure 4: Simulated far-field pattern at first order 
resonant frequency of a patch antenna with 1 via per 

patch 

 

Fig 3, 4 and 5 show the far-field radiation pattern results 

at 11.9GHz. The maximum gain is 8.02dB for without-via 

configuration, 9.22dB for one via configuration and 11.22dB 
for three vias configuration.  

 
Figure 5: Simulated far-field pattern at first order 

resonant frequency of a patch antenna with 3 vias per 

patch 

 

It is shown, that by increasing the number of mushrooms 
structure, the first operating frequency has been pushed up 

from 10.9GHz to 11.8GHz. It should be pointed out that the 

number of mushroom structure can be further increased to 

reduce the antenna dimension.  

1 via 

3 vias 

Without via 
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3. Conclusions 

A novel planar antenna using CRLH structures and loaded 
with vias has been presented and studied. The designed 

antennas use the theory of the CRLH-TL to realize negative 

permeability and permittivity in the LH region. It is shown 

improving of gain can be obtained by increasing a vias 

number. 
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Abstract 

We present here for the first time the rigorous solution of 

boundary diffraction problem about the microwave 

scattering by a multilayered 2D cylinder. The cylinder 

layers may be made of isotropic or uniaxial anisotropic or 

electrically and (or) magnetically gyrotropic materials. The 

number and thickness of layers may have arbitrary values in 

our solution. We calculated scattering diagrams (a radial 

component of real part of the Poynting vector) inside and 

outside of cylinder using the solution. Here we present 

scattering diagrams from three - layered cylinder made of 

SiC and metamaterial UCSD30815 or saturate magnetized 

ferrite ISCh4. Diagrams were computed for wave incidence 

angles θ=π/2, π/3, π/6 inside of metamaterial/ferrite layer at 

the distance 1 mm and outside of cylinder at the distance 

2.5 mm from the cylinder axis.  

Keywords: scattering problem, novel rigorous solution, 

partial domain method, multilayer cylinder, isotropic, 

uniaxial anisotropic, electrically and magnetically 

gyrotropic materials. 

1. Introduction 

Boundary problems of microwave scattering by cylinder 

obstacles made of conductor, dielectric, metamaterial, 

semiconductor and ferrite materials have been studied for a 

long period of time because the problems are very important 

in radar, satellite, optical imaging system, signal processing, 

security system, atmospheric science, invisible cloak 

realization technologies [1-6]. The different microwave 

elements like a conductor cylindrical plate or other material 

scattering bodies located close to an antenna can improve 

the total antenna characteristics, e.g. enhance an antenna 

bandwidth and reduce antenna sizes [7]. 

For this reason very important to develop new 

electrodynamical methods and algorithms for solving of 

listed problems. A new iterative technique based on the T-

matrix approach is proposed for the electromagnetic (EM) 

scattering by dielectric cylinders with finite length. The 

incident, scattered, and internal fields are expressed in terms 

of the spherical harmonics [2]. An algorithm for the 

investigation of scattering properties of multilayered 

metamaterial and some other materials is given in [3]. Here 

the incident EM field source is an infinite line with an 

electric current. The algorithm is based on the eigenfunction 

expansion and has wide possibilities for numerical 

investigations [3]. In the article [4] is given the EM analysis 

of uniaxial multilayer cylinders and is described the 

developed algorithm of spectral-domain Green's functions of 

uniaxial multilayer structures with arbitrary number of 

layers. The full-wave scattering theory was used in [5] to 

solve a diffraction problem about a magneto-dielectric 

anisotropic coated cylinder of infinite length when the one is 

normally illuminated by a transverse magnetic (TM) 

polarized plane wave. A fast solution for rigorously deriving 

spatial-domain dyadic Green’s functions for the planar 

multilayer uniaxial media is presented in [6]. The validation 

of the proposed algorithm and the accuracy of the dyadic 

Green’s function are proved in the mentioned article.  

The solution of scattering problem for a multilayered infinite 

length cylinder with isotropic magneto-dielectric layers is 

presented in our articles [8, 9] and with uniaxial anisotropic 

layers, when the anisotropy axis was parallel to a cylinder 

axis, is given in [10]. In both cases, the solutions of tasks 

were presented as a superposition of transversal electric 

(TE) and transversal magnetic (TM) waves.  

Here we are going to describe more general solution of 

diffraction problem about the microwave scattering by a 

multilayered cylinder of infinite length containing also ε- 

and (or) μ- gyrotropic layers. This general solution cannot 

be taken as a superposition of TE and TM waves. 

2. Problem formulation and theoretical 

consideration 

The main task for solving of the scattering problem for 

a multilayer cylinder is to find a solution of Maxwell's 

equations for an every layer of the cylinder. 

We used the partial domain method for solution of the 

scattering problem and the standard boundary condition, i.e. 

the equalization of tangential components of electrical and 

magnetical field components on the surface between layers 

with different mediums.  

When a cylinder layer substance possesses the 

gyrotropy (magnetize ferrite or/and semiconductor) then the 

substance properties are described by tensors of the 

permeability ̂  or/and the permittivity ̂  in the Cartesian 

coordinates in the form: 
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1 i 0 1 i 0

ˆˆ i 1 0 i 1 0

0 0 0 0p p

,

      

            

 

.       (1) 

The solution of the Maxwell's equations is not possible to 

express through the superposition of TE and TM waves in 

general case, i.e. when the material of cylinder layer is 

described by one of tensors (1) or both ones (1), as well as 

the incident EM wave propagation is not perpendicular to 

the cylindrical axis, i.e. the incidence angle θ   90°. Below 

we are going to present in detail the new method of the 

Maxwell's equations’ solution for the general case of 

scattering problem which is more complicated than partial 

ones. 

Our solution let us to summarize the geometry of cylinder 

cladding, where the concentric layers can be made of 

isotropic, uniaxial anisotropic materials as well as the 

gyrotropic materials that are described by tensors (1) when 

the layers can be placed in any order, and the core of 

cylinder could be made of a perfectly conducting material. 

The relations of the cyclic coordinates with the basic unit 

vectors e
1

, e
1

, e
0

 and the Cartesian system orts nx , 

n y , 
z

n .are  

1 1
e (n in ), e (n in ),x y x y1 12 2

   
 

  

e nz0
             (2) 

and the corresponding relations for the covariant coordinates 

are: 

1 1
x (x iy), x (x iy), x z1 1 0

2 2
       .       (3) 

The permeability and permittivity tensors in the cyclic 

coordinates have the forms: 

0 0 0 01 1
ˆˆ 0 0 0 0 ,1 1

0 0 0 0p p

,

  

      

 

       (4) 

where 

1 1
1 1

, ,           
1

1
,    

1
1

.    
 It should be noted that the both tensors 

(1) in the cyclic coordinates became diagonal ones (4). It is 

known that in the Cartesian system coordinate if the tensors 

have the form (4) then there are non-diagonal terms of these 

tensors in the cyclic coordinates. 

The cylindrical symmetry of the cylinder suggests using the 

cylindrical coordinate system. It can be written the relations 

on the basis of formula (3): 

1 1i ix e , x e , x z
1 1 02 2

      
 

.       (5) 

Covariant coordinates can be introduced by the common 

rules and be written in the form: 

1 1i i1 1 0x e , x e , x z
2 2

          (6) 

The Maxwell‘s equations for harmonic EM fields (when the 

time dependency is determined as )iexp( t ) are written on 

the projections: 

ihH H E0 11 1 1
,    
    (7.1) 

H ihH E01 1 1 1
,   

   
   (7.2) 

H H Ep1 1 1 1 0
,  

   
 (7.3) 

ihE E H
1 1 0 1 1

, 
   

 (7.4) 

E ihE H
1 0 1 1 1

,  
   

 (7.5) 

E E Hp1 1 1 1 0
.  

   
    (7.6) 

Here j jx


 


, 

0j j
   , 

0j j
   ,  j 1, 1, p   , 

2 f is an angular frequency of incident microwave, f is 

the operating frequency, 
0
  is the free space permittivity, 

0
 is the free space permeability. 

1 ii ie e ,1
2

 
  
 

       
 

1 ii ie e ,1 0 z2

 
  
 

             
.             (8) 

A further reorganization in the system (7) is more 

convenient to perform after the integral Fourier 

transformation with respect to the coordinate 0x .  

We have deduced expressions (9.1-9.3) when equations 

(7.1) and (7.4) with respect to unknown functions E 1  and 

H 1  and system equations (7.2) and (7.5) with respect to 

unknown functions E 1  and H 1  has been resolved: 

 1
E ih E H

1 0 1 1 021 h
1 1

,   
     

 

    (9.1) 

 1
H E ih H1 1 1 0 1 02h1 1

,       
   

    (9.2) 

 1
E ih E H1 1 0 1 1 02h1 1

,      
   

    (9.3) 

 1
H E i h H1 1 1 0 1 02h1 1

.       
   

    (9.4) 

Here h is the Fourier parameter. We have received the 

coupled differential equation system (10) with respect to 

unknown functions E0  and H0  from (7.3) and (7.6). 

1 1 Ep1 1 1 1 02 2h h1 1 1 1

1 1
ih H 0,1 1 1 1 02 2h h1 1 1 1

 
 
 
 
 

 
 
 
 
 

          
        

        
        

  (10.1) 
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1 1ih E1 1 1 1 02 2h h1 1 1 1

1 1 H 0.p1 1 1 1 02 2h h1 1 1 1

 
 
 
 
 

 
 
 
 
 

      
        

           
        

 

                                                                                       (10.2) 

It is possible to find the analytical solution of system (10) 

when the permeability and permittivity tensors (4) are 

independent on the coordinates. In this case the system (10) 

can be written: 

 

 

q E iq H 0,1 0 2 0

ip E p H 0,2 0 1 0

     

     

     (11) 

where   
22 k S Sp 1 1q1 S S1 1 1 1

,
  

    
  (12.1) 

 Z S S0 1 1q2 S S1 1 1 1
,

  
    

  (12.2) 

22 k S Sp 1 1p1 S S1 1 1 1
,

  
    

  (12.3) 

S S1 1p2 Z S S0 1 1 1 1
,

  
    

 (12.4) 

1 1
2 2

,  
        

 (12.5) 

2S 1 1 1 ,       (12.6) 

k
c 0 0

,
      (12.7) 

h 0, Z 1200k
0


   


. (12.8) 

We can see from formulae (11) and (12) that both equations 

of system (11) uncoupled when 
1 1 1 1

   
   

or when 

the incident EM wave propagates normally to the axis of the 

cylinder ( 0).  In the last two cases the solution is simpler 

and can be expressed through the superposition of TE and 

TM modes. The solution of the system (11) is sought in the 

form of infinite series: 

E E ( )exp(im ),0 0m
m


  


   (13.1) 

H H ( )exp(im ).0 0m
m


  


    (13.2) 

The substitution of functions (13) into the system of 

equations (11) and using the orthogonality of functions 

exp(im )  let us to obtain the ordinary differential equation 

system with respect to unknown functions E0m  and H0m . 

21 m q E1 0m2

21 miq H 0, (14.1)2 0m2

 
 
 
 
 

 
 
 
 
 

   
   

    
   

 

21 mip E2 0m2

21 m p H 0.1 0m2

 
 
 
 
 

 
 
 
 
 

  
   

     
   

   (14.2) 

We have sought the solution of the differential equations’ 

system (14) in the form: 

,
(e)

E C Q ( )m0m m      (15.1) 

(h)
H C Q ( ),m0m m      (15.2) 

where
(e)

Cm , 
(h)

Cm are constants, Q ( )m   is a cylindrical 

function of any kind with integer index m . When we 

substitute expressions (15) into equations (14) we get: 

(e) (h)2 2q C iq C 0,1 2m m
 
 
 
        (16.1) 

(e) (h)2 2ip C p C 02 1m m
 
 
 

      .   (16.2) 

We find the parameter   values from the coupled system of 

equations (16) based on the requirements of the existence of 

nontrivial solution. The system (16) has nontrivial solution 

when the condition (17) is satisfied. 

2 2q iq1 2
0

2 2ip p2 1

 


  

.    (17) 

The equation (17) is the biquadratic equation with respect to 

the parameter  : 

4 2(1 q p ) (q p ) q p 0.2 2 1 1 1 1        (18) 

The solution of the biquadratic equation (18) is: 
12

(1 q p )1,2 2 2

2p qp q 11 1 1 q p q p .
1 1 2 22 2

 
  

  
 

 
  
  

 



  

  (19) 

The denominator of expression (19) can be represented as 

 
  

1 q p
2 2

1 1 11

S S S S11 1 1 1 1 1 1
.

 
 
 

 

   
  

         

 (20) 

Expression (20) for substrata that are described by the 

permeability and (or) permeability tensors (4) cannot be 

equal zero, for this reason the solutions (19) everywhere are 

finite. We introduce a notation for convenience:  

2
1 1
   ,     (21.1) 

2
2 2

   .     (21.2) 
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The solution of the ordinary differential equation system 

(14) are: 

E C Q ( ) C Q ( ),m m0m 1m 1 2m 2        (22.1) 

H P C Q ( ) P C Q ( ).m m0m 1 1m 1 2 2m 2        (22.2) 

Here the coefficients are: 

2 2i(q ) i(q )1 11 2P , P1 22 2q q2 21 2

 
 

 
.   (23) 

In this way, we get just a single pair system (14) solutions, 

because for the cylindrical functions with the integer indexes 

is valid the ratio mQ ( z) ( 1) Q (z)m m   , z is an argument 

of a certain function. If we take instead of Q ( )m   other 

independent solution of the Bessel equation then we get 

another couple of independent solutions of system (14). 

The general solution of the radial function for a cylindrical 

gyrotropic layer can be written: 

(1) (1) (2) (2)
E A Q ( ) A Q ( )0m 1 1m m m m

(3) (1) (4) (2)
A Q ( ) A Q ( ),2 2m m m m

     

     

  (24.1) 

 

(1) (1) (2) (2)
H A P Q ( ) A P Q ( )0m 1 1 1 1m m m m

(3) (1) (4) (2)
A P Q ( ) A P Q ( ).2 2 2 2m m m m

     

     

 (24.2) 

Here 
(1)

Qm  is the first kind and 
(2)

Qm  is the second kind of 

Bessel equation’ solutions.  

A selection of function kind depends on a layer’s place in 

the multilayer cylinder. The approach to the implementation 

of this procedure is the same as in our articles [8-10].  

It is worth to mention that if 0  and at least one of the 

coefficients of expression (24.1) is not equal to zero, then 

the components of the electrical E0  and magnetical H0  

fields are not equal to zero at the same time, i.e. the waves 

are hybrid ones and a solution in form of superposition TE 

and TM modes is not exist. 

The system equations (14.1) and (14.2) uncoupled when 

q 0 p 0.2 2       (25) 

We can see from formulae (12.2) and (12.4) that both 

equality satisfy when 1) 0 or (and) 2) 1 1 1 1       . 

We can write the problem solution as a superposition of TE 

and TM waves at these two cases. 

The condition 0  means that the incident EM wave 

propagates in the perpendicular direction to the cylinder 

axis. In this case the argument of radial function for the TE 

wave is p1  and, accordingly, of the TM wave is q1 . 

Because in the general case the arguments of radial 

functions are different for this reason a degeneration of 

solutions vanish and we can separate the TE and TM modes 

with the same index m .We can distinguish these modes by 

the space distribution of electrical and magnetical fields. 

Please pay attention that cases 1) 0  and 

2) 1 1 1 1        differ significantly. In the first case 1q  

and 1p  are equal:  

1p p 11 12 2q 2k , p 2k ,1 1
1 1 11

       
     

P P 1
1 2
  . 

The expression for second case is valid for a uniaxial 

medium: 

t1 1    t1 1    , 2S S t t1 1      and 

we have: 

p2 2q k ,t t1
t

 
 
 


   


 

p2 2p k ,t t1
t

 
 
 


   


 P P 1

1 2
  . 

Such expressions were early presented in our work [10]. 

Condition 2) can be satisfied do not only for uniaxial 

medium but also when S S S1 1   . Then the value of 

parameter   again can be described by relations (16) and 

expression can be written: 

S Sp p2 2q 2k , p 2k ,1 1
1 1 1 1

 
 

      
 P P 1

1 2
  . 

These expressions dependent also on the angle  , which is 

between the wave vector of the incident wave and the 

cylinder axis, because cos  .  

Amplitudes 
( )

A , 1,...,4m 
l l  of different layers are 

matched by standard boundary conditions on an interface of 

the cylindrical layers filled with different materials. The 

boundary conditions require the equality of the tangential 

component of EM field on the interface between two 

different materials. Matching procedure is the same as in [8], 

[10]. We can express the transverse EM field components 

after substituting the relations (24) into expressions (9) and 

at the same time we have the solution of the Maxwell‘s 

equations.  

The analysis of microwave scattering distribution is 

usually accompanied by defining the radial components of 

the Poynting vector at fixed distances on the cylinder axis, 

i.e. microwave scattering diagram (pattern). Scattering and 

absorption characteristics depend on the material properties 

of the scattering body, its geometry, frequency, propagating 

direction and polarization of the incident wave. The 

scattered energy per oscillation period per unit length is 

pretty convenient for the investigation of scattering 

phenomena here. This quantity is proportional to the 

scattering (absorption) cross section per unit length. The 

Poynting vector radial component is equal to  
i * *P E H E H exp( i )1 0 0 1
2

i * *E H E H exp(i ).0 1 1 0
2

 
  
 

 
  
 

     

   

      (26) 

In the formula (26) is presented the  component of energy 

flux density at the point r n  . The average scattered 

(absorbed) energy over the oscillation period for the unit 

length of cylinder on a cylinder area of radius   is: 

21
W P ( , )d

2
0


      .    (27) 

There are sets of coefficients 
( )

A , 1,...,4m 
l l  in the case of 

multilayered cylinder. These coefficients define the EM 

fields inside the layer that contains the points nr


 . 



5 

 

If the points are on the external surface of the cylinder, then 

we use the amplitude of scattered (reflected) waves only.  

We can find the scattered power values per oscillation 

period for the unit cylinder length according to the same 

formula (27). It is easy to obtain analytical expressions (28) 

and (29) for integral (27). 

0* 0*1 1W E H E Hm mm m4k S S1 1m
*iZ iZ i0* 0* 1*1 1 00 1 0 1 1H H H H E Em m mm m m*S S1 1 Z S0 1





     
 

        
  

 

* * *i 1* 1* 1*0 0 01 E E E H E Hm m m m m m* * *Z S S S0 1 1 1








      

  

                   (28) 

where 

(1) (1) (2) (2)0E A Q ( ) A Q ( )m m m m m1 1
(3) (1) (4) (2)A Q ( ) A Q ( )m m m m2 2

     

     

                                (29.1) 

(1) (1) (2) (2)0H A P Q ( ) A P Q ( )m m m m m1 1 1 1
(3) (1) (4) (2)A P Q ( ) A P Q ( )m m m m2 2 2 2

     

     

                             (29.2) 

(1) (1) (2) (2)nE A Q ( ) A Q ( )m m m1 1 1 1m n m n
(3) (1) (4) (2)A Q ( ) A Q ( ),m m2 2 2 2m n m n

n 1, 1

        

        
 

                 (29.3) 

(1) (1) (2) (2)nH A P Q ( ) A P Q ( )m m m1 1 1 1 1 1m n m n
(3) (1) (4) (2)A P Q ( ) A P Q ( ),m m2 2 2 2 2 2m n m n

n 1, 1.

        

        
 

        (29.4) 

Parameters and numerical calculations 

Here we present the scattering microwave power diagrams 

of three-layered cylinder (Figs 1-3). The core of cylinder has 

radius 0.5 mm, the middle layer radius is 1.5 mm and the 

external cylinder radius is 2.0 mm. Numerical calculations 

were made for the incident plane harmonic monochromatic 

microwave with the operating frequency f =12 GHz. Our 

computer program is written in Fortran.  

The core of cylinder and it external layer are made of SiC 

material. This material is useful because it can operate at 

high-temperature, high-power, high-radiation conditions. 

The SiC permittivity ε1=6.5-i0.0005 and the permeability 

μ1=1 were taken from [11]. The middle layer can be made 

from a metamaterial or a gyrotropic ferrite. The 

metamaterial UCSD30815 complex permittivity ε2= -4.95- 

i0.2 and the permeability μ2= -2.5+ i0.25 were taken from 

[12]. In this work the permeability tensor components of 

gyrotropic ferrite ISCh4 are defined taking into account 

ferrite losses by using a dissipative term in T. Hilbert form 

as in [13]. The permittivity tensor elements (4) of ferrite 

are: μ+1 =6.757-i0.00301 and μ-1 =3.814-i0.00072, μp =1 

and εfer=13.5-i0.0005. The variation of the scattering power 

of microwave at different points on cylindrical surfaces of 

radius r is shown in Figs 1-3. Here are given the scattering 

power distributions at wave incidence angles: θ=π/2 

(denoted by the black line), θ=π/3 (red), θ=π/6 (blue). The 

wave incidence angle θ is the angle between a cylinder axis 

and a direction of incident wave propagation. 
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       (b) 

Figure 1: Scattering diagrams of SiC-metamaterial-SiC 

layered cylinder at the distance from the axis of cylinder 

equal to 1mm for parallel (a) and perpendicular (b) 

polarizations. 

The comparison of scattering diagrams of cylinders with the 

different middle layers (metamaterial or gyrotropic ferrite) 

shows that exist strong dependencies of the scattering 

characteristics on the middle layer constitutive parameters 

and the polarization of incident microwave. 
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Figure 2: Scattering diagram of SiC- gyrotropic ferrite -SiC 

layered cylinder at the distance from the cylinder axis equal 

to 1mm for parallel (a) and perpendicular (b) polarizations. 
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Figure 3: Scattering diagrams of layered cylinder at the 

distance from the cylinder axis equal to 2.5 mm for parallel 

polarizations when cylinder made of SiC- metamaterial -

SiC (a) and SiC- gyrotropic ferrite –SiC (b). 

On the base structures like the considered cylinders can be 

created controllable by magnetic field antenna reflectors that 

can re-direct a radiation.  

3. Conclusions 

The rigorous solution of boundary diffraction problem 

about the microwave scattering by a multilayered cylinder 

with electrically and (or) magnetically gyrotropic substrata 

is presented here. The harmonic EM wave may incident on 

the layered cylinder at arbitrary incidence angles. Scattering 

diagrams of the SiC- metamaterial-SiC cylinder and the 

SiC- gyrotropic ferrite –SiC cylinder are analyzed. We 

discovered the special distribution of the radial component 

of the Poynting vector for gyrotropic cylinders (Fig. 3.1). 
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Abstract 

Properties of crystalline solid-state structures are 
determined by the energy state of the electron-nuclear 
systems and the behavior of the electronic assemblies in 
crystalline magnetic fields.  

1. Introduction 

Properties of crystalline solid-state structures are 
determined by the energy state of the electron-nuclear 
systems and the behavior of the electronic assemblies in 
crystalline magnetic fields. They have the lattice periodicity 
(an electron in a periodic potential). Therefore, the tasks 
quantify and predict the properties of materials is often 
limited opportunity quite correctly describe and 
experimentally determine the distribution of energy levels 
in different structures. 

 

2. The wave functions of the crystal lattice energy 
bands 

In the opinion of Wigner and Seitz “If one had a great 
calculating machine, one might apply it to the problem of 
solving the Schrödinger equation for each metal and obtain 
thereby the interesting physical quantities, such as the 
cohesive energy, the lattice constant, and similar 
parameters. It is not clear, however, that a great deal would 
be gained by this. Presumably the results would agree with 
the experimentally determined quantities and nothing vastly 
new would be learned from the calculation. It would be 
preferable instead to have a vivid picture of the behavior of 
the wave functions, a simple description of the essence of 
the factors which determine the cohesion and an 
understanding of the origin of variation in properties” [1]. 
The problem of calculating the energy band structure is one 
of the main problems of solid state physics. Namely band 
theory is the theoretical basis for the other physical models 
to understand and explain many physical and technical 
properties of solids. This primarily refers to the crystals, 
which are widely used in modern computing, 
microelectronics, and in the manufacture of construction 
materials, etc. 
However, the calculation of the energy bands of solids is a 
very complex mathematical problem. This is due to the 

need to consider the interaction of an infinite number of 
particles (the many-body problem) in determining the 
potential. As a result, to determine the levels of energy in 
the classical version of the theory is required to solve 
differential and integral equations for the potential to be 
submitted in the form of a series with an infinite number of 
members [2], [3]. 
The main source of problems in all existing methods for 
calculating the band structure of solids is that originally 
entered the assumptions that are made in the form of a 
formal mathematical description, realized in the form of 
programs and the result is the same assumptions that were 
made originally. Any new information beyond what is 
assumed a priori is not generated. The apparent futility of 
this approach lies behind the enormous confusion and 
complexity of each cycle of such works. 
We consider the crystal as a system of all its constituent 
elements, the properties of which are determined by the 
crystal system and there are no outside the crystal in a free 
state, used a nonlinear superposition of the interactions of 
these elements are not made outside the assumption of a 
crystal structure and its size. The known properties of the 
crystal experiments, for example, the frequency of the 
elements in the arrangement should be obtained as a 
consequence of the approach, not postulated in advance. 
In the case of the successful development of this theoretical 
approach will be made a contribution to the solution of the 
fundamental problem of determining the energy spectrum of 
electrons in a periodic potential methods of computing. This 
determines the relevance and practical importance of the 
work. 
The purpose of this work is to develop accurate methods of 
crystal potentials and wave functions, which would allow to 
calculate the energy spectra of the electron states in various 
solids without fitting and use of corrective factors. Assumed 
that the results of the calculations will be tested on the 
crystals of copper, which will act in this case as a model 
system. 
The central object, with whom we were dealing with is a 
wave function. There are construction of the wave function 
only on the basis theoretical studies that focus on numerical 
methods. But the quantity of these constructions is clearly 
smaller. One advantage of this method is to obtain a one-
dimensional periodic wave function without translational 
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periodicity in the space of complex numbers. Interestingly, 
the imaginary and real parts of the calculated wave function 
without the use of assumptions about its frequency are 
obtained periodic with a period equal to the lattice constant. 
The amplitudes of the wave functions with increasing 
values of energy in energy bands increase in the nodes of 
crystal lattice. Consequently the probability densities 
increase at these points. This means that the higher the 
energy of the test electron, the closer it can be in the field of 
the atomic core. Figure 1 shows all the components of the 
calculation scheme of the core-intercore method for the 
second state. It is clearly seen near the center of origin 
because of the large number of cores and intercores as in the 
total real part and in the total imaginary part of the wave 
vector there are strong oscillations. This behavior of the 
wave vector due to the fact that the crystal is modeled with 
finite small size in the 7th core of the axis Ox. The central 
(4th) core lies in the depths of the crystal model. Therefore, 
the oscillations in it take the form of a delta function with a 
very narrow splash. Oscillations on the side (boundary) of 
the cores are blurred and are therefore available to them to 
portray. With an increase in size of the crystal such delta 
functions repeate periodically in the points that are on the 
same level of the envelope. However, this period does not 
correspond to the period of the envelope — the largest 
number of delta functions are at the center of a finite 
crystal, the number of the delta-function is reduced away 
from the center of the crystal. 
 

 
Figure 1 — Functions of the 2nd state. 1 — the total real 
part of the wave function of all cores and intercores; 2 — 
the probable of the test electron position; 3 — the imaginary 
part of the wave functions of all cores and intercores; 4 — 
the real part of a wave function of some one core and the 
surrounding six intercores; 5 — the imaginary part of the 
wave function of some one core and surrounding six 
intercores, 6 — crystal potential, 7 — core; 8 — intercore 
center. 

 
These results are consistent with the assumptions 

set out on the basis of works of Fermi, Pasta and Ulam. In 
the formation of the monovalent cuprous crystal is 
socialized one electron from each atom, while on the upper 
shell of the atom appears defect. We assume that an 
overlapping of wave functions at the defect level occurs in 
this process, and the other electronic levels of the ion are the 
same as in the isolated atom. The direct determination of the 
potential on the configuration space shows how the potential 
of the core ion changes depending on the level of the 
electron filling. In the transition of an electron from shell to 
shell of the various states of the electrons, each electron 
shell shields the external space of the charges, which are 
inside the shell. On the inner surface of the shell due to the 
screening induced charge of opposite sign [4, 5]. When an 
electron moves in the intercore space, the crystal potential is 
equal to the sum of the potentials of all cores and the sum of 
the potentials of all the parts of the intercores. Then to 
determine the band structure the obtained relatively on these 
potentials wave function can be used. We know the wave 
functions ψ , 	relatively to the zero of the atomic core, 
fixed at the origin. The are 321 such cores in total including 
0th. In the traditional methods functions of the isolated 
atoms is regarded. And in our case we obtain the functions 
of not isolated atoms but the functions of the crystal atoms. 
Generally in a crystal does not exist isolated atom, and the 
wave functions of the core ions overlap by the defective 
shells and defective shells, in turn, overlap intercore spaces, 
or, in other words, the elements of the lattice for the 
socialization of the electrons. The geometry itself of the 
construction of the wave functions shows that the isolated 
atom does not exist, and the coordinates of each core ion can 
be associated with an arbitrary origin. In the methodology of 
constructing of the wave function we are not using the unit 
cell broadcast to the entire crystal, but we consider the 
crystal as a single system.The interactions of the structural 
elements of the crystal are compensated, i.e. the object of 
study is in equilibrium and there is no need to define the 
energies of the interaction between all the elements. Instead, 
we define the potential of the interaction of the elements of 
the entire system with nonlinearity or disturbing factor. 
Consequently, the fundamental question of the model is to 
describe the interactions in the crystal by the pair 
approximation considering many partial interactions. 
Functions ψ ,  satisfy the conditions of the Bloch 
functions. Let’s find the eigenvalues of the energy levels of 
the crystal depending on the states of the wave function. 
The functional dependence of the energy states from the 
wave vector is given by: 

 ∆ ,

,
. (1) 

Here the wave function is defined in the complex plane, and 
the energy is the real value. Separating the real and 
imaginary parts of (1), we obtain the following expression 
for determining the values of the energy levels 

 E k ,  (2) 
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where j — number of the energy level, a Re∆ ψ x, k ,

b I ∆ ψ x, k , d Reψ x, k , f I ψ x, k .	 
The energy levels obtained from the equation (2) 

are periodic functions in the wave vector space: 
E k g E k , 

where g - reciprocal lattice vector. 
Without taking the condition of the periodicity it is 

obtained periodic dependence of the energy E x,	k 	from 

one-dimensional wave vector k  with period 2 k a  (where 

a0 — lattice constant) over the entire crystal. In Figures 2 it 
is shown plots of the energy E x,	k , of the coordinates of 
x and wave vector k  for the first five states of copper. 

 

 
Figure 2 — The energy E x,	k  for the state of copper 
n = 0. 
 
In copper the upper electron layer is composed of eleven 
electrons: 3d104s1. For these eleven electrons it is necessary 
six zones. The calculated data of the energy bands of copper 
obtained Burdick show that for all wave vectors k the 
structure of the six zones passes in fiveband structure. The 
energy of the five zones is in the range of 2 eV to 5 eV 
below the Fermi energy. The energy of the sixth zone 
ranges from 7 eV to 9 eV. Lower threshold energy is below 
the Fermi energy, the top one is above the Fermi energy. 
The threshold of excitation of electrons from the conduction 
band in the upper zone is reached at the point where the 
neck of the Fermi surface intersects the hexagonal face of 
the Brillouin zone. 

3. Conclusions 

Inside the metal effect of the positive ions on the free 
electron offset is average. Turned out on the outer layer of 
positive ions electron electric force acts on the part of the 
attraction of these ions. The potential energy of an electron 
in the metal is less than outside it. Valence electrons 
determine one of the most fundamental differences — the 
division of solid metals and dielectrics. The difference 
between the dielectric and the metal is determined by the 

presence or absence of solid partially filled energy band. 
The basis of allocation of the two mentioned types of solid-
state is the electron distribution not in the real space, but in 
the wave vector space. You may notice that the electrons in 
metals are generally not as concentrated near the ions, as in 
dielectrics. 
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Abstract 

The cavity quantum electrodynamics of various complex 
systems is here analyzed using a general versatile code 
developed in this research. Such quantum multi-partite 
systems normally consist of an arbitrary number of quantum 
dots in interaction with an arbitrary number of cavity 
modes. Initially, the coefficients matrix of the system is 
computed and numerically measured. For this purpose, the 
general time-dependent state of the most complex system 
has been rigorously specified and solved. As an example, a 
nine-partition system is simulated under different coupling 
regimes, consisting of eight emitters interacting with one 
cavity mode. Two-level emitters (e.g. quantum dots) are 
assumed to have an arrangement in the form of a linear 
chain, defining the mutual dipole-dipole interactions. It was 
observed that plotting the system trajectory in the phase 
space reveals a chaotic behavior in the so-called ultrastrong 
coupling regime. The behavior again confirms the results in 
our previous works, with stronger disorder particularly for 
atomic operator and phase plot. In order to study the 
computational complexity of our code, various multipartite 
systems consisting of one to eight quantum dots in 
interaction with one cavity mode were solved individually. 
Computation run times and the allocated memory for each 
system were measured.  

1. Introduction 

Cavity quantum electrodynamics is a branch of quantum 
optics, which studies the interaction of quantum optical 
systems and confined radiation in a cavity [1]. For the first 
time, Jaynes and Cummings and independently Paul 
presented a model to describe the interaction of a two level 
quantum emitting system with one cavity mode [2,3]. 
Quantum entangled states have turned into a frontier topic 
of interest due to their various potential applications in 
quantum telecommunication, information and computing.  

Programmable multimode quantum networks [4] are 
generated from various multimode entangled states, 
enabling the capability of switching between different linear 
optical networks. Simulation of multipartite many body 
systems has recently become feasible for the case of 
electronic wavefunctions in solids where nearly accurate 
analytical methods have been found [5]. However, precise 
numerical simulation of multi-partite quantum systems is 

known to be an intractable problem, in particular when 
entanglement information is to be kept. For this purpose, 
simulation of quantum systems composed of few partitions 
can be hardly done on a personal computer, while existing 
supercomputers hardly can simulate as many as only 50 
partitions [6]. The only known solution so far has been to 
perform the simulation using physical real simulators [6]. 
But usefulness of such physical systems is obviously 
limited to the class of problems they can deal with. 

It is the purpose of the present research to demonstrate 
the feasibility of full-scale simulation of multi-partite 
quantum systems on personal computers. We have 
developed an extensive code which is capable of solving 
arbitrarily complex quantum systems. We demonstrate the 
usefulness of this code by solving an example 
encompassing eight quantum dots interacting with one 
radiation mode. While the code is generally capable of 
solving for larger number of partitions, memory restrictions 
on the laptop PC (intel Core i3 2.4GHz, 4GB RAM) used 
for this purpose has prevented us to explore more complex 
systems. We have simulated the weak, strong, and 
ultrastrong coupling regimes and confirm the onset of 
quantum chaos as a result of ultrastrong coupling, in 
agreement with our previously published simulations. 

The theory has been based on an extension of the JCPM 
model [2-3], and specification of all possible ket states. The 
appropriate generalized JCPM must describe the interaction 
between emitters as dipole-dipole terms, as well as the 
interaction of emitters with multi-mode fields as field-
dipole terms. For this purpose, a special notation and 
formulation has been invented [7], in conjunction with a 
major correction to the JCM model [8-10].  

In [7], the model Hamiltonian is transformed to the 
Heisenberg’s interaction picture, and the subsequent Rabi 
equations were numerically solved in which RWA 
(Rotating Wave Approximation) was vital. This 
transformation is normally used in the context of quantum 
optics [1]. However, subsequent studies [8-10] revealed that 
application of Heisenberg’s transformation to the 
interaction picture will produce mathematically incorrect 
solutions, markedly under the ultrastrong coupling. It is 
because the free-running solutions for field and atomic 
operators in ultrastrongly coupled systems oscillate largely 
non-sinusoidal. Due to this fact, error could be avoided by 
solving the system directly in the Schrödinger space without 
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any approximation, rather than the Heisenberg’s interaction 
picture [10,11]. In our most recent preprint [11] we 
analyzed a real quantum system modeled as a three-level 
system [12,13], and another seven partition quantum system 
consisting of six quantum dots in interaction with one 
cavity mode [14].  

In this present paper we are going to report our study on 
the behavior of a complex nine partition quantum system 
analyzed again under various coupling strengths. Here, 
emitters are assumed to have a linear chain arrangement, so 
that the dipole-dipole terms for non-neighboring dots 
vanish. Under a similar two-dimensional configuration [6], 
many exciting applications are expected where a quantum 
dot transition is put in resonance with a photonic Dirac 
point's frequency [15]. We also study the computational 
complexity of multi-partite systems versus the number of 
partitions for two algorithms based on full and sparse 
matrices. Counter-intuitively, usage of sparse matrices 
results in longer computational times compared to full 
matrices, while allocating the same order of memory.   

2. Theory and Algorithm 

Required theory and algorithm are explained completely in 
[11], however the basic definitions are explained here in 
brief. The initial point of our methodology is to specify the 
most general time-dependent system ket state to represent 
all possible entangled states, and the related generalized 
operating Hamiltonian. Then the time-dependent state of the 
most general possible system will be given by  

( ) ( )

n 1 2 n

r r r rn 1 2

φ t A,F A F
A,F

n

k
           1<r Bn

n 1
ω

f f f f             0 f N  ν 1 2 ω υ
ν 1

A

F

n

∑=

= = … <
=

= = … < <
=

⊗

⊗

φ

      
(1) 

Here, |A� is supposed to be the ket state of the different 
energy levels of emitters, k is the total number of emitters, 
|F� is the ket state of the cavity modes, f� is the number of 
photons in ν-th cavity mode number, and ω is the total 
number of cavity modes. � nr�� expresses the eigenstate of the 

n-th quantum dot residing at its r�-th energy level. Also, the 
subscript A refers to the different energy level states of light 
emitters and B� is the number of energy levels.	F refers to 
the different cavity modes occupied with photons and N is 
the maximum number of photons which possibly occupies a 
cavity mode. |φ�t�� is a superposition of all possible states 
of the system, including atom and field states, and each 
state has a time dependent coefficient equal to	ϕ�A, F� [11].  

The generalized Hamiltonian  0
ˆ ˆ ˆ ˆ

⋅ ⋅= + +r E r rH H H H is [11] 
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Figure 1: Assumed Light Emitting Systems Arrangement 
 
with ℍ�� describing the system energy without interaction, 
ℍ� �∙�  describing the light-emitter interactions, and ℍ� �∙� 
representing interactions between any possible pair of 
emitters such as dipole-dipole terms. Coefficients γ���  are 
matrix elements of dipole operator of n -th emitter. The 
strength of the dipole interaction between n-th emitter and 
ν-th mode of cavity is given by	g���� with the transition i-th 
and j-th energy levels. Coefficients η��� are proportional to 
the strength of the dipole generated while another emitter 
undergoes a transition between i -th and j -th levels. E��  
indicates the i-th energy of the n-th emitter a&'(  and a&�  are 
the field creation and annihilation operators, which 
respectively increase and decrease the number of photons in 
the v-th cavity mode by one, σ+,,-.  is ladder operator which 
makes the l-th emitter to switch from k-th to s-th level.  

Now, the governing Schrödinger equation is 

( ) ( )i
φ t φ t

t

∂
= −

∂ h

H                                          (3) 

which can be recast into the form with the closed-form solution 

( ){ } [ ] ( ){ }
N 1 N 1N N

d
Φ t M Φ t

dt
× ××

=   (4) 

( ){ } [ ] ( ){ }M t
Φ t e Φ 0=  (5) 

In our code both sides of (3) are compared and coefficients 
will be arranged as elements of an N×N square matrix 
1M34×4 , where N is the total number of possible states. 
Then (3) is rewritten as (4), which admits an analytical 
solution (5) subject to the initial conditions 6Φ�0�9 . We 
have also developed an efficient, stable, and accurate 
method to evaluate (5) [8,11,14]. Then, it would be possible 
to evaluate the probabilities and expectation values 
accurately under different coupling regimes. 

3. Numerical Analysis Results 

Here we study a nine-partition quantum optical system. First 
the system is characterized, then the state coefficients and 
subsequent required values to study the system behavior are 
evaluated precisely. The values are probabilities and 
expectation values of atomic and ladder operators. 

3.1. Characterization 

It is supposed that this nine partition system consists of 
eight identical light emitters (such as quantum dots) which 
are limited to two different energy level states. We take on a 
transition energy of 1eV between the ground and excited 
state. Light emitters are assumed to have a linear chain 
arrangement as Fig. 1, where dipole-dipole interactions 
between each dot and only the two neighbors is non-zero. 
This interaction has the typical magnitude of 5meV. It is 
furthermore supposed that transition dipole moment in these 
quantum dots is 96 Debye, in accordance with the typical 
values calculated elsewhere [12,13]. We let one resonant 
cavity mode with frequency ω; and the Rabi frequency G=,> 
to exist given by 

η η 
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Table 1. Rabi frequencies. 

E��-?@A� G=,>(
BCD
, � G=,>

ω;
 

20 6.0676×1012 0.004 
200 6.0676×1013 0.04 
2000 6.0676×1014 0.4 

 

i g 15

λ

E E 1
ω 1.5177 10

−
= = = ×

h h

               (6) 

( )
0 e.

1
G E E | φˆ ψ e |

e gg
= ⋅
h

R        (7) 

Here, Eψ=GeℛGφ>J is the transition dipole moment, E�E� is 
the applied electrical field vector, and ℏ is reduced Plank 
constant. Now electrical fields due to the propagating field 
and by comparing the Rabi frequencies with the optical 
frequency	ω; , different coupling regimes are simulated. 
According to (7), Rabi frequencies are given in Table 1, for 
weakly, strongly, and ultrastrongly coupled systems.  

Based on the data in Table 1, for the weakest applied 
electric field with G=,> = 0.004ω; , the system is in the 
weak coupling regime. In a stronger electric field with 
G=,> = 0.04ω; the coupling regime is strong. The strongest 
electric field provides	G=,> = 0.4ω;, that takes the coupling 
regime into the ultrastrong domain. 

In this system, we assume the maximum possible 
number of occupying photons in the cavity mode to be 
eight. Therefore the general time dependent state of the 
system according to the (1) is 
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in which rO,  … 	, rP  are the quantum dots. The related 
Hamiltonian of this system according to (2) will be 
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A coherent field has been considered as initial state. The 
extended initial condition, based on the existing relations 
for an arbitrary quantum optic system [11] the initial 
coherent field for this system is: 
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Figure 2: Presence probability of the first quantum dot 
plotted for both ground and excited states. First, second and 
third rows are in weak coupling regime, strong coupling 
regime and ultrastrong coupling regime respectively. 

3.2. Presence probability with coherent initial state 

According to (1), the presence probability of an arbitrary 
light emitting system such as	l, being at a typical energy 
level such as 	k, is simply    [9]             
                

( )
B Nn

2
1 2 l k n 1 ν

A {r } 1f f ,f 0l 1, 2, ν
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− = … =
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Subsequently, the presence probability of a quantum dot 
being at its ground and excited energy level was measured 
according to 
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These probabilities for all eight quantum dots were 
plotted. Fig. 2 presents the presence probability of first 
quantum dot for weak, strong, and ultrastrong coupling. 
As the coupling constant increases, anonymous oscillations 
increases and the chaotic behavior of ultrastrong coupling 
can be seen again in this system as in previous works [11]. 

3.3. Field operators in different coupling regimes 

The behavior of field annihilation and creation operators is 
calculated in this work, too. The expectation value of the 
annihilation operator is obtained as [11] 
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So, the expectation value of annihilation operator is found as 
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Phase space plots and flat phase plots of the real and 
imaginary values of the expectation value as functions of 
normalized time are shown in Fig. 3, respectively for 
weakly, strongly, and ultrastrongly coupled systems. 

As it is observed, by increasing the coupling constant 
and entering into ultrastrong regime the system behaves 
very chaotic, marking a disordered behavior. Also, the 
corresponding phase changes nonlinearly. This behavior 
was also seen in complex ultrastrongly coupled multipartite 
systems analyzed before [8-11,14], with the difference that 
in the previous works, the corresponding phase would 
undergo abrupt random-like step changes. But as it is seen 
that not only by increasing the partitions the behavior is not 
the same as before, but also it is very disordered in shorter 
time durations and seems to be constant in long durations. 

3.4. Expectation value of the atomic ladder operator 

The behavior of ladder operator has been also computed, 
with the expectation value of annihilation operator in an 
arbitrary quantum optic system being [11] 
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Here, only the second dot as an example is presented here 
(all other dots have the same typical behavior). So by using 
(15) the expectation value of ladder operator for transition of 
every quantum dot from excited energy level to ground 
energy level will be 
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Three-dimensional and phase plots of the real and 
imaginary values of the measured expectation value as 
functions of normalized time duration in Figs. 4, show 
chaotic behavior and nonlinearity in ultrastrong coupling 
regime is observed.  

 

 
 

 
Figure 3: Phase space and phase plots of expectation value 
of annihilation operator. First, second and third rows are in 
weak coupling regime, strong coupling regime and 
ultrastrong coupling regime, respectively. 

 

  
 
 
 
 
 
 
 
 
 

  

  
 
Figure 4: Phase space and phase plots of expectation value 
of atomic ladder operator, first, second and third rows are in 
weak coupling regime, strong coupling regime and 
ultrastrong coupling regime, respectively. 
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Table 2: Run time and Memory allocation 

Partition Num. 
Sparse Matrix Full Matrix 

Run 
Time(s) 

Memory 
Run 

Time(s) 
Memory 

2 0.42 343MB 0.53 338 MB 
3 0.70 343MB 0.468 341 MB 
4 1.94 344MB 0.69 343 MB 
5 11.74 347MB 2.60 347 MB 
6 90.52 353MB 18.84 353 MB 
7 1.31×103 382MB 1.66×102 376 MB 
8 2.35×104 510MB 1.58×103 467 MB 
9 5.65×105 1030MB 1.72×104 930 MB 

 
In this system, disordered behavior increases significantly 
and the same anonymous behavior in phase space and phase 
plots even seems to begin from strong coupling regime. 
Moreover the amplitude of the real and imaginary parts 
decreases so much. 

4. Computation of Complexity 

According to (1), the number of possible states of a 
quantum optic system equals to  

M = (N 1) ( )Cavitym QDnoenrgylev+ ×     (17) 

where N is the maximum number of occupying photons in 
cavity modes, with the number of Cavitym. QDno is number 
of light emitting systems that each one has energylev 
number of energy levels. 

So it is obvious that the computational complexity will 
be a strong function of the number of system partitions 
according to (17). Since the number of possible states in an 
analyzing system would be so large, it was inevitable to 
provide an extensive computer code to tackle such systems 
with an arbitrary number of states. Therefore, a very 
comprehensive MATLAB software has been developed to 
achieve this goal.  

In the software we firstly utilized full matrixes to 
provide the initial desired matrix and compute the state 
coefficient matrix, however due to the limited full matrix 
dimensions the selection of a system complexity was 
limited. For example, consideration of a system larger than 
ten partitions (9 QDs in interaction with 1 Cavitym with 7 
photons) was not possible on the PC we were using. Hence 
we revised the codes with sparse matrixes. Sparse matrix 
squeezes out any zero element of a full matrix, so that it 
made possibility to consider a system as large as 228 
possible states for example a 26 partition system (25 QDs in 
interaction with 1 Cavitym with 7 photons). However, the 
necessity of eigenvalue computation in the process of state 
measurement, the sparse matrices allocate more amount of 
RAM, resulting in increased run time process. So, as long 
as the eigenvalue extraction is not satisfactorily efficient, 
use of sparse matrices counter-intuitively would increase 
the computational complexity. 

In order to study the trend of complexity and its relation 
to the number of system partitions, various having two to 
nine partitions were solved, through the measurement of 
their state coefficient matrix. Meanwhile the run time 
process and allocated memory in those systems are 
presented in Table 2. 

  

 

Figure 5: Allocated memory and run time of software 
processing. First plot is allocated memory in both full and 
sparse matrix utilization. Second plot is the run time for full 
matrix application and sparse matrix, respectively. 

Run time and memory allocation for analyzed selected 
systems are plotted in Fig. 5 to illustrate the computational 
complexity of our algorithms and code. According to the 
obtained results, by increasing the number of partitions both 
the required RAM and computational burden surge 
exponentially. We estimate that the overall efficiency of the 
algorithm based on full matrices is proportional of 9.6M with 
M defined in (17), whereas for sparse matrices one would 
expect a computational burden proportional to 17.8M.  

5. Conclusions 

In this paper, the cavity quantum electrodynamics of a 
complex system with nine partitions has been analyzed. The 
fundamental methodology to tackle such systems 
theoretically was mentioned. In the ultrastrong coupling 
regimes, similar to our previous works, a remarkable 
chaotic behavior has been again observed. However, it 
appears that the chaotic behavior is pronounced at larger 
number of partitions. Also, phase plots illustrate strong 
disorder along with a different behavior not seen earlier, 
which showed abrupt stepwise phase changes. Then, we 
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repeated our simulation for various complex systems, while 
monitoring the overall run time and allocated memory. 
Since the coefficients matrix is largely sparse, we would 
normally anticipate that sparse algorithms would cause less 
computational burden. Strikingly, it was observed that it 
was not the case, and we would relate this counter-intuitive 
conclusion to the inefficiency of existing eigenvalue 
extraction methods for sparse matrices. 
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Abstract 

Here we present the analyses of the open (without a metal 

screen) ridged and photonic waveguide structures by 

means of the electrodynamical rigorous method of the 

Singular Integral Equations (SIE).  The waveguides are 

made of a lossy silicon carbide (SiC) material. We have 

discovered peculiarities of the dispersion characteristics.  

We have found out the numerical solutions to the 

complex wave equations. The dispersion characteristics of 

both waveguide structures are numerically analyzed and 

compared with each other. It was found out that the losses 

of modes propagating in the waveguide structure with air 

openings (channels) are smaller than the losses in the 

waveguide structure without air openings. We came to the 

conclusion that it is possible to optimize the dispersion 

characteristics by adding the openings of different shapes 

and sizes into waveguide structures.  

Keywords. Eigenvalue problems, complicated boundary 

conditions, the Singular Integral Equations’ method, ridged 

waveguide structure, photonic waveguide structure, 

dispersion characteristics, phase constant, attenuation 

constant, silicon carbide, losses, microwave range.  

1. Introduction 

A large number of publications on the development of 

production technology of the advanced SiC electronic 

devices in the microwave and terahertz range points to the 

relevance of this topic [1‒3]. The reason of importance of 

this topic is excellent properties of SiC material to solve the 

technical problems of our days. SiC has become an 

increasingly important material in numerous applications 

including, development of high power, high voltages, high 

temperature, high critical breakdown field, high frequency, 

high-radiation condition devices. In additional SiC possess 

other superb behavior, i.e. high hardness and strength, 

chemical and thermal stability, high melting point, 

oxidation resistance, high erosion resistance. The use of 

modern materials in waveguide technology is progressive 

approach today. 

The second direction of development of novel 

waveguide technology is the topology complication of 

waveguide systems. In the last decade a lot of engineering 

effort was given into developing the photonic waveguides 

with complex configurations. 

The semiconductor photonic waveguide devices 

have been constructed in [4]. The article [5] reports on the 

numerical analysis of the reflectivity of electromagnetic 

waves for several one-dimensional photonic crystal 

structures. A waveguide consisting of one-dimensional 

photonic crystal is shown to be promising for optical 

interconnection on a semiconductor wafer. The fabrication 

of optical directional couplers with the waveguides and 

their fundamental characteristics are demonstrated in [6]. 

The modulation efficiency, response time, and pump power 

of a terahertz-beam intensity modulator by using an organic 

photonic crystal slab structure with high quality factor 

“defect cavity” are theoretically investigated in [7]. The 

photonic waveguide structures have the wide area of 

applications. The structures that can find applications in 

mid- and long-wave infrared regions are analyzed in [8]. 

The lithographically patterned VO2 thin films grown by 

pulsed laser deposition have been integrated with silicon-

on-insulator photonic waveguides to demonstrate a compact 

in-line absorption modulator for use in photonic circuits [9]. 

The physical principles behind the phenomenon of slow 

light in photonic crystal waveguides, as well as their 

practical limitations, are discussed and put into context in 

[10]. This includes the nature of slow light propagation, its 

bandwidth limitation, the scaling of linear and nonlinear 

interactions with the slowdown factor as well as issues such 

as losses, coupling into and the tuning of slow modes. 

Applications in all-optical signal processing appear to be 

the most promising outcome of the phenomena discussed.  

Our contribution in these topics is the numerical 

investigation of the ridged and photonic waveguide 

structures made of silicon carbide (SiC) with taking into 

account losses in the material.  

2. The integral representation of solution to 

Maxwell’s equations 

The Maxwell’s equations for this boundary problem have 

been solved by means of the electrodynamically rigorous 

SIE method. This method attracts much attention due to its 

positive features. The shape of the cross-section of the 

investigated waveguide structure may be very complicated 
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(Fig. 1). In Fig. 1 the contour L separates materials with 

different permittivities and permeabilities. We assume that 

the area S
‒
 is the waveguide surrounding waveguide media. 

All the boundary conditions are satisfied in the 

electrodynamical problem. We present here our researches 

of the ridged waveguide which boundary surfaces are 

parallel to the x- and y- axes. At the boundary which is 

parallel to the x-axis we assume that + -
x xLx Lx=E E . At 

the boundary which is parallel to the y-axis we assume that 
+ -
y yLy Ly=E E , where contour L is composed from 

segments Lx and Ly. At all the boundaries we assume that 

z z
+ -

L L=E E . The analogical boundary conditions are 

satisfied for the magnetic field. The longitudinal 

components of the electric 
z
( )E r  and magnetic 

z
( )H r  

fields at the contour L have the integral representation: 

 2

z e s 0
( ) μ ( ) ( ) ,

L

E r r H k r ds

     

 2

z h s 0
( ) μ ( ) ( ) ,

L

H r r H k r ds

                                      (1) 

where 
 2

0
H  is the Hankel function of the zeroth order and 

the second kind. 

 
Figure 1: Geometry of an complicated cross-section rod 

waveguide and the SIE method notations 

 

Here the magnitude s is the arc abscissa and ds is 

an element of contour L. The magnitudes h sμ ( )r  and 

e sμ ( )r  are the unknown functions satisfying the Hölder 

condition. We apply the Krylov–Bogoliubov method 

whereby the contour is divided into n segments and the 

integration along a contour L is replaced by a sum of 

integrals over the segments. The expressions of all the 

electric field components are presented below. 

The longitudinal components of the electric field 

for the area S
+
 and S

-
 are: 

(2)+
z e j 0

1

μ ( ) ( )
n

j L

s k r dsE H 


 

  ,   

(2)- -
z e j 0

1

μ ( ) ( )
n

j L

s k rE H ds


 

  .                                   (2) 

After substitution of the longitudinal field components (2) 

in the transverse component formulae we obtain the 

expressions at the contour points: 

 
 

m
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where  
2

m
0 rχ ε ε ω +

+ = i k ,  
2

a
- 0 rχ ε ε ω= i k ,  

 
2

m
0 rμ μ ω +

+V = i k ,  
2

a
0 rμ μ ωV = i k  ,  

 
2

+
+Q = ih k ,  

2
Q = ih k  , h= h' -ih"  is the 

complex propagation constant where h'  is the real part 

(phase constant) and h"  is the imaginary part (attenuation 

constant, losses) of the value h. The field components and 

the values of the unknowns functions h j( )μ s  and e j( )μ s  

are noted in the upper–right corner with the sign 

m m

r r
ε ,μ

s
r

r

a a

r r
ε ,μ

'r

( ), ( )E r H r
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S
-
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corresponding to different area S
+
 or S

-
, i.e., the unknowns 

functions inside of waveguide are e
+

j( )μ s , h
+

jμ ( )s  and 

outside of waveguide are e
-

jμ ( )s , h
-

jμ ( )s . These functions 

at the same contour point are different for the field 

components in the regions S
+
 and S

-
, i.e. 

+ -
e,h j e,h j

μ ( ) μ ( )s s . The magnitude 2 m m 2
r r

+k k h      

is the transversal propagation constant for the SiC medium 

in the area S
+
 and 2 2 a a

r rk h k
     is the transverse 

wave numbers in the area S
- 

(Fig. 1). Magnitudes 
m m m
r r rRe( ) Im( )i      and m m m

r r rRe( ) Im( )i      

are the complex permittivity and the complex permeability 

of the SiC media. Magnitudes a
r  and a

r are the 

permittivity and the permeability of air around the 

waveguide. The value k = c  is the wavenumber in air, ω 

= 2πf, where f is an operating frequency. The contour L is 

divided into n  segments and the length of a segment is ΔL 

= L/n where the limits of integration in the formulas (2–6) 

are the ends of each segment ΔL. 
 2

1
H  is the Hankel 

function of the first order and the second kind. The angle θ 

is equal to g·90° with g from 1 till 4 for rectangular 

contours in the formulae (3–6). The expressions for the 

magnetic field components are similar. The system of the 

algebraic equations obtained from the boundary conditions 

is homogeneous. The condition of solvability is obtained 

equalizing the determinant of the system to zero. The 

determinant is our dispersion equation. We have used the 

Müller’s method to find the complex roots. The roots of the 

dispersion equation give the propagation constants of 

waveguide modes. After obtaining the propagation 

constants of desired modes we can determinate the EM 

field of these modes (see, formulae 2–6). For the correct 

formulated problem the solution is one–valued and stable 

with respect to small changes of the coefficients and the 

contour form [11].  

3. The numerical results 

The EM wave propagation properties of open SiC ridged 

waveguide and photonic waveguide can be analyzed in 

terms of their dispersion curves, i. e. the normalized 

complex propagation constant versus the frequency. Our 

developed algorithm let us investigate the dispersion 

characteristics of the main mode as well as the all spectrum 

of the waveguide higher eigenmodes. Because the operation 

mode of many microwave devices is the main one of 

waveguide structures wherefore the main mode is the 

subject of our special interest. Here we present dispersion 

characteristics of the main mode only. 

We have investigated the ridged (Fig. 2) and 

photonic (Fig. 3) waveguide structures by the SIE method 

that let us to satisfy the exact boundary conditions, i.e. take 

into account the real topology of the waveguide cross 

section. Our computer code is written in MATLAB.  

The external shape and dimensions of both 

waveguides Figs 1&2 are the same: a = b = 7 mm, s = d = 1 

mm, l = 3mm. The photonic waveguide additionally has 

rectangular openings inside of waveguide body determined 

by sizes x = 0.2 mm, y = 0.5 mm, z = 1 mm. 

Both waveguides have in the middle of cross-

section a narrow part with the width s and the height d 

where the EM field energy is focusing. These structures can 

be used as concentrates of EM energy in this narrow part. 

Furthermore in order to increase of the waveguide 

functionality it is rationally to make channels in the 

waveguide body for a laser radiation, or for controlling of 

EM properties by filling openings (channels) with gases or 

liquids or for placing electronic elements inside of 

channels. The air openings inside of photonic waveguide 

may lead to a reduction in main mode losses.  

 

Figure 2: The ridged waveguide structure. 

 

Figure 3: The photonic waveguide structure . 

We analysed dispersion characteristics of both 

waveguides at different temperatures therefore the general 

SiC material advantage is ability to operate at high 

temperatures. This ability of SiC can be use to control EM 

properties of waveguides by temperature too.  

We have calculated the dispersion characteristics 

for both waveguides (Figs 1&2) at three different 

temperatures T. The dispersion curves of the main mode at 

T=1500ºC are denoted by the red colour. The permittivity 

of the SiC is 8-2j in this case [12] at the cutoff frequency of 

the main mode. The dispersion curves at T=1000ºC and 

20ºC are denoted by the blue and green lines 

correspondingly. The permittivity of the SiC is 7-j and is 6-

0.5j in the last two cases. The permeability of the 

surrounding air and waveguide SiC material were accepted 

in our calculations equal to 1. 

In the Figs 3(a) & 4(a) are presented the real part 

of the complex propagation constant of main mode, i.e. the 

phase constant , h' = 2    is a main mode wavelength, 

correspondingly, for waveguides Figs 1 & 2. 
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Figure 4: The complex dispersion characteristics of the 

ridged waveguide structure (Fig. 2): (a) – the dependence of 

the phase constant upon the frequency, (b) - the dependence 

of the attenuation constant (losses) upon the frequency. 

We see, analyzing the phase constants of both 

waveguides, the temperature is higher the value h’ is 
usually larger, i.e. with an increasing of temperature T the 

mode wavelength   decreases. This can be explained by 

the fact that with an increasing of temperature increase also 

the values of the real and imaginary parts of SiC 

permittivity.  

The cutoff frequency fcut of mode is shifted to the 

left on the dispersion curve graphs (Figs 4(a), 5(a), i.e. fcut is 

moved in the low frequency range when T increases from 

20 till 1500° C. The ridged waveguide values of fcut are a 

little bet larger in comparison with the fcut values of 

photonic waveguide.  
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                (b) 
Figure 5: The complex dispersion characteristics of the 

photonic waveguide (Fig. 3): (a) – the dependence of the 

phase constant upon the frequency, (b) - the dependence of 

the attenuation constant (losses) upon the frequency. 

We can see this especially for temperatures 

1000ºC and 1500 ºC. That means that air openings are 

shifted the value fcut  in the low frequency region. 

We can see that the mode wavelength of the ridged 

waveguide (λ~1/ h' ) is shorter in comparison with the 

wavelength of the photonic waveguide which has openings 

inside of it. This result was predictable by common 

electrodynamical considerations, because the effective 

permittivity of composite material (SiC and air openings 

inside if it) of the photonic waveguide is less than the one 

of ridged waveguide. The phase constant of both 

waveguides increases rapidly from the cutoff frequency to 

approximately to 12 GHz and then the dispersion curves’ 

growth slows down and curves become slightly sloping at 

the higher frequencies (see Figs 4(a), 5(a)). It is possible to 

explain the rapid growth of values h'  in such way. The 

mode wavelength λ commensurate with the waveguide 

elements’ sizes d, s, a, b (Figs 1&2) at the frequency range 

between the cutoff frequency and ~12 GHz. For this reason 

EM wave strongly “feel” the shape of waveguide, i.e. the 

boundary conditions. In this case the largest part of an 

electric field is distributed in the air space around the 

waveguide near the interface of SiC at the mentioned 

frequencies. Moreover the imaginary part of the SiC 

permittivity dependent inversely proportional to the 

frequency, i.e. the losses of SiC decrease with increasing of 

frequencies. This fact also promotes the involvement of the 

EM wave inside of waveguide material. In other words with 

increasing frequency also increases the part of the EM wave 

energy which is distributed into SiC material. We can 

observe a kind of saturation of EM wave drawing at 

waveguide body at higher frequencies. The saturation 

happened because almost the all EM field energy already is 

inside of the waveguide SiC material. For this reason any 

increase of the frequency does not influent appreciably on 

the EM field distribution when f is large ~ 12 GHz and we 

see that at higher frequencies dispersion characteristic 

curves vary slightly.  

The common character of the phase constant 

dependency on frequencies is a traditional one, for 

example, like for usual open dielectric waveguides [13]. 
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We can achieve the optimal electrodynamical 

characteristics of waveguide by identifying of cross-section 

and dimensions of specific waveguide elements like such as 

x, y, z, d, s. 

It is interesting to compare the loss of EM wave 

energy of both waveguides (Fig, 1&2). We see do not 

traditional dependences of attenuation constants of the 

ridged (Fig. 4(b)) and the photonic (Fig. 5(b)) waveguides. 

As you would expect the second waveguide losses lower 

than in the first one. We see that the losses of both 

waveguides are differing on the one order. The difference 

in losses can be easily explained by the fact that there are 

openings in the photonic waveguide (Fig. 2) and when the 

mode propagates through the air undergoes less attenuation.  

The attenuation constant both waveguides dependent on the 

temperature, we know that the higher temperature is the 

larger the real and imaginary part of permittivity of SiC are. 

In spite of this, we can see (Figs 4(b), 5(b)) that the 

attenuation constant of main mode at the temperature 

1500°C may be smaller than at temperatures 1000 or 20°C. 

We can watch the special dependence of losses for the 

photonic waveguide. The attenuation constant throughout 

the entire range f at T=1500°C is almost unchangeable. 

Hence the signal modulation by the mode losses may be 

weak at high temperatures.  

We see the curve extremes of attenuation constants 

(Fig. 5(b) at f = 30 GHz when T=1000°C and 20 °C and the 

wavenumber k at 30 GHz is equal to 2π. It could be a 

dimensional resonance of EM wave, which has the 

wavelength λT=1000~0.42 mm or λT=20~0.45 mm (see Fig. 

5(a)) with the photonic waveguide elements: s = d = 1 mm, 

x = 0.2 mm, y = 0.5 mm, z = 1 mm. 

Conclusions 

We created a new computer algorithm for investigation of 

open dielectric type waveguides with a complicated shape 

of cross-section and made of materials that may have very 

high losses. We have made the electrodynamical analysis of 

the two novel waveguide structures by means of the 

Singular Integral Equations’ method. The dispersion 

characteristics of two different waveguide structures were 

analyzed. It was found out that the attenuation constant of 

main mode propagating in the photonic waveguide structure 

with air openings are smaller than the losses in the ridged 

waveguide structure without air channels. As a result, the 

developed algorithm which let us investigates a very 

complicated 2D waveguide structures that can be performed 

of present-day materials with large losses.  
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Abstract 

Here we present our calculation results of electromagnetic 

(EM) field intensity and vector distributions as well as the 

dispersion characteristic (phase and attenuation constants) 

of open two-layered cylindrical waveguides. Waveguides 

are consisted a metamaterial core which coated by a silicon 

carbide (SiC) layer. The electrodynamical analysis was 

performed for three waveguides with the metamaterial core 

radii r are equal to 1.0, 2.0, 3.0 mm when the external 

waveguide radius R = 5 mm. We discovered a narrow 

frequency range when the waveguides have the very large 

attenuations. We find also the very important feature of the 

waveguides that the ones may have a one – mode regime 

with a very low attenuation of the hybrid propagating mode 

in the frequency range from 12.5 to 16 GHz. The electric 

and magnetic field intensity (strength) and their vector 

distributions in the waveguide transversal cross-section 

were calculated in about 26000 points and 1680 points on 

the radius 2R. 

Keywords: eigenvalue problem, partial area method, 

SiC-metamaterial cylindrical waveguide, numerical 

analysis, electric field, magnetic field, dispersion 

characteristics, phase constant, attenuation constant, silicon 

carbide, double-negative metamaterial, losses, microwave 

range. 

1. Introduction 

The technological potential of metamaterials for developing 

novel devices offers a very promising alternative that could 

potentially overcome the limitations of current technology. 

Artificial materials with unusual electrodynamical properties 

are increasingly being used to develop high-frequency 

devices with special features. The use of the metamaterials 

can be seen more often in devices such as antennas, radars, 

scattering structures, waveguides, cloaking devices [1–4].  

In order to create a new microwave device it is necessary 

to know the main electrodynamical characteristics of 

metamaterial structures on the basis of which the device is 

supposed to be created. There are insufficient of articles 

about the distributions of the EM field in the waveguide and 

structures [5, 6].  

We present here electric and magnetic fields 

distributions in the transversal and the longitudinal cross-

sections as well as the phase and attenuation constants of 

open two-layered cylindrical waveguides. The waveguides 

have the core of UCSD30815 metamaterial and the coated 

layer of silicon carbide (SiC). The parameters of materials 

were taken from [7, 8].  

2. Electrodynamical waveguide model 

The model of our investigated waveguide contains three 

isotropic areas for electrodynamical solution of the problem. 

Metamaterial core, SiC coating layer and the air outside the 

waveguide. The solution of this boundary problem was 

fulfilled by the partial area method in the rigorous 

electrodynamical formulation. The electrodynamical 

problem can be solved by using the Maxwell’s equations in 

differential form [9]. 

In accordance with the boundary conditions is formed 

the system of linear equations. The dispersion equation is 

written in the form of determinant D  of the eighth order (1). 

Determinant order depends on quantity of boundaries of 

layers in the waveguide. The solutions of this dispersion 

equation is complex propagation constant ih h h   . The 

real part h  is a wave propagation constant (or phase 

constant) and the imaginary part h  is an attenuation 

constant (losses). The phase constant is inversely 

proportional to the wavelength   in the waveguide 

2h    . 
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When searching the complex roots of the dispersion 

equation, we are calculating values of the determinant D  

for value h in a specific range. The resulting function 

D(h, f = const.) has the shape of complex surface. The 

complex roots of the dispersion equation are clearly visible 

on the surface and have a form of sharp cones at minima 

points of the surface. At this points function ( , ) 0D h f  . 
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This methodology of searching complex roots allows 

calculating the dispersion characteristics with high losses in 

the waveguides. This approach is versatile, but it requires 

more computational resources. For some tasks, can be used 

the special mathematical methods to find complex roots, 

such as the Muller's method. It requires much less resources 

but have some limitations. 

The components of determinant D are expressed by 

formulas (2)–(25): 
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where 
(1,2)

( )
m

J k r


 is the Bessel function of the m-th order, 

(2)
( )

m
N k r


 is the m-th order Neumann function, 

(2) (3)
( )

m
H k r


 

is the Hankel function of the second kind. 
(1,2)

( )
m

J k r


 , 

(2)
( )

m
N k r


 , 

(2) (3)
( )

m
H k r


  are the derivatives of cylindrical 

functions.
(1) 2 (1) (1) 2

r r
k k h 

   is the transversal 

propagation constant for the waveguide core medium, 
( 2 )

k


 

and 
(3)

k


 accordingly are transversal propagation constants 

for the coating layer and the air layer outside the waveguide. 

The value k c   is the wave number in a vacuum. 
(1,2,3)

r
  

and 
(1,2,3)

r
  are the relative permittivity and the relative 

permeability of corresponding layer of the waveguide. 

Variable r is here a radial coordinate. 

3. Analysis of the dispersion characteristics and 

distribution of the EM fields 

We present here our calculation results on investigations of 

the open two-layer cylindrical metamaterial-SiC 

waveguides in frequency range 11–16 GHz. We analyzed 

only modes with the azimuthal index m = 1 because the 

main mode of cylinder waveguides has this EM field 

symmetry. 

As it known SiC has privileges because it can operate at 

high-temperature, high-power, high-radiation conditions, 

high melting point. SiC have excellent mechanical 

properties, as the high hardness and strength, and etc.  

The external radius of waveguides are constant and 

equal to R = 5 mm in our calculations. The radius of 

metamaterial core is changing. The waveguide materials 

depict by the complex permittivity and permeability, which 

were taken of articles [7, 8]. Our computer code is written 

in MATLAB language. The code let us take into account 

high losses in materials. 
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The real and imaginary parts of complex propagation 

constant dependencies on the frequency at three 

metamaterial core radii are shown in Figs. 1, 2. We have 

calculated normalized phase constant (Fig. 1) and 

attenuation constant (Fig. 2) when the waveguide 

metamaterial core radius is 1.0 mm, 2.0 mm and 3.0 mm. 

Dispersion characteristics of the waveguide have an unusual 

form, which is highly dependent on the metamaterial core 

radius as well as on the magnitudes and signs of 

permittivity and permeability of UCSD30815 metamaterial 

at certain frequencies.  

 
Figure 1: Normalized phase constant dependences of 

layered metamaterial-SiC waveguide on frequency f at 

different metamaterial core radii r. 

We can observe the resonance behavior of phase and 

attenuation constants at the frequency range 11–12.75 GHz. 

The metamaterial is double-negative one with the sharp 

resonance pikes of the permittivity and the permeability at 

this frequencies. It is special large the metamaterial 

magnetic losses here [7]. All propagating modes are the 

hybrid ones with all 6 components of EM field. 

 
Figure 2: Attenuation constant dependences of 

metamaterial-SiC waveguide on frequency f at different 

metamaterial core radii r. 

The frequency range 11–16 GHz may be subdivided 

into three areas on the behavior of dispersion curves. The 

first area is Δf1 ~ 11–12.75 GHz; the second area is 

Δf2 ~ 12.75–15 GHz and the third area is Δf3 ~ 15–16 GHz. 

The dispersion characteristics have very intricate shapes 

along the first area Δf1 for all three investigated waveguides 

when radii of metamaterial core are equal to 1.0‒3.0 mm. 

For this reason we describe these dependencies in details.  

 
Figure 3: Electric field intensity in the transversal cross-

section of metamaterial-SiC waveguide at frequency 

f = 13.5 GHz. 

There is only one propagating mode when the core 

metamaterial radius r is 1.0 mm (blue colour) until 

f ~ 12.4 GHz. The value of phase constant is changing wavy 

and the magnitude gradually varies from maximum to 

minimum and then again growing till maxima at 

f ~ 12.3 GHz. The attenuation constant of this single mode 

has a very large value in area Δf1 and increases dramatically 

between f ~ 12.3‒12.6 GHz. There are two propagating 

modes at f ~ 12.4‒12.7 GHz when r is 1.0 mm. The cutoff 

frequency of the higher mode is 12.4 GHz. The attenuation 

constant of the first mode is very large and the second one 

is small enough.  

 
Figure 4: Electric field vector distribution in transversal 

cross-section of metamaterial-SiC waveguide at frequency 

f = 13.5 GHz. 

We see that the curve of phase constant has sharp 

resonant crests which have various sizes when the 

metamaterial core radius r = 2 mm (red colour). And the 

branch of h  curve finished at f ~ 12.3 GHz and then a new 

peak appears at higher frequencies f ~ 12.2–12.4 GHz. It 

can be assumed that the first wave vanished it existence at 

certain f and a new mode with a different structure of EM 

field started to propagate at f ~ 12.2 GHz. The last mode 
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can propagate only in a narrow frequency range. This wave 

can be used in the designing of microwave switches. 

Values of attenuation constant h  of waveguide with 

r = 2 mm at most frequencies are large in comparison with 

waveguide of radius r = 1 mm. The central maximum of 

2mm

rh  (red color) reaches 500 m

-1
 (4.34 dB/mm). 

 
Figure 5: Magnetic field intensity in transversal cross-

section of metamaterial-SiC waveguide at frequency 

f = 13.5 GHz. 

Especially complicated dispersion characteristics for 

waveguide with the largest metamaterial core, when 

r = 3.0 mm (green colour). As we can see in Figs. 1 and 2 

that there are four or more independent dispersion 

characteristic branches which have the form of the parabola 

part, two small and large letters V and the inverted letters V 

in the area Δf1. The attenuation constants these propagating 

modes differ from each other and for one of modes can 

reach 850 m
-1

. This bunch of modes exists only till 

f ~ 12.3 GHz. It should be noted that there is not a one 

mode-regime of the waveguide with r = 3.0 mm at 

f ~ 12.3‒13.8 GHz. 

The EM wave attenuation ( h ) of modes is very high in 

the first area Δf1 and the waveguides could be used in 

absorbing devices.  

 
Figure 6: Magnetic field vector distribution in the 

transversal cross-section of metamaterial-SiC waveguide at 

frequency f = 13.5 GHz. 

The shape of dispersion characteristics of all three 

waveguides (r = 1.0‒3.0 mm) in the second area Δf2 are 

traditional as for usual open dielectric cylindrical 

waveguides [9]. The cutoff frequencies of the propagating 

modes in area Δf2 are 12.45 GHz, 12.87 GHz, 13.9 GHz, 

when the metamaterial core radii are 1 mm, 2 mm and 

3 mm, respectively. We see that the value of cutoff 

frequency is noticeably larger when the core radius r is 

bigger in spite that the external radius R of waveguide is 

constant. When the core radius is equal or more than 2 mm 

than on the waveguide can propagate only one wave with a 

low attenuation in Δf2.  

In the third area Δf3 also waveguides operate in one-

mode regime. It is important for transmission of EM energy 

by last waveguides. A frequency gap exists between the 

dispersion characteristics of eigenmodes that can propagate 

at Δf2 and Δf3 frequencies. Therefore not be interference of 

modes. 

 
Figure 7: Electric field intensity distribution on the 

longitudinal cross section of the metamaterial-SiC 

waveguide at frequency f = 13.5 GHz. 

Transverse electric and magnetic field distribution of  

intensities (strengths) of the propagating mode when the 

metamaterial core radius is 2 mm and the thickness of SiC 

layer is 3 mm are presented in Figs. 3, 5 at frequency 

f = 13.5 GHz. We would like to draw your attention that the 

metamaterial permittivity is real and approximately equal to 

-2.5 and the complex permeability equal to zero. 

 
Figure 8: Longitudinal electric field vectors of the 

metamaterial-SiC waveguide at frequency f = 13.5 GHz. 

We calculated components of EM field in the 

transversal cross-section with the radius equal to 2R, i.e. 

inside and outside of waveguide. Field intensity is 

calculated for each point of transverse or longitudinal cross-

section by geometrically summing three components of 

electric (
r

E ; E


;
z

E ) or magnetic (
r

H ; H


;
z

H ) field 

vectors. We can see that the electric and magnetic fields are 

localized in the SiC layer, outside of metamaterial core. The 

color of EM distribution in figures is proportional to the 

value of the electrical and magnetical fields. 
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The visualizations of electric and magnetic field 

intensity in the longitudinal cross-section of the waveguide 

are presented in Figs. 7, 9. Since the metamaterial and SiC 

are the lossy substrata, it can be seen that the EM wave 

attenuates with propagating along waveguide, i.e. the 

intensity of the EM field become less. At frequency of 

13.5 GHz the EM wave is attenuated by approximately 1.5 

times after about 3 cm of propagation. 

Electric and magnetic field vectors in the transverse and 

longitudinal sections of the waveguide are presented in 

Figs. 4, 6, 8, 10. The arrows indicate the direction of the 

field, and their length is proportional to the field intensity at 

fixed points. The transverse components of electric and 

magnetic fields are 
r

E , E


, 
r

H  H


 and the longitudinal 

components are 
z

E , and 
z

H . 

 
Figure 9: Magnetic field intensity (longitudinal cross 

section) of metamaterial-SiC waveguide at frequency 

f = 13.5 GHz. 

We can see that the transverse cross-sections (Figs. 4, 6) 

electric and magnetic field vectors are normal to each other. 

In addition we can observe a shift between the vectors E 

and H (Figs. 8, 10) in the longitudinal section because the 

media are lossy [10].  

During the simulation, we observed that the electric and 

magnetic fields are more concentrated in the coating SiC 

layer near the interface of waveguide metamaterial core 

with increasing frequency. It can be seen that the electric 

field extends into the air outside the waveguide more than 

magnetic field (Figs. 3, 5, 7, 9). 

 
Figure 10: Longitudinal magnetic field vectors of 

metamaterial-SiC waveguide at frequency f = 13.5 GHz. 

 

The EM field intensity distributions show that the wave 

energy almost entirely fades in the free space outside of 

waveguide in the distance less than the one mode 

wavelength. 

4. Conclusions 

We have developed the algorithm for visualization of 

electric and magnetic field in the two-layered isotropic 

lossy waveguide. The dispersion characteristics of open 

metamaterial-SiC layered waveguide at different 

metamaterial core radii are given. 

In the frequency range 12.8–16 GHz can propagate only 

one mode. The attenuation of this hybrid propagating mode 

is small and slightly dependent on the frequency. 

EM field distributions are analyzed for the waveguide 

with metamaterial core radius r = 2 mm in the space with 

radius 10 mm. Presented visualization of transverse and 

longitudinal electric and magnetic fields in the waveguide at 

frequency f = 13.5 GHz.
 

The strongest concentration of the electric and magnetic 

fields are inside of SiC layer in the area of metamaterial 

core interface. The electric and magnetic field maximal 

localizations are in different places of the waveguide 

perimeter.  
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Abstract 

This work presents an analysis of the microstrip bandpass 
filter on metamaterial substrates. The filter is composed of 
two ring resonators with quarter-wavelength side-coupled 
sections. The filter input is provided, as well as the output 
port, using a quarter-wavelength side-coupled microstrip 
line section. Simulations by finite element method have 
been carried out to verify the effect of the metamaterial 
substrate properties on the filter performance, and to 
compare these results to those obtained considering 
isotropic substrate. 

1. Introduction 

Metamaterials have received a great deal of attention due to 
their unusual electromagnetic properties unavailable in 
conventional materials. By tuning the geometrical structure 
of the metamaterial element, we can control the material 
electromagnetic responses [1–4]. Then, these engineered 
materials can be used in a variety of printed circuit 
applications such as filters, impedance transformers, 
couplers, and antennas [5–7]. 

Dielectric resonators have many attractive features such 
as low cost fabrication, compact size, and integration 
capacity with active devices. These structures found 
potential applications as basic construction elements in the 
development of several microwave circuits. Over the years, 
several works have been devoted to studying the behavior of 
resonator, such an elementary element of planar filters on 
isotropic substrates [8–10]. Therefore, it is interesting to 
study bandpass filters supported by metamaterial substrates, 
and taking into account the advantages of the dielectric and 
magnetic anisotropies on the transmission properties of these 
structures.  

The purpose of this work is to investigate the 
performance of a bandpass filter on a complex material with 
both electric and magnetic anisotropies. The filter is realized 
by two single dielectric resonators in cascade. Some 
characteristics such as central frequency, bandwidth, input 
adaptation, insertion loss, and rejection of the transmission 
zeros of bandpass filters supported by metamaterials are 
presented and discussed. Numerical results are obtained by 
simulations using the finite element method.   

2. Theory 

2.1. Synthesis of a single microstrip resonator 

The microstrip resonator under consideration is based on the 
concept of wavelength ring resonator, shown in Fig. 1(a). 
The simplified diagram of the quarter-wavelength resonator 
[9] with identical coupled lines is depicted in Fig. 1(b).  

 

Figure 1: (a) Ring resonator. (b) Simplified diagram of the 
resonator. 

The total perimeter of the ring is equal to one 
wavelength at the central frequency f0 in the bandwidth of 
the filter, which is the same resonant frequency of the 
resonator. The resonator frequency response is controlled by 
the even- and odd-mode characteristic impedances, Z0e and 
Z0o, of the coupled lines, and also by the characteristic 
impedance of the ring Zr. The bandpass filter is composed of 
two resonators in cascade and two access lines of 50 Ω, as 
depicted in Fig. 2. 

 

Figure 2: Bandpass microstrip filter geometry. 

The even- and odd-mode coupled line characteristic 
impedances, Z0e and Z0o are, respectively, defined as: 

 Z0e = 1

Y 0e

,              Z0o = 1

Y 0o

.  (1)  

 
where Y0e and Y0o are the corresponding characteristic 
admittances. 
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To synthesize the resonator, firstly we choose an 
arbitrary and suitable value for Z0e, in order to obtain the 
frequency response with the poles being too close to each 
other. These poles allow to control the position of the 
transmission zeros frequencies. The even- and odd-mode 
admittances are, respectively, given by [9]:   

Y0e = 1

Z0e

 (2) 

Y0o = 1

Z0o

= TZY0e

Z r 2Y0e − Tz

Z r











 
(3) 

with 
 

Z r =
2TZx + TZ

2Y0eZ0 + Y0e −Z0 + SQ − x
P+ Q+ R

Y0ex
2











2xY0e

 

(4) 

Tz =
sin

πf tz

2f0











2

1+ cos
πf tz

2f0











2
 (5) 

where Tz is a parameter that allows to control the first 
transmission zero frequency (ftz), x takes into account the 
ripple on the bandwidth, and f0 is the central frequency of 
the bandwidth. The other parameters P, Q, R, and SQ can be 
determined by using the following equations [9]: 

P=4xZ0Tz
3 − YoeZ0

2Tz
4 x4 − 2( ) + 4Tzx SQ − Z0( )  (6) 

Q =2Z0Tz
2Yoe Z0 x2 − 2( ) +SQ( )

 
(7) 

R =− 2Z0Yoe Z0 x2 − 2( ) + 2SQ( )
 

(8) 

SQ = 1− x2( ) Tz
2 −1( )2

Z0
2

 
(9) 

 
It is important to highlight that the bandwidth of the 

response increases as the ratio between ftz and f0 decreases. 
This will lead to an increase of the difference between Z0e 
and Z0o, as the coupling level becomes greater. Thus, if Z0e 
and the ripple are fixed, decreasing the ratio ftz/f0 will 
decrease Zoo. 

 

2.2. Metamaterial modeling 

In this work, we consider that homogeneous anisotropic 
metamaterials used as substrates in planar filter design are 
modeled according to the analytical formulation presented 
in [3], with enhanced positive values of electric permittivity 
and magnetic permeability for microwave applications.  

The anisotropic characteristics of the electric 
permittivity and magnetic permeability are obtained with a 

periodic array of split ring resonators (SRR), as shown in 
Fig. 3. 

 

 
 

Figure 3: Spiral loop geometry used in modeling the planar 
filter metamaterial substrate. 

The spiral SRR is embedded in a dielectric medium with
10.7ε r = , and thickness h = 1.57 mm. The physical 

dimensions of the structure are L = 16 mm, W = g = 1.3 
mm. The parameter extractions are accomplished using 
metamaterial unit cell containing spiral loop to characterize 
the metamaterial by effective magnetic permeability and 
effective electric permittivity as defined by [3]. 

The filter metasubstrate is characterized by uniaxial 
permittivity and permeability tensors which are given as 
follows: 
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We also assume that variations of the effective 
permittivity and effective permeability enable four possible 
configurations of the metamaterial tensors, named as [6, 7]: 

• Case 1 

t
ε = ε0

1 0 0
0 1 0
0 0 εeff

















;      tµ = µ0

µeff 0 0

0 µeff 0

0 0 1



















. 
(12) 

In Case 1, the components of the permittivity tensor 

assume values .,1 effzzyyxx ε=ε=ε=ε  The permeability 

elements are .1, zzeffyyxx =µµ=µ=µ  

• Case 2 

t
ε = ε0

εr 0 0

0 εr 0

0 0 εeff



















;       tµ = µ0

1 0 0
0 1 0
0 0 µeff

















.       
(13) 

In Case 2, both effective permittivity and effective 
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permeability components are along the z-axis. The dielectric 

host medium has relative permittivity rε  and relative 

permeability  .1r =µ  Hence, ,ryyxx ε=ε=ε  ,effzz ε=ε  

and .,1 effzzyyxx µ=µ=µ=µ  

• Case 3 
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In Case 3, we consider that ,, rzzeffyyxx ε=εε=ε=ε  

and .,1 effzzyyxx µ=µ=µ=µ  

• Case 4 
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In Case 4, we consider that ,,1 effzzyyxx ε=ε=ε=ε  

and .,1 effzzyyxx µ=µ=µ=µ  

3. Results and Discussions 

Figure 4 shows the effective permeability response to 
frequency variation of a periodic array of SRRs, as depicted 
in Fig. 3 (L= 16 mm, g = w = 1.3 mm), which displays the 
resonant behavior as predicted in [3]. The effective 
permeability results are used to calculate the frequency 
response of the bandpass filter printed on metasubstrate. 
 

 
Figure 4: Effective permeability as a function of frequency 
for SRR medium. 

Here, the effective magnetic permeability value is 
chosen µeff = 3.1, such as selected in [3], but at 2.2 GHz 
because the proposed filter is centered around this 
frequency. 

Following, we present numerical results for bandpass 
filters as a function of the frequency. The filter parameters 
are obtained by simulations using the Ansoft HFSS. The 
substrate has thickness h = 1.7mm. 

Figure 5 depicts curves for the filter on isotropic 
substrate ( 10.7ε r = ). In the first band, centered at 1.7 GHz, 

the filter has return loss of –18 dB, while the insertion loss is 
–2 dB. In the second band, centered at 2.04 GHz, the filter 
has no good response, because it is not properly adapted to 
the input port (S11 = –8 dB). 

 

 
Figure 5: Frequency response of the filter on isotropic 
substrate.  

Figure 6 presents the results for the insertion loss and 
return loss of the filter printed on metamaterial, labeled Case 
1. The filter has frequency response in two frequency bands. 
In the first band, the insertion loss is –5 dB and the return 
loss is –14 dB. In the second band, the filter has S11 = –18.5 
dB and the transmission loss is –2 dB. The first relative 
bandwidth is very close (2%), while in the second 
transmission the bandwidth is 10% approximately.  
 

 
Figure 6: Frequency response of the filter on metasubstrate 
labeled Case 1.  
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Figure 7 depicts the filter behavior on metamaterial 
labeled Case 2. In the first band, the filter has fractional 
bandwidth of 15.20 % at 1.87 GHz, insertion loss of –3 dB, 
and maximum return loss of –22 dB. The second band has 
relative bandwidth of 5.4 % at 2.2 GHz, with insertion loss 
of –2.4 dB and return loss of –28 dB. The filter exhibits a 
good performance in both frequency bands.   

 

Figure 7: Frequency response of the filter on metasubstrate 
labeled Case 2.  

Figure 8 shows the frequency responses of the filter 
supported by metasubstrate, as illustrated in Case 3. In the 
first and second bands, respectively, the levels of insertion 
loss are –3.50 dB and –1.58 dB, and return losses of –17.80 
dB and –29.42 dB are obtained, with fractional bandwidth of 
17.7 % at 1.89 GHz and 11.3 % at 2.18 GHz. 

 
Figure 8: Frequency response of the filter on metasubstrate 
labeled Case 3. 
 

In Fig. 9, designed curves show that the bandpass filter 
on metamaterial substrate (Case 4) has very good responses, 
due to the input adaptation in the two frequency bands. In 
the first band, the filter is centered at 1.63 GHz with relative 
bandwidth of 14.4 %, insertion loss of –4.0 dB, and return 
loss of –23.5 dB. In the second band, the filter is centered at 

1.9 GHz with relative bandwidth of 13.15 %, insertion loss 
of –1.80 dB, and return loss of –30 dB, approximately. This 
bandpass filter can be used in microwave system 
applications, such as a duplex component. 

 

 
Figure 9: Frequency response of the filter on metasubstrate 
labeled Case 4. 
 

Tables I and II, respectively, summarize the values for 
the main parameters of the filters, in order to make a 
comparison among their performances.  

 
Table 1: Performances of bandpass filter in the first band. 

Material f0 

(GHz) 
S21 (f0) 

(dB)  
S11 (f0) 
(dB) 

  BW 
(%) 

Isotropic 
εr = 10.7 

   1.70 −2.0 −18.0 16.5 

Metamaterial 
Case 1 

1.80 −5.0 −14.0    2.0 

Metamaterial 
Case 2 

1.87 −3.0 −22.0  15.2 

Metamaterial 
Case 3 

1.89 −3.5 −17.8  17.7 

Metamaterial 
Case 4 

1.63 −4.0 −23.5  14.4 

 

 
 
Table 2: Performances of bandpass filter in the second 
band. 

Material f0 

(GHz) 
S21(f0) 
(dB) 

S11(f0) 
(dB) 

BW 
(%) 

Isotropic 
εr = 10.7 

  2.04 −3.00 −8.00 5.00 

Metamaterial 
Case 1 

2.18 −2.00 −18.50 10.00 

Metamaterial 
Case 2 

2.20 −2.40 −28.00   5.40 

Metamaterial 
Case 3 

2.18 −1.58 −29.42 11.30 

Metamaterial 
Case 4 

1.90 −1.80 −30.00 13.15 
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From the tables, it can be seen the influence of the 
magnetic permeability in the filter response, mainly in the 
return loss S11 and relative bandwidth BW. The filter 
printed on metamaterial, named Case 1, has no good 
performance, hence the permeability tensor has 
significant influence in the frequency responses of the 
filter.  

4. Conclusions 

It is pointed out that the anisotropy of the substrate material 
has a great influence on the filter performance and cannot be 
neglected in the design of bandpass filters. The proposed 
bandpass filters have two passbands in the frequency 
response. The first band is due to the length of the two rings 
which is approximately equal to one wavelength at the 
central frequency of the band. The second one is due to the 
coupling of the two ring resonators. From the curves, we can 
conclude that metasubstrate enables the use of the filter as a 
duplex component, because it has a good frequency response 
in two bands with the frequencies being too close to each 
other. We achieved the necessary flexibility to obtain 
frequency responses, controllable bandwidths, and compact 
dimensions. These structures can be of interest in those 
applications where miniaturization and compatibility with 
planar circuit technology are key issues.  
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Abstract
This article presents a displacement sensor based on broad-
side coupled Split Ring Resonators (SRRs) coupled to a
microstrip line. In contrast to previous SRR-based dis-
placement sensors, the proposed sensor benefits from a high
dynamic range limit and since the displacement sensing is
based on a precisely measurable shift in the resonance fre-
quency, rather than change in the depth of resonance, the
proposed sensor benefits from a higher immunity to noise.
Also, it is shown that the sensitivity of the sensor in terms
of the frequency shift is improved by introducing tapered
tips in the SRR design.

1. Introduction

Metamaterials were originally proposed as artificially engi-
neered bulk materials composed of electrically small parti-
cles that are able to create a specified material’s effective
permittivity and/or permeability [1]. The metamaterial ba-
sic elements, such as split ring resonators (SRRs), have also
found applications for high-quality resonators [2], compact
filters [3] and planar directive antennas [4]. Because of their
high quality factor resonance, subwavelength dimensions,
and the sensitivity of the resonance to the constituent ma-
terials and physical dimensions, SRRs are also appropriate
to be used in the design of high sensitivity and high resolu-
tion sensors [5, 6, 7]. Recently, displacement sensors based
on SRR-loaded coplanar waveguide (CPW) have been pro-
posed [8, 9]. This paper proposes a displacement sensor
based on a microstrip line loaded with broadside coupled
SRRs (BC-SRRs). This sensor can be seen as compact
transmission line based realization of the free-space pres-
sure sensor array of [10]. In contrast to other displacement
sensors [11, 12], in which a fundamental dynamic range
limit was dictated by the CPW’s lateral dimension, the pro-
posed sensor has virtually no dynamic range limit. It is also
shown that the sensitivity of the sensor can be increased by
using tipped SRRs.

2. Displacement sensor based on broadside
coupled split ring resonators

Figures 1(a) and (b) illustrate the side and top view of the
proposed displacement sensor, which is composed of a mi-
crostrip line loaded with a pair of BC-SRRs. Each BC-
SRR is composed of two U-shaped split-rings printed on

different layers, on top of each other and open in opposite
directions. Note that in the proposed structure one of the
rings is printed on the same layer as the microstrip line, so
it is fixed, and the second one is on the top layer of a sec-
ond substrate, which can be displaced along the direction
of the microstrip line, as shown by the red arrows in the
figure. The aim of the proposed sensor is to measure this
displacement. The BC-SRR can be modeled as a parallel
LC resonator [13], in which the equivalent capacitance cor-
responds to the capacitance of the overlapping metallic area
of the two U-shaped rings and the equivalent inductance
corresponds to the rectangular loop formed by the two U-
shaped rings. In the configuration shown in the figure, an
increase in the displacementd of the upper ring results in a
decrease in the equivalent capacitance and an increase in the
equivalent inductance of the BC-SRR. However, as will be
shown in the simulation results, the change in the equivalent
capacitance is dominant, which results in shifting the reso-
nance frequency to higher frequencies. The shift in the res-
onance frequency can therefore be used to sense the amount
of displacement along the direction of the microstrip line.

Based on this sensor concept, a specific geometry
is designed by electromagnetic simulations using Rogers
RO4003 substrates with relative permittivity of 3.38 and
copper metallization with thickness of35µm. The thick-
ness of the bottom and top substrates are 1.524 mm and
0.203 mm, respectively. The width of the microstrip line
isw = 3.3mm which corresponds to a50Ω characteristic
impedance. The dimensions of the BC-SRRs are mentioned
in the caption of Fig. 1.

Fig. 1(c) depicts the simulated transmission coefficients
of the sensor for the displacementd varying from 0 mm to
9 mm in steps of 1 mm. The figure demonstrates the in-
crease in resonance frequency for increasing displacement
d. The resonance frequency can thus be used as measure for
the amount of displacement. The dynamic range of the pro-
posed sensor is not limited and can be increased by using
longer BC-SRRs.

Fig. 1(d) and (e) illustrate the side and top view of an
improved version of the sensor with tipped BC-SRRs in
which, compared to the uniform BC-SRR, a higher rate
of change of capacitance versus displacement is achieved.
Fig. 1(f) depicts the simulated transmission coefficients of
the sensor for the displacementd varying between 0 mm
and 9 mm in steps of 1 mm. Comparing the total frequency
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Figure 1: (a) Side view and (b) top view of the displacement sensor based on uniform BC-SRRs. Dimensions of the structure
area = 10.2 mm,b = 12.4 mm,c = 0.4 mm ands = 0.2 mm. (c) Simulated transmission coefficients of the structure for
different displacementsd = 0 mm to d = 9 mm in steps of 1 mm. (d) Side view and (e) top view of the displacement sensor
based on tipped BC-SRRs. All dimensions are the same as in (b)except the tipped part of the resonator for whichc2 = 3 mm
andt = 7.7 mm. (f) Simulated transmission coefficients of the structure for different displacementsd = 0 mm to d = 9 mm
in steps of 1 mm.

shift for 9 mm displacement in Fig. 1(c) and (f), the sen-
sor with tipped BC-SRRs achieves a29% improvement in
the displacement sensitivity in terms of frequency, i.e. 1060
MHz shift vs. 820 MHz shift for the sensor with uniform
resonators.

3. Conclusion

This work has presented a high dynamic range displace-
ment sensor based on U-shaped BC-SRR. The proposed
transmission line based sensor benefits from a dynamic
range that can be tailored to suit applications, without the
limitations of previously published SRR-based displace-
ment sensors. Furthermore, it has been shown that the sen-
sitivity of the sensor can be significantly improved by using
tipped BC-SRRs. Also, since the proposed sensor is based
on shifting in the resonance frequency rather than the reso-
nance depth, the sensor benefits from a higher immunity to
the environmental noise.
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Abstract 

A systematic design of planar MIMO antennas with 
significantly reduced mutual coupling is presented, based 
on the concept of metamaterials. Split ring resonators are 
placed in the space between antenna elements, providing 
high levels of isolation without essentially affecting the 
simplicity and planarity of the antennas. The designs are 
further explained and justified by a rigorous parameter 
retrieval, based on a proper inverse problem methodology, 
thus addressing the problem of material characterization for 
1D rows of resonators or single resonators.  

1. Introduction 

The concept and application of metamaterials, i.e. periodic 
formations with synthetic material properties has drawn 
significant attention over the last years [1]. This basic 
concept has matured, encompassing a broad range of 
synthetic materials with artificial electric and magnetic 
properties of many kinds. A particularly exciting fact about 
metamaterials is that their properties can be exploited to 
control and enhance propagation or radiation characteristics 
of electronic and photonic circuits, including antennas. 

Among many applications, metamaterials have been 
utilized to enhance antenna characteristics, including 
metamaterial-based small antennas [2]-[5]. The fundamental 
idea is that the coupling of the radiator to the metamaterial 
cell is exploited to alter the antenna radiation properties, 
including its matching to the feeding transmission line. In a 
sense, the resonator effectively acts as a ”metamaterial 
shell” that surrounds the antenna. Although this canonical 
structure has provided a clear route toward the design of 
compact antennas, individual small resonators are employed 
in practice, with their geometric features and dimensions 
being carefully chosen to obtain operation at the desired 
resonance frequency. An interesting fact about this category 
of antennas is that the metamaterial effects and properties 
seem to manifest themselves at a single-cell level as well, 
even though the original metamaterial concept refers to 
bulky three-dimensional periodic formations. 

In addition, metamaterial properties and particularly 
their ability to control electromagnetic wave propagation 
have been used to reduce mutual coupling in multiple-input 
multiple output (MIMO) antennas [6]. However, the 
resulting structures can be bulky and hard to fabricate.  

In this paper, we provide a systematic process and a 
series of new designs for entirely planar metamaterial-
enhanced MIMO monopole antennas, by properly placing 
split ring resonators (SRRs) between individual monopoles. 
A critical feature of this approach is that the metamaterial 
concept is utilized at a single-cell level, since it can be 
confirmed that the synthesized material properties (in this 
case a negative magnetic permeability) can be present even 
at such a scale. The overall synthesis process relies firstly on 
tracing and localizing the primary paths and routes of 
electromagnetic wave propagation. Subsequently, 
metamaterial samples, in the form of individual resonators, 
can be placed at the exact locations of interest to suppress 
unwanted flows of electromagnetic energy that contribute to 
mutual coupling. More importantly, the metamaterial 
properties can be approximately synthesized in an 
independent manner, by means of a supplementary 
computational analysis that involves only a unit cell of the 
metamaterial structure, i.e. a single resonator. Hence, the 
design of the radiating elements and metamaterials are 
performed separately, with only minimal modifications and 
fine tuning of the composite antenna. 

2. Antenna Design 

The antenna design is based on the property of negative 
permeability, by first tracing the primary paths of wave 
propagation. The next step involves the design of the 
resonator elements to be placed between the antennas. The 
geometric parameters of the ring resonator are carefully 
selected by a finite-element based computational analysis to 
achieve resonance close to the frequency of 2.45 GHz. This 
will provide the basic mechanism to suppress the substrate 
modes that induce coupling. Finally, individual ring 
resonators are placed between the antennas, acting in a sense 
as a metamaterial “shell” or “screen” that can either enhance 
the individual antenna radiation properties or regulate 
coupling between them. We note that the applied parameter 
retrieval procedure addresses the problem of 1D rows of 
metamaterial unit cells or single SRRs, by a properly 
designed computational inverse problem formulation, as it is 
it is impossible to employ any simple slab EM analysis 
formulas in such a case. Thus, we attempt to address the 
fundamental question whether it is the periodic metamaterial 
aggregate that provides the meta-behavior or an indication 
of its properties can be traced at the level of rows of unit 



2 
 

cells or single resonators. 
The antenna designs are based on planar printed 

microstrip-fed monopole antennas (Fig. 1). The comparison 
between coupling before and after the insertion of the 
metamaterial structure is shown in Fig. 1 and 2. Obviously, 
coupling is considerably reduced, while matching is also 
achieved in a wide frequency band.  

A further interesting point to investigate is whether 
regulating, instead of minimizing mutual coupling may 
beneficially affect channel capacity, since this is considered 
a highly important feature in the design and operation of 
MIMO antennas. In particular, coupling may be beneficial 
for element distances between 0.1λ and 0.2λ. This 
characteristic, thereby, should be taken into account when 
miniaturization becomes a critical issue. 

Considering that mutual coupling could lead to 
increased channel capacity, under certain circumstances, and 
that the ring resonator structures are expected to regulate 
propagation between the MIMO antenna elements, a 
prospective use of such metamaterial-based structures would 
be challenging. Towards this direction, an investigation of 
the channel capacity when both the receiver and the transmit 
antennas are metamaterial enhanced MIMO monopole 
arrays has been accomplished. 

For this purpose, the proposed structure has been 
chosen both as a transmit and as a receive antenna. Since it 
is expected that the change of the SRRs reentrant faces’ 
lengths, s1 and s2 for the two resonators, could mostly affect 
mutual coupling between elements, we considered these as 
design parameters. The channel environment is assumed to 
include several randomly distributed point scatterers, and the 
capacity is computed both for the case when mutual 
coupling between the two antenna elements is taken into 
account and the case when the antenna elements are 
assumed to be uncoupled. 

The overall MIMO channel structure has been 
simulated and the first results, in terms of the channel 
capacity, are shown in Fig. 3. For comparison purposes, the 
capacity levels for the reference antenna (without SRR 
structures), both for the case when mutual coupling is 
included in the analysis (red grid) and the case when the 
array elements are considered uncoupled (blue grid), have 
been added. As it can be seen, the MIMO system comprising 
the reference two-monopole antennas seems to exhibit 
higher capacity values when the mutual coupling effect is 
taken into account for the channel capacity computation. 
This feature has been expected, since the monopole 
interelement distance has been chosen to be slightly larger 
than 0.1λ. On the other hand, the change of the SRR 
geometric parameters s1 and s2 clearly affects the values of 
the channel capacity through the impact on the S-parameters 
of the monopole elements. Obviously, there are 
combinations of s1 and s2, for which the MIMO system 
exhibits capacity comparable to that of the no- SRR case, 
while the reflection coefficient is successfully kept below -
10 dB (Fig. 4).  

This investigation is considered indicative, showing a 
marginal but noticeable gain in system capacity. However, it 
could provide a perspective of a more general use of the 

metamaterial based inclusions for the controlling of 
propagation between the MIMO array elements, reenforcing 
the capability for further investigation towards this direction. 

 

Figure 1: Reflection and transmission (coupling) of the 
two element MIMO monopole antenna, before the 
insertion of the metamaterial structure. 

 

Figure 2: Reflection and transmission (coupling) of the 
two element MIMO monopole antenna after the 
insertion of the metamaterial structure. 

 
Figure 3: Computed channel capacity for combinations 
of the SRR reentrant faces’ lengths.  
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Figure 4: Reflection oefficient of a MIMO array element 
for different combinations of lengths s1 and s2. 

 
Other, more complex variations have been also fabricated, 
like the four-element ultra compact MIMO antenna (Fig. 4), 
where metamaterial samples are used to make individual 
elements compact, while other ones are invoked to result in 
particularly low values of correlation coefficients (Fig.5). 
 

 
Figure 5: A four element compact MIMO Antenna.  

 

 
Figure 6: obtained values of correlation coefficients.  
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Abstract 

In the optics field, many researchers have proposed various 
shape of nano-aperture whose transmission efficiency is 
over 1 challenging the prediction of the diffraction limit. 
This study suggests a systematic design approach of a nano-
aperture for the purpose of enhancing optical transmission . 

For nano-aperture design, we adapted phase field shape 
optimization method using the reaction diffusion equation 
with double well potential. It is adapted for obtaining 
simplified structure by controlling the diffusion coefficient. 
Through the design process, we have designed an 
unprecedented form of the aperture and compared its 
performance was with traditional shapes.  

1. Introduction 

As the technology related with the nano-sized metallic 
aperture has been improved, various shapes of the aperture 
such as making a slit in the vicinity of the aperture [1] and 
changing the shape of the apertures [2-4] have been widely 
applied to several fields such as the optical data storage and 
antenna systems [5, 6]. Those shapes were invented using 
the principle of the surface plasmon resonance (SPR) to 
improve the transmission rate extraordinary. A recent study 
based on the numerical method using the finite difference 
time domain method (FDTD) has proven the high 
transmission efficiency of the nano-aperture numerically [7].  

Since the earliest concept proposed by Bendsøe and 
Kikuchi [8], topology optimization has been regarded as 
one of the most promising methods for concept design of 
continuum structures and it can be applied various physical 
field, such as elastic, thermal, acoustic, and electromagnetic 
field [9-11] and it can be applied dynamic problem [12] or 
time varying field problem[13]. This research aims to obtain 
the optimal cross sectional shape of the metal layer in a 
nano-aperture system to enhance the wave transmission 
through a nano-aperture. It is noteworthy that the structure 
scale is too small to admit complex shapes if the real 
application would be taken into account. Therefore, this 
study adopts the double well potential (DWP) combined 
optimization method as well as the topology optimization 
method based on the reaction diffusion (RD) equation not 
only for avoiding gray scale representation but also for 

obtaining simplified structure by controlling the diffusion 
coefficient.  

The proposed optimization method is applied to the 
nano-scale aperture design of a vertical-cavity surface-
emitting laser (VCSEL) system and we use the finite 
element method (FEM) to analyze the electromagnetic field 
wave propagation and the design objective is defined as 
maximizing the energy flux at the measuring area under the 
aperture structure. 

2. Analysis Model 

2.1. Finite element modeling 

The initial model of nano-aperture is represented in Figure 
1(a). In this study, the nano-aperture model is composed of 
three parts. At first, the 850nm wavelength incident light 
which is fixed in near infrared wavelength range, goes from 
the upper air portion. Subsequently, it passes through the 
nano-aperture and propagates amorphous silicon (a-Si) 
layer in Fig. 1(a). Perfectly matched layers (PML) are set 
around silver (Ag) and a-Si layer. The design domain has 
75nm depth and 300nm width Ag layer designated in the 
red box as shown in Fig. 1(a). The part becomes a new 
structure by topology optimization process.  

Table 1 shows the relative permittivity of each material 
in this system. The design objective is to maximize the field 
strength intensity in the measuring domain in Fig. 1(a) and 
we evaluated it by calculating the Poyinting vector value of 
the area. The prototype model is set as the whole design 
domain is filled with Ag material. Fig. 1(b) displays the 
finite element model of prototype design and an Ag layer 
part is enlarged to show the very fine element size. It is 
discretized for all element sizes not to exceed 20nm. The 
numerical analysis results from the two-dimensional FEA 
using 45000 quadrilateral elements in the design domain 
and 153844 triangular elements in other domains. The FEA 
is implemented by commercial FE analysis package 
COMSOLTM and the optimization process is carried out by 
Matlab programs.  

Table 1: Material properties used for the analysis 
Material Air Ag a-Si 
relative 

permittivity 
1 -32.22+1.73i 14.62+0.50i 
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(a) 
 

 
 

(b) 
 

Figure 1: Initial model of the nano-aperture: (a) schematic of 
the analysis model and (b) element description for FEM. 

2.2. Wave analysis 

Regardless of the exciting frequency, the electromagnetic 
wave propagation can be analyzed by solving Maxwell’s 
equations representing the electric and magnetic field 
strength profile. Maxwell’s equations for time-varying 
fields are as follows: 
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where H is the magnetic field strength and E is electric field 
strength. ε and μ represent the electric permittivity and the 
magnetic permeability, respectively.  

This study is targeting two-dimensional (2D) design of 
the nano-aperture cross-sectional shape, the transverse 
magnetic (TM) mode analysis governed by Eq. (2) is 
required. In case of fixed excitation frequency of ω, the 
wave propagation in 2D by the SP phenomenon can be 
analyzed by the following governing equation [14]:  
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where 0c  is the light speed in the air and εr is the relative 

permittivity. The magnetic field strength H has only the z-
directional magnetic field strength component Hz in 2D TM 

model analysis. The subscript 0 of the electric permittivity 
and the magnetic permeability means the property in the air. 
This study employed the PML boundary condition in order 
to avoid the wave reflection from the boundaries.  
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where 21 ( )
x PML

S j x x D    and 21 ( )
PMLyS j x y D   . 

PML
x  

and 
PML

y  represents the basis locations of the PML 

boundary, respectively and D is the numerical damping 
coefficient [15]. 

3. Topology Optimization 

The RD equation used for topology optimization in this 
study is formulated as  
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where ϕ is the design variable which represents a phase 
field parameter and n is the unit vector normal to ∂Ω. 
Because this study deals with wave propagation in 
transverse magnetic (TM) mode, the z-directional magnetic 
field strength Hz is considered as a state varible. α is the 
diffusion coefficient and its change is closely related to the 
interfacial energy; therefore, it influences complexity of the 
optimized configuration.  

When the structural optimization problem is to 
minimize objective function considering the equality 
volume constraint, the optimization problem is determined 
as follows: 
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where Ψ is the objective function, h(ϕ) means the volume 
fraction constraint and Vreq is the required volume fraction. 
To deal with the objective function and design constraints 
simultaneously, the augmented Lagrangian is defined as  
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z zH H h h


          
  

 (8) 

Here, λ and γ represent the Lagrange multiplier and the 
penalty parameter, respectively. Note that the modified 

constraint function  ĥ   is 

ˆ( ) max ( ),h h
r
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The parameter η to normalize the design sensitivity is 
defined as [16] 
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The gradient of the augmented Lagrangin with respect to 
the phase field ϕ becomes 

ˆ( , , ) ( , ) ( ) ˆ( )
H H hz z h
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If the phase field parameter follows the evolution 
scheme expressed in (5) and (6), only the diffuse interface 
of the domain represented parameter is moving. The 
velocity to the moving direction can be determined by the 
sensitivity analysis using the artificial DWP. The DWP W is 
set as follows: 
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aw(ϕ) is a smooth Dirac delta function with constant a that 
influences the diffuse interfacial layer thickness and g(ϕ) is 
a smooth Heaviside function. /   is the sensitivity 

value of the design objective Ψ. The range of Dirac delta 
function and Heaviside function is 0≤ϕ≤1.  

Combining the Eq. (5) and Eq. (12), we get a modified 
reaction diffusion equation: 
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Because g’(ϕ) is zero when   is 0 and 1, the sensitivity 

outside diffusion layer becomes zero.  
During the design process, refractive index values in the 

design domain are changed according to the variation of the 
design variable, i.e., the phase field parameter ϕ based on 
the following formulation [14, 15]:  

( ) ' ( ' ' ) ( " ( " " ))p p
Ag a Si Ag Ag a Si Agn n n n n i n n n                   

(14) 

where 'Agn and 'a Sin  are real parts of the refractive index of 

the Ag layer and the a-Si part, respectively, and "Agn  and 

"a Sin  are their imaginary part values. The relative 

permittivity is the square of the refractive index as 2
r n  . 

4. Numerical Result 

In this section, the result variation according to several 
design parameter variation is evaluates. The objective is 
maximizing the energy flux represented by the Poynting 
vector. The objective value of the prototype model which 

has no grating is measured as 1.76e-38 W/m2 and it is set to 
the normalized value of 1.  

For the optimization result by the ordinary phase field 
method using DWP, the initial distribution of material has a 
decisive effect on the result of final shape [17]. Therefore, 
we have investigated results for five different initial 
configuration definitions as can be seen in Table 2. First 
three cases have different number of Ag nano-particles to 
check the SP effect around the nano-particles and its related 
shape changes. The influence of grating structure, which is 
widely used in SP wave propagation, is also evaluated in 
last two cases. The volume fraction constraint is fixed to 0.6 
in this verification process. If nano-particles are taken into 
account in the initial configuration, optimization results are 
almost identical to each other as can be confirmed in the 
table. In case of initial shape with grating structure, both the 
resultant shapes and objective values are a little bit 
different.  

In previous investigations, the diffusion coefficient α is 
fixed to 1.0e-3. However, it is necessary to confirm the 
influence of the variation of α and it is essential in nano-
structure design to compromise between the performance 
and the manufacturing feasibility. Fig. 2(a) represents initial 
phase parameter distribution of the aperture. To confirm the 
coefficient effect, relatively complex initial shape is chosen. 
Figs. 2(b)-(d) show the optimal material distribution for 
diffusion coefficient of 1.0e-3, 1.0e-4 and 1.0e-5, 
respectively, with 0.6 volume fraction. As the coefficient 
value is getting smaller, optimized configurations become 
more complicated and it is natural in results by the phase 
field method [18]. Normalized objective values for the three 
cases are evaluated as 1.51, 2.21 and 2.04 at each of cases.  

5. Conclusions 

In this study, we designed the cross sectional shape of a 
nano-aperture of a VCSEL system and obtained remarkably 
improved performance. The suggested design method has 
been successfully applied to metallic structure design 
considering the SP effect. It is also confirmed that the 
material distribution near the aperture hole is crucial to 
maximize the intended performance. Although this study is 
limited only for 2D cross-sectional design, this approach 
will be expanded in three-dimensional structural design for 
electromagnetic field devices. 
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Abstract 

A Volumetric Method of Moments (V-MoM) algorithm is 

applied to predict the plasmonic responses of chiral 

metamaterials. This algorithm is based on the use of a 

multi-level building block basis function scheme, in 

combination with a dedicated Kummer transformation in 

the calculation of periodic Green’s functions. The validity 

of the algorithm is demonstrated by analyzing a Ninja Star 

periodic structure. Circular Dichroism (CD) is observed in 

both simulations and experiments.  

1. Introduction 

In the last decade, plasmonic metamaterials have been 

constantly drawing attention from physicists, chemists, and 

electrical engineers, due to their predesigned exotic 

electromagnetic properties at nanoscale, e.g., plasmon 

induced transparency [1], optical rotation [2], circular 

dichroism [3] and asymmetric transmission [4] in chiral 

metamaterials, etc.. In general, the interaction of light with 

nano-plasmonic structures can be modeled in the framework 

of classical electrodynamics. Thus, the classic Method of 

Moments (MoM) algorithm can be adapted and applied in 

the field of nano-plasmonic applications [5].  

In the implementation of the Method of Moments 

algorithm for plasmonic metamaterials, two key aspects 

must be respected. On the one hand, because the thickness 

of nanostructures is comparable with the skin depth of 

metals at optical frequencies, the electromagnetic wave 

penetrates the structures. The dispersive material properties 

of metals start to play a role and the currents flowing in the 

structures must be considered as three-dimensional (3D) 

ones. Therefore, the original Method of Moments algorithm 

must be extended to a volumetric one with 3D current basis 

functions (rooftops) introduced. For 3D rooftops, half 

rooftops can exist individually on the ground that the 

boundary charge now is a surface charge rather than a line 

charge, which doesn’t result in any singularities of the 

electric field. Based on this observation, pairing half 

rooftops on smaller and smaller hexahedral or tetrahedral 

building blocks can be used to describe the boundary of the 

plasmonic structures in more detail. 

On the other hand, due to the periodicity of metamaterials, 

periodic Green’s functions must be calculated for the 

coupling matrix which describes the interactions amongst 

the 3D current basis functions. However, the evaluation of 

the periodic Green’s function is always hampered by a poor 

convergence when the source point z
’ 
and the observation 

point z are collocated at the same z value. This numerical 

difficulty can be circumvented by applying the Kummer 

transformation and sensibly adding and subtracting so-

called asymptotes. Details on the Kummer transformation 

and the choice of the asymptotic series will be elaborated in 

the following sections. 

    In this work, firstly, the relation between the 

dimensionality of a charge density and the (possible) 

electric field singularity is briefly reviewed. Then, a multi-

level meshing scheme for periodic structures based on these 

observations is illustrated. Secondly, the Kummer 

transformation is introduced and a recently proposed choice 

of asymptotic series [6] is illustrated. Last but not least, as a 

validation, the surface plasmons induced by left and right 

circularly polarized light in a Ninja Star [3] nanostructure 

are calculated with our in-house developed Volumetric 

Method of Moments (V-MoM) based software, MAGMAS 

[7-9] and compared with SHG microscopy images. 

2. Hierarchical Multi-level Building Block Basis 

Function Scheme 

In this section, we shall first briefly investigate the relation 

between the dimensionality of a charge density and the 

(possible) electric field singularity. Then, by 

complementing a larger rooftop with smaller rooftops, we 

illustrate a multi-level meshing scheme for the periodic 

structures under consideration.  

2.1. Charge Density and Electric Field 

Take the electric field in free space generated by a stand-

alone half rooftop J(r') (current basis function) as an 

illustrative example 
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 is the free space scalar Green’s 

function. The first two terms and the last term in Eq. (2.1) 

are integrated with respect to the source region s
’ 

and the 

boundary b
’
 surrounding the source region, which is one 

dimension lower than the integral domain of the first two 

terms. n is the unit vector normal to the boundary b
’
. 

  j n J r'  represents the charge accumulated on the 

boundary due to the normal current arriving there. The 

general expression for the contribution of a charge density to 

the electric field can thus be written as 
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The source domain can be 3D, 2D, 1D, or 0D (a point), 

depending on the situation. An overview of the types of 

source current and the types of boundary charge can be 

found in Table 1.  

 

TABLE 1: Overview of S’ and B’ for different cases 

Type of Source 
Current 

Type S’ Type B’ Dimension 
Charge on B’ 

Volume Current Volume Surface 2D 

Surface Current Surface Line 1D 

Line Current Line End points of 
line 

0D 

 

When an observation point approaches a source point, the 

electric field in (2.2) becomes proportional to,  
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For different charge densities, the (possibly) resultant 

singularities in the electric field, the electric energy density 

and the energy are tabulated in Table 2. 

 

 

TABLE 2: Types of singularity for different charge dimensionalities: r is 
the distance to the charge on B which has to be considered in the limit to 

zero. 

Boundary B Electric Field Electric Field 
Energy Density 

Energy in dV 
around B 

Surface (2D) No Singularity No Singularity  No Singularity 

Line (1D) 
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~  log r  

Point (0D) 
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2.2. Hierarchical Multi-level Building Block Basis Function 

Scheme 

At optical frequencies, because the skin depth is comparable 

with the thickness of the nanostructures, the current flowing 

in the nanostructures has to be considered as a volumetric 

one. According to Table 2, this 3
rd

 dimension uplifts the 

physical limits, i.e. the surface charge does not induce any 

singularities, and renders us the possibility of using a 

hierarchical scheme as depicted in Fig. 1. At the edges of a 

structure, the actual boundary is reconstructed with an 

increased resolution by adding blocks where necessary of 

half the size of the blocks of the previous level. In Fig. 1, 

for example, there are three levels. The blocks of level 1 are 

used throughout the interior of the structure. At the 

boundary, they are supplemented by blocks of level 2, with 

half the size of the blocks of level 1. 

 

 
Fig.1. Illustration of hierarchical use of 3D half rooftops in a binary 
scheme, red: level 1; blue: level 2. 

3. Evaluation of the Periodic Green’s Function 

For infinitely large periodic arrays, the spatial domain 

periodic Green’s function can be derived from the spectral 

Green’s function [10-13],  
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( , , ')mnG k z z is the Green’s function in spectral domain. 

mnk is the wave number in xy plane, 2 2
mx nyk k . 

2inc
mx x

x

mk k
d

  and 2inc
ny y

y

nk k
d

  are the wave 

numbers in x and y directions with xd and yd the periods in 

these directions. 0 sin cosx
inck k   and 

0 sin siny
inck k   are the x and y projections of the total 

incident wave number 0k . 

The series in Eq. (2.4) has a poor convergence when the 

source point 'z approaches the observation point z , which 

can be circumvented by applying a Kummer transformation 

[14],  
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By adding and subtracting the asymptote terms, the Kummer 

transformation separates the original series into two parts: 1) 

(2.6) is a function of small wave numbers; 2) the asymptotes 

(2.7) are functions of large wave numbers, so that the 

numerical evaluation of (2.6) and (2.7) can be conducted 

easily in spectral domain and in spatial domain, respectively. 

In the spatial domain, Eq. (2.7) can be expanded as, 
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mnG k form a Fourier transform pair. The series in Eq. 

(2.8) is easily convergent except at the point where 

, 0x y  and 'z z . Thus, Eq. (2.8) can be further split as, 
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It is clearly shown that the first term in Eq. (2.9) is the main 

reason for the poor convergence in Eq. (2.4). Since we 

successfully extract the singularity from (2.4), we can 

sensibly construct the asymptotic series [6] to annihilate the 

problematic terms, both in spectral domain, 
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and in spatial domain, for 1m  , 
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More details on the selection of (2.10) and (2.11) and the 

associated acceleration techniques can be found in [6].  

4. Results 

In this section, a Ninja Star periodic nano-plasmonic 

structure is analyzed by our in-house developed Volumetric 

Method of Moments (V-MoM) based software and 

compared with the experimental Second Harmonic 

Generation microscopy images.  

The Ninja Star structure is made of Au (35 nm)/Cr (5 nm) 

and deposited on SiO2 (100 nm)/Si layers. The dimensions 

of the structure and the periods in x and y directions can be 

directly measured from the SEM image as shown in Fig. 2. 

In the MAGMAS simulation set up, a two-level hierarchical 

mesh as shown in Fig. 1 is employed to model the structure 

in xy plane with two segments in z direction for the Au [15] 

layer and one segment for the Cr [16] layer. The SiO2 layer 

is modeled as an infinitely large layer in xy plane of 

thickness 100 nm. The subsequent Si layer is taken as a half 

space.  

 

 
Fig. 2: SEM image of the Ninja Star periodic nanostructure. 

 

In the experiment, the left and right circularly polarized 

laser pulses centered around 800 nm are shone on the 

structures and the reflected light is collected by the SHG 

microscope. More details about the experimental setup can 

be found in [3]. A pronounced Second Harmonic Generation 

– Circular Dichroism (SHG-CD) effect can be read from Fig. 

3 (c) and (d). In the simulations (shown in Fig. 3 (a) and (b)), 

the Ninja stars whose arms screw in the clockwise direction 

are more sensitive to the left circularly polarized light than 
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the right circularly polarized light. It is clearly seen that our 

simulations are in very good agreement with the 

experiments. 

 

 
Fig. 3: (a) and (b) Numerical simulation of the polarization currents induced 
in the top mesh layer of the nanostructures in response to left-hand, in (a), 

and right-hand, in (b), circularly polarized light. The direction of rotation 

for circularly polarized light is indicated with the oriented white circles. 
The Second Harmonic Generation (SHG) is sensitive to chirality and is 

homogenous throughout the arrays. The SHG response was recorded for 

left-hand, in (c), and right-hand, in (d), circularly polarized light. SEM 
micrographs are shown in the insets. 

5. Conclusions 

In summary, within the framework of the Volumetric 

Method of Moment (V-MoM) algorithm, a meshing scheme 

using a binary hierarchical mesh with multiple levels, 

together with a dedicated Kummer transformation in the 

calculation of the periodic Green’s function, is introduced 

and investigated. The implemented algorithm successfully 

predicts the circular dichroism in the nano-plasmonic Ninja 

Star metamaterial, also experimentally observed with SHG 

microscopy.  
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Abstract 

In this paper, it is demonstrated that the so-called electric-
LC (ELC) resonators, and their dual counterparts, the 
magnetic-LC (MLC) resonators, are useful for the selective 
suppression of either the differential or the common mode 
in microstrip differential lines. The key point to mode 
suppression is the alignment of the electric (differential 
mode) or magnetic (common mode) walls of the line with 
the resonator. It is shown that by simply rotating the 
resonators 90o we can selectively choose the suppressed 
mode at the resonator’s fundamental resonance frequency. 
The theory is validated through full-wave electromagnetic 
simulation and supported by the lumped element equivalent 
circuit models of the proposed structures. 

1. Introduction 

Split-ring resonators (SRRs) [1] and their complementary 
counterparts (CSRRs) [2] (Fig. 1) have been extensively 
used for the implementation of metamaterials and many 
devices based on them [3]. One of the applications of these 
metamaterial resonators is the selective mode suppression in 
3-wire transmission lines where two fundamental modes can 
propagate along them. Specifically, SRRs etched in the back 
substrate side of a CPW with their symmetry plane (x-z 
plane) aligned with the symmetry plane of the line, are 
useful to suppress the parasitic slot mode of the line at their 
fundamental resonance, while they are transparent for the 
CPW (common) mode [4] [Fig. 2(a)]. CSRRs, on the other 
hand, have been applied to suppress the common mode in 
microstrip differential lines and balanced circuits [5]. In 
these applications, the CSRRs must be etched in the ground 
plane with their symmetry plane aligned with the symmetry 
plane of the differential line [Fig. 2(b)].  

The key aspect to suppress either the differential or the 
common mode, keeping the other mode unaltered, is the 
perfect alignment of electric or magnetic walls between the 
line and the resonator. Thus, for the CPW loaded with 
symmetrically etched SRRs, the electric wall of the SRR at 
their symmetry plane is responsible for the slot mode 
suppression, since the CPW exhibits an electric wall at the 
symmetry plane for this mode. For a microstrip differential 
line, the symmetry plane is a magnetic wall for the common 

mode. Therefore, by symmetrically etching a CSRR in the 
ground plane, where the symmetry plane is also a magnetic 
wall, the common mode is suppressed at the fundamental 
CSRR resonance, whereas the differential mode is kept 
unaltered.  

 

Figure 1: Typical topology of an SRR (a) and a CSRR 
(b). The distribution of charges for the SRR at the 
fundamental resonance is also indicated (notice that the 
symmetry plane is an electric wall). From the Babinet 
principle, it follows that the CSRR exhibits a magnetic 
wall at the symmetry plane. 

 

 

 

 

 

 
 

Figure 2: CPW loaded with a symmetrically etched SRR 
(a) and microstrip differential line loaded with a 
symmetrically etched CSRR (b). 

SRRs/CSRRs exhibit bianisotropy [3,6,7], which means that 
they can be excited by means of a uniform axial time-
varying magnetic/electric field, or by means of an 
electric/magnetic field orthogonally applied to the symmetry 
plane of the particle. When these particles (SRRs or CSRRs) 
are loading elements of a transmission line, it is clear that 
the driving fields generated by the line are not uniform. 
Nevertheless, it has been demonstrated that both CPW and 

 
y 

x

z 
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microstrip lines loaded with symmetrically etched SRRs and 
CSRRs, respectively, exhibit mixed coupling between the 
line and the resonators for those line modes that are 
suppressed [8]. These modes are the slot mode for the 
CPWs, and the common mode for the differential microstrip 
lines (single microstrip lines with symmetrically etched 
CSRRs do also exhibit mixed coupling). 

In this paper, alternative resonators are considered, namely, 
the so-called electric-LC resonator, ELC [Fig. 3(a)] [9], or 
its complementary particle, the magnetic-LC resonator, 
MLC [Fig. 3(b)]. Such resonators do not exhibit 
bianisotropy and they are bisymmetric, one of the symmetry 
planes being a magnetic wall and the other one being an 
electric wall at the fundamental resonance (see Fig. 3). The 
selective mode suppression with ELC and MLC resonators 
in microstrip differential lines is discussed on the basis of 
symmetry properties. The theory is validated through 
electromagnetic simulation and supported by means of 
lumped element equivalent circuit models.  

 

 
Figure 3: Typical topology of an ELC (a) and a MLC 
(b) resonator. The nature of the symmetry planes is 
indicated. 

2. ELC and MLC resonators 

The ELC resonator [Fig. 3(a)] was proposed by Schurig et 
al. for the implementation of resonant-type negative 
permittivity metamaterials, as an alternative to the well 
known wire media, described by the Drude model [9]. The 
ELC resonator consists of two closed inductive loops 
connected to a common capacitor. At the fundamental 
resonance, the instantaneous current is clockwise in one 
loop and counterclockwise in the other loop, thus giving 
rise to a net displacement current in the central capacitor. 
Therefore, at the fundamental resonance, the magnetic 
moment associated with currents in both loops cancels and 
the particle cannot be excited by a uniform time-varying 
magnetic field applied in the axial direction. However, there 
is still an electric dipole moment associated with the 
capacitor. Thus, the ELC resonator can be electrically 

driven (or coupled) by means of an electric field applied in 
the particle plane in the direction orthogonal to the electric 
wall. Notice that due to current symmetry, the vertical 
symmetry plane in Fig. 3(a) is a magnetic wall for the 
fundamental resonance. 

For the MLC, we can invoke the Babinet principle and 
conclude that this particle exhibits magnetic and electric 
walls, rotated 90o as compared to those of the ELC. In other 
words, the particle cannot be excited by means of a uniform 
axial time-varying electric field, but it can be driven by 
means of a magnetic field applied in the particle plane, in 
the direction orthogonal to the magnetic wall.  

3. Microstrip differential lines loaded with ELCs 
and MLCs 

As it was discussed before [5], if a transmission line is 
loaded with a symmetric resonator with aligned symmetry 
planes, and the symmetry plane of the line and resonator are 
of the same nature (electric or magnetic walls), signal 
propagation at the fundamental resonance is inhibited (i.e., a 
transmission zero appears). However, the line is transparent 
if such symmetry planes are distinct. In particular, if we 
consider a microstrip differential line, there are 4 cases of 
interest for selective mode suppression, depicted in Figs. 4 
and 5. In Figs. 4(a) and (b), the differential line is loaded 
with an ELC etched on the upper side of the substrate, with 
a relative orientation of 90o between the loading elements. 
According to these orientations, it is expected that the 
structure of Fig. 4(b) is transparent for the common mode 
and produces a notch for the differential mode, contrarily to 
Fig. 4(a).  
 
 

   

   
 

Figure 4: Microstrip differential line loaded with an 
ELC with the electric (a) and magnetic (b) wall aligned 
with the symmetry plane of the line. The substrate is 
Rogers RO3010 with thickness h = 1.27 mm and 
dielectric constant r = 11.2. Line dimensions are: 
W = 1.1 mm and S = 10.4 mm. ELC dimensions are: 
w1 = 4 mm, w2 = w3 = l1 = s = 0.2 mm, l2 = l3 = 10 mm. 

 

(a) 

(b) 

(b) 

(a) 
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In Figs. 5(a) and 5(b), the differential line is loaded with a 
MLC resonator etched in the ground plane. In this case the 
situation is reversed since the electric and magnetic walls of 
ELCs and MLCs are interchanged. The transmission 
coefficients for the differential (Sdd21) and common (Scc21) 
modes of the structures of Figs. 4 and 5 have been inferred 
by means of the Agilent Momentum commercial software. 
These results (also depicted in Figs. 4 and 5) validate the 
selective mode suppression achievable in these differential 
lines by merely rotating the resonators 90o. 
 

   

  
 

Figure 5: Microstrip differential line loaded with a MLC 
with the magnetic (a) and electric (b) wall aligned with 
the line. The substrate is Rogers RO3010 with thickness 
h = 1.27 mm and dielectric constant r = 11.2. Line 
dimensions are: W = 1 mm and S = 5 mm. MLC 
dimensions are: w1 = 4 mm, w2 = w3 = l1 = s = 0.2 mm, 
and l2 = l3 = 10 mm. 

 
It is important to emphasize that the driving fields of the 
particles are not uniform. Indeed, in the configuration of 
Fig. 4(a), the ELC cannot be excited by the electric field 
generated by the differential line in the common mode. 
However, for this mode, the magnetic fields generated by 
both lines have contra-directional axial components on the 
upper and lower part of the ELC, sufficient to excite the 
particle. Therefore, the ELC resonator is excited by means 
of the magnetic field generated by the line under common 
mode operation. Similarly, in the configuration of Fig. 5(a), 
the MLC is excited under differential mode operation thanks 
to the electric field generated by the pair of lines, which is 
able to induce an electric dipole moment and a net current 
flow in the ground plane, across the symmetry plane of the 
lines (or across the electric wall of the MLC). Thus, the 
terminology of these particles does not obey to the nature of 
the driving fields in the considered configurations (the 
reason is that the fields are not uniform). However, the 
original nomenclature, given by Schurig et al. [9] to the 
resonator of Fig. 3(a), i.e. ELC, is preserved. For coherence, 
the resonator of Fig. 3(b) is called MLC particle by the 
authors. 

4. Lumped element equivalent circuit models 

Let us now consider the lumped element equivalent circuit 
models of the structures of Figs 4 and 5. In Fig. 4(a), the 
ELC can only by excited by the magnetic field generated by 
the line (common mode), but not by the electric field, due to 
the particle orientation. Similarly, for the MLC of Fig. 5(a), 
excitation under differential mode operation is only possible 
through the electric field generated by the line. For 
Figs. 4(a) and 5(a), particle excitation under differential and 
common mode, respectively, is more complex, since both 
electric and magnetic coupling between the line and the 
resonator must be considered. Let us thus start with the 
lumped element equivalent circuit models of the structures 
of Figs. 4(b) and 5(b), where mixed coupling is not present.  

The model of the ELC-loaded differential line of Fig. 4(a) is 
depicted in Fig. 6(a). The electric and magnetic coupling 
between the pair of lines has been neglected due to the 
significant separation between both lines (necessary to 
accommodate the ELC). Thus, the even mode (common 
mode related) and the odd mode (differential mode related) 
characteristic impedances are, respectively, Ze ≈ Zo ≈ 50 Ω. 
L and C are the per-section inductance and capacitance, 
respectively, of the individual lines, the ELC resonator is 
modeled by the inductances Le and by the capacitance Ce, 
and the magnetic coupling between the lines and the 
resonator is accounted for through the mutual inductance M. 
The equivalent circuit models for common (or even) and 
differential (or odd) mode excitation are depicted in 
Figs. 6(b) and (c). For the common mode, the symmetry 
plane is an open circuit, and the model is identical to that of 
an SRR-loaded line, giving a notch in the transmission 
coefficient at resonance [10,11]. For the differential mode, 
the symmetry plane is a short circuit and the ELC no longer 
plays an active role. Therefore, the line is transparent for 
this mode. We have considered the structure of Fig. 7 
(inset), and we have extracted the circuit parameters for the 
common mode from the electromagnetic simulation of the 
frequency response for this mode. The agreement between 
the circuit and electromagnetic simulation is remarkable. 
Notice that the topology of the ELC of Fig. 7 has been 
modified (as compared to Fig. 4) in order to reduce the 
electrical size of the particle (under these conditions the 
lumped element circuit model is valid in a wider range of 
frequencies). 
The model of the MLC loaded differential line of Fig. 5(a) 
is depicted in Fig. 8(a). L and C model the per-section line 
inductance and capacitance, respectively. However, notice 
that C acts as the coupling capacitance between the lines 
and the MLC. The resonator is modeled by the inductance 
Lm and the capacitances Cm. Finally, the particle is 
capacitively connected through the ground plane through 
the slot capacitances modeled by Cg. The common and 
differential mode models are depicted in Figs. 8(b) and 
8(c), respectively. For the common mode, the resonator is 
opened, and the resulting model is that of a transmission 
line, i.e. the structure is transparent. For the differential 
mode, there is a short in the symmetry plane, and the circuit 
model is identical to that of a CSRR loaded microstrip line,  

(b) 

(a) 
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Figure 6: (a) Lumped element equivalent circuit model 
of the ELC loaded differential line of Fig. 4(a); (b) 
circuit model for the even mode; (c) circuit model for 
the odd mode. 

 
Figure 7: Frequency response (common mode) for the 
structure in Fig. 4(a) with l1 = 2 mm and w1 = 8 mm and 
for its circuit model in Fig. 6(b). Circuit parameters are: 
L = 4.57 nH, C = 2.20 pF, Le = 4.57 nH, Ce = 8.14 pF, 
and M = 1 nH.  

 
providing a notch in the transmission frequency for such 
mode at resonance. We have considered the structure of 
Fig. 9 (inset), and we have extracted the circuit parameters 
for the differential mode from the electromagnetic 
simulation of the frequency response for this mode. The 
agreement between the circuit and electromagnetic 
simulation is also good.  
 
Let us now focus on the lumped element equivalent circuit 
models that result by rotating the MLC and the ELC 90o, 
that is, the models describing the structures of Figs. 4(a) 
and 5(a), where both magnetic and electric coupling must 
be considered. For the structure of Fig. 4(b), the circuit 
model is that depicted in Fig. 10(a). The resonator has been 
rotated, and the coupling capacitances, Ca, have been added 
to account for electric coupling. Indeed, since the symmetry 

plane in the configuration of the structure of Fig. 4(b) is an 
electric wall for the differential mode, electric coupling is 
the main driving mechanism of the particle for this mode. 
The circuit models for the common and differential modes 
are depicted in Figs. 10(b) and 10(c), respectively, where it 
is clear that the common mode is not able to excite the 
particle and the structure is transparent for this mode. 
Conversely, the differential mode produces a notch in the 
transmission coefficient, as the equivalent circuit model of 
such mode confirms. We have considered the structure of 
Fig. 11 (inset) and we have tuned the coupling capacitance, 
optimizing slightly the rest of parameters corresponding to 
Fig. 7 (the geometry of the differential line and ELC are 
identical) in order to match the frequency response for the 
circuit model (differential mode) to that inferred from the 
electromagnetic simulation. The agreement is reasonable 
taking into account that those element parameters 
corresponding to Fig. 7 have been considered. 
 

 

   
Figure 8: (a) Lumped element equivalent circuit model 
of the MLC loaded differential line of Fig. 5(a); (b) 
circuit model for  the even mode; (c) circuit model for 
the odd mode. 
 

 
Figure 9: Frequency response (differential mode) for the 
structure in Fig. 5(a) with l1 = 2 mm and w1 = 8 mm and 
for its circuit model in Fig. 8(c). Circuit parameters are: 
L = 6.07 nH, C = 1.53 pF, 4Cm + Cg/2= 7.47 pF, and 
Lm = 3.71 nH. 

(a) 

(b)

(c) 

(a) 

(b) 

(c) 
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Figure 10: (a) Lumped element equivalent circuit model 
of the ELC loaded differential line of Fig. 4(b); (b) 
circuit model for the even mode; (c) circuit model for 
the odd mode. 
 

 
Figure 11: Frequency response (differential mode) for 
the structure shown in Fig. 4(b) with l1 = 2 mm and 
w1 = 8 mm and for its circuit model in Fig. 10(c). 
Circuit parameters are: L = 4.62 nH, C = 2.02 pF, 
Le = 4.6 nH, Ce = 8.14 pF, M = 1 nH, and Ca = 0.4 pF. 

 
The MLC-loaded differential line of Fig. 5(b) is modeled 
by the circuit of Fig. 12(a). This is obtained by rotating the 
particle and splitting the coupling capacitance. Moreover, 
magnetic coupling has been introduced and is accounted for 
by the mutual inductances M. The equivalent circuit models 
for the common and differential modes [Figs. 12(b) and 
12(c), respectively], indicate that in this case, the structure 
is transparent for the differential mode, whereas a notch 
appears for the common mode. Again, the electromagnetic 
simulation for the common mode is compared to the circuit 
simulation for such mode (Fig. 13), and the agreement is 
also good, thus confirming the validity of the proposed 
model. 

 

 
Figure 12: (a) Lumped element equivalent circuit model 
of the MLC loaded differential line of Fig. 5(b); (b) 
circuit model for the even mode; (c) circuit model for 
the odd mode. 

 
Figure 13: Frequency response (common mode) for the 
structure shown in Fig. 5(b) with l1 = 2 mm and 
w1 = 8 mm and for its circuit model in Fig. 12(b). 
Circuit parameters are: L = 9.3 nH, C = 1.53 pF, 
Lm = 3.64 nH, and Cm = 0.93 pF, Cg = 7.5 pF, and 
M = 0.5 nH. 

5. Conclusions and future work 

In conclusion, it has been demonstrated that the differential 
and common modes in microstrip differential lines can be 
selectively suppressed by loading the lines with either ELC 
or MLC bisymmetric resonators. Key to this selective mode 
suppression at the fundamental resonance frequency of the 
particles is the presence of a magnetic and an electric wall, 
orthogonally oriented, in these resonators. Hence, it is 
possible to either suppress the common or the differential 
mode by simply rotating the considered particle (ELC or 
MLC) 90o. We have proposed lumped element circuit 
models for microstrip differential lines loaded with both 
resonators for the two considered orientations, and the 
agreement between the frequency responses inferred from 
circuit and electromagnetic simulations is good. These 
structures can be useful for common mode suppression in 
differential lines and balanced circuits [5], or for the 

(a) 

(b) 

(c) 

(a) 

(b) 

(c) 
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implementation of sensors based on symmetry properties, 
such as rotation sensors [14]. As compared to the structures 
used in [5], based on CSRRs, the structure of Fig. 4(b) is 
able to suppress the common mode, keeping the ground 
plane unaltered. On the other hand, implementing a circular 
structure based on the configuration of Fig. 4, it is possible 
to implement a rotation sensor (similar to that based on the 
CPW structure reported in [14]) in microstrip technology. 
Work is in progress in these directions. 
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Abstract-In this paper several low profile and multifrquency metamaterial inspired antennas are 

designed. All these antennas are based on the electric coupling between the parasitic element and 

the driven monopole element. The simulated and measured results of the return loss, efficiency and 

radiation patterns are reported. 

1. Introduction 

The rapid progress of wireless devices for communication has increased the requirement of efficient, low 

profile, light weight and low cost electrically small antennas (ESAs). A variety of antennas has been engineered 

with metamaterials and metamaterial-inspired constructs in order to improve their performances in terms of 

bandwidth [1] and efficiency [2] as well as to achieve novel functions [3-4]. In this work, we use new type of 

parasitic elements with different shapes in order to obtain a multifrequency behavior. This technique leads to 

new resonance frequencies lower than that of the exciting monopole. Three families of antennas are studied: 

each one is composed of a monopole antenna and some parasitic elements.  

2. Antennas Design and Fabrication 

Figure.1 presents the structures of the proposed antennas A1, A2 and A3. For the three structures, we have 

used a Rogers Duroid TM 5880 substrate of thickness 0.8mm and relative permittivity εr = 2.2, and a monopole 

antenna of 25mm long 1.5mm wide, having a resonance frequency of 2.45GHz and a bandwidth of 400MHz.  

In simulation, the A1 and A3 antennas are excited by a lumped port of 50Ω input impedance while the A2 

antenna is excited by a wave port of 50Ω input impedance. The antennas are simulated by ANSYS-HFSS 

software. 

 

 

 

Antenna A1 [4] 

 

Antenna A2 [5] Antenna A3 [6] 

Figure 1. The structures of the three proposed antennas. 
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The prototypes are simulated, optimized, realized and finally characterized. Fig. 2 presents photos of the realized 

prototypes. 

 

Antenna A1 

  

Antenna A3 

   Antenna A2: Top View ;   Bottom View 

Figure 2. Photos of the realized prototypes. 

3. Equivalent Circuit Model 

An equivalent circuit model (Fig.3) is proposed in order to describe the operation of the antenna system.  

 

Figure.3. Equivalent circuit model of the antenna system. 

To a lower frequency, the monopole and the coupling elements are electrically small. The monopole acts as a RC 

circuit (Ra,Ca). Whereas the parasitic element acts like a LC circuit (Lp,Cp).The coupling between the two 

elements is ensured by a transformer T. The resonant frequency of the circuit model is approximately [3]: 

                                                                      (1) 

4. Results 

a. Return Loss 

Figure.4 illustrates the measured and simulated return loss for the different antennas. 
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Figure 4. Measured and Simulated Return loss for the three prototypes. 

According Fig.4, the addition of the parasitic elements generates a new resonance frequencies lower than that of the 

exciting monopole. We can notice a good agreement between numerical and experimental results. 

-35

-30

-25

-20

-15

-10

-5

0

1 1,5 2 2,5 3 3,5 4

Simulation

Measurement

R
et

ur
n 

lo
ss

, d
B

Frequency, GHz



            

Table I summarizes simulated and measured resonant frequencies for the proposed antennas, deduced from Fig. 4.  

TABLE I: 

 SIMULATED AND MEASURED RESONANCE FREQUENCIES FOR THE FOUR PROPOSED ANTENNAS 

 Simulated resonant frequencies (GHz) 

 

Measured resonant frequencies (GHz) 

Antenna 

 

F0 F1 F2 F3 F0 F1 F2 F3 

A1 0.63 

 

1.56 2.7 3.48 0.63 1.86 2.89 3.64 

A2 1.438 

 

1.858 1.991 2.881 1.397 1.931 2.082 2.692 

A3 1.606 

 

2.455 - - 1.635 2.445 - - 

 

b. Efficiency and Radiation Pattern 

 

Table I collects the simulated and measured overall efficiency (OE) of the four proposed antennas at the lower and the 

higher frequencies. OE is the ratio of the radiated power Prad to the input power Pin, as given by the following 

expression [3]: 

                                         (2) 

TABLE I: 

 SIMULATED AND MEASURED OVERALL EFFICENCY (OE) FOR THE FOUR PROPOSED ANTENNAS 

 Simulated Overall Efficiency (OE %) 

 

Measured Overall Efficiency (OE %) 

Antenna 

 

F0 F0 

A1 

 

82.4 71.5 

A2 

 

42.5 35.6 

A3 

 

96.2 82.3 

 

    According to the table II, a high overall efficiency (OE) is obtained for A1 and A3 antennas at the lower 

frequencies. For the A1 antenna the OE = 96% at F0 = 631MHz. For the A3 antenna OE = 82% at F0 =1.606GHz.  

For The A2 antenna, we obtain a lower efficiency than that of the A1 and A3 antennas at the lower frequencies due to 

its reduced ground plane. 

 

 

 

 



       Fig.5 presents the simulated results of 3D radiation patterns of the proposed antennas at the resonance 

frequencies. 

  

     

Antenna A1 

  

      

Antenna A2 

       

Antenna A3 

Figure 5. Simulated 3D Radiation Patterns for the studied antennas. 
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All these structures behave like a single monopole antenna at the different resonance frequencies from both S11 (Fig. 4) 

and radiation point of view (Fig.5), except of the case of the A3 Antenna when we can notice an unusually directive 

beam at the lower frequency F0.  

5. Conclusion 

A family of low profile and multifrequency metamaterial inspired antennas is reported. We have used different shape 

of parasitic elements to reduce the profile of the monopole antenna and/or to create multifrequency behavior. The 

simulated and measured results of the return loss, efficiency and radiation patterns are presented and discussed. 
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Abstract

The robustness of a previously developed numerical algo-
rithm for the computation of the four Green’s dyadics in
homogeneous bianisotropic materials is theoretically ana-
lyzed. The lossy bianisotropic materials are identified as
a class of materials for which the numerical computation
is provably robust. This is of great importance for applica-
tions in boundary integral equations because the vast major-
ity of bianisotropic materials are lossy at nonzero frequen-
cies.

1. Introduction

In the past, boundary integral equations (BIEs) for scat-
terers consisting of isotropic materials have received con-
siderable research attention. For example, fast methods
were invented to multiply the associated method of moment
(MoM) matrix with an arbitrary vector, enabling iterative
solvers with an O (N) or O (N logN) complexity per iter-
ation [1–3]. In addition, efficient physics-based precondi-
tioners were constructed to lower the number of iterations
in such solvers [4]. This has resulted in BIEs becoming
a mature technology that allows the solution of extremely
large scattering problems [5].

Given the success of BIEs for isotropic materials, it
is of both theoretical and practical importance to look for
ways to extend BIEs to more general materials. In this
contribution, the focus will be on the extension to bian-
isotropic materials. Some work has already been done in
this area, for example for a uniaxial material [6]. The con-
stitutive equations of a generic bianisotropic material clas-
sical frequency-domain electromagnetics are:

d(r) = ¯̄ε · e(r) + ¯̄ξ · h(r), (1a)

b(r) = ¯̄ζ · e(r) + ¯̄µ · h(r). (1b)

Here, ¯̄ε is the permittivity tensor and ¯̄µ is the permeability
tensor. The tensors ¯̄ζ and ¯̄ξ are the magnetoelectric coupling
tensors. For isotropic materials, all the material tensors be-
come scalars times the unit tensor 1.

To apply BIEs to bianisotropic materials, four Green
dyadics are needed. These four Green dyadics correspond
to the electric and magnetic fields generated by elementary

electric and magnetic currents:

e(r) = ¯̄Gee(r) · j + ¯̄Gem(r) ·m, (2a)

h(r) = ¯̄Gme(r) · j + ¯̄Gmm(r) ·m, (2b)

where the vectors j and m are the directions of the ele-
mentary dipoles, i.e. the electric and magnetic currents are
given by

j(r) = jδ(r), (3a)
m(r) = mδ(r). (3b)

The availability of the Green dyadics is indispensable for
applying BIEs to bianisotropic materials. Indeed, the Green
dyadics are required to compute the MoM matrix elements,
without which no BIE can be discretized nor solved. Un-
fortunately, despite fantastic progress over the past decades
[7–9], no analytical formulas exist for the Green dyadics of
a general bianisotropic material. The absence of such an-
alytical expressions for the Green dyadics poses a serious
practical problem and has, in the past, severely hindered
the development of boundary integral equations for bian-
isotropic materials.

To get around this problem, a method was proposed for
the all-numerical computation of the bianisotropic scalar
Green function (BSGF) and its derivatives [10, 11]. This
capability is sufficient for the computation of the Green
dyadics because these only depend on the fourth- and
lower-order derivatives of the BSGF. The computation
method presented in [10, 11] relies on an expansion of the
BSGF into Gegenbauer polynomials such as the Legendre
or Chebyshev polynomials. These expansions can be made
arbitrarily accurate in a finite cubical region and a cover-
ing of R3 with such cubical regions can provide the BSGF
everywhere. Such a scheme has the additional advantage
that the Gegenbauer expansion serves as a very accurate
tabulation of the BSGF, meaning that the BSGF can be pre-
computed and stored in the form of these Gegenbauer ex-
pansions.

In this contribution, it will be rigorously shown that the
computation approach proposed in [10, 11] does not fail in
a ’hard’ way when it is applied to lossy bianisotropic mate-
rials. More specifically, no divisions by zero nor infinities
are encountered when executing the program. Also, the in-
tegrands of numerically evaluated integrals are always ex-
ponentially decaying. Of course, this does not exclude the



occurrence of subtle numerical cancelations that can lead to
inaccurate results. Neither does it rule out that the method
can become slow for certain limiting cases. However, it
is still a very strong statement about the robustness of the
method, especially when keeping in mind that the class of
lossy bianisotropic materials has 72 real free parameters.
The paper is laid out as follows: first, a brief overview of
the BSGF evaluation method proposed in [10, 11] is given.
Then, a number of surprising and general properties of
lossy bianisotropic materials are proved. These properties
are subsequently used to show that the possible problems
the proposed method may suffer from never occur if the
bianisotropic material is lossy.

2. Computation of the BSGF
For a detailed derivation of the BSGF, we refer to [10, 11].
However, the definition of the BSGF and its relation to the
Green dyadics will be repeated here to fix the notation and
make the paper more self-contained. The BSGF is defined
as

G(r) =
1

8π3

∫
R3

ejs·r

D(s)
ds, (4)

with D(s) the so-called Helmholtz determinant [12]

D(s) = Det [P(s)] , (5)

which is defined by means of the 6× 6 matrix

P(s) =

[
¯̄ε ¯̄ξ − s× 1

¯̄ζ + s× 1 ¯̄µ

]
. (6)

The symbol 1 denotes the 3× 3 unit matrix, such that

s× 1 =

 0 −sz sy
sz 0 −sx
−sy sx 0

 . (7)

It can be shown that the four Green dyadics, which relate
electric and magnetic currents with the electric and mag-
netic fields they generate, are given by[ ¯̄Gee(r) ¯̄Gem(r)

¯̄Gme(r) ¯̄Gmm(r)

]
=
jω2

8π3

∫
R3

ejωs·rP−1 (s) ds. (8)

This can be rewritten as[ ¯̄Gee(r) ¯̄Gem(r)
¯̄Gme(r) ¯̄Gmm(r)

]
=
jω2

8π3
A (−j/ω∇)

∫
R3

ejωs·r

D(s)
ds,

= jω2A (−j/ω∇)G(ωr). (9)

Here, A(s) is adjugate matrix of P(s):

A(s) = D(s)P−1(s). (10)

After some calculations, it can be shown that the 36 compo-
nents of A(s) are polynomials of degree four in the compo-
nents of s. Therefore, the representation (9) is well-defined

and shows that only fourth- and lower-order derivatives of
the BSGF are required.

The BSGF can now be expanded in Gegenbauer poly-
nomials [13]:

G(r + c) =

∞∑
px,py,pz=0

Qp C
ν
px

(
x

ax

)
Cνpy

(
y

ay

)
Cνpz

(
z

az

)
, (11)

for all r in the range �c,a. The range �c,a is a cuboidal
region centered around c and with sides 2ax, 2ay and 2az .
The expansion coefficients Qp are computed from defini-
tion (4) by using the polynomial’s orthogonality with re-
spect to the associated weight function. This allows the us-
age of some analytical results [11] to obtain

Qp =

∫
R3

Fp(s)

D(s)
ds. (12)

with only minor restrictions on ν and with the function
Fp(s) given by

Fp(s) = ejs·cF νpx(sxax)F νpy (syay)F νpz (szaz), (13)

F νn (u) = in(ν + n)
Jν+n (u)

uν
. (14)

Finally, complex contour integration is used to compute the
integrals (12). Indeed, the function F νn (u) is entire, which
means that the only complex poles in the integrand are due
to zeros in the Helmholtz determinant. Let us write the re-
ciprocal of the Helmholtz determinant as a partial fraction
expansion

1

D(s)
=

1

Dz

4∑
m=1

αm(sx, sy)

sz − ηm(sx, sy)
, (15)

where ηm(sx, sy) is themth root of the Helmholtz determi-
nant on a line parallel to the z-axis:

D([sx, sy, ηm(sx, sy)]) = 0, (16)

and

Dz = lim
sz→∞

D([0, 0, sz])

s4z
. (17)

Assuming that the range �c,a lies entirely above the xy-
plane, this leads to the following result

Qp =
2πj

Dz

∫
R2

4∑
m=1
=ηm>0

αmFp([sx, sy, ηm])dsxdsy. (18)

Here, the dependence of αm and ηm on sx and sy was
dropped for brevity. The case in which =ηm is exactly zero
was neglected for reasons that will become apparent in Sec-
tion 3.

Finally, the integrals (18) are numerically computed us-
ing an adaptive numerical integration algorithm. It will be
assumed that the adaptive integration routine can robustly
integrate functions that do not contain singularities and that

2



converge to zero in an exponential fashion when moving
away from the origin in the sx, sy-plane. Therefore, to
prove the robustness of the BSGF computation for lossy
bianisotropic materials, it needs to be proven that the inte-
grand in (18) satisfies these requirements. This will be done
in the next Section.

3. Robustness for Lossy Materials
Lossy bianisotropic materials are defined as satisfying the
inequality [14]

=
{
V H ·

[
¯̄ε ¯̄ξ
¯̄ζ ¯̄µ

]
· V
}
< 0,∀V ∈ C6 \ {0} . (19)

As will be shown, lossy materials exhibit a number of prop-
erties that are very useful for the numerical evaluation of
(18). First, it will be proved that the Helmholtz determinant
cannot have purely real zeros. Secondly, it will be proved
that the Helmholtz determinant always has four complex
zeros on an arbitrary line in s space, exactly two of which
have positive imaginary part. Lastly, the repercussions of
these results on the computation of (18) are discussed.

3.1. No Real Zeros

One of the most basic properties of the Helmholtz deter-
minant of a lossy bianisotropic material is the fact that it
does not allow real zeros s ∈ R3. Indeed, if such a root s0
would exist, then this would mean that there exist a nonzero
complex vector V 0 such that

P(s0) · V 0 = 0. (20)

This in turn implies that

V H
0 · P(s0) · V 0 = V H

0 ·
[

¯̄ε ¯̄ξ
¯̄ζ ¯̄µ

]
· V 0 = 0, (21)

which contradicts criterium (19).

3.2. Always Four Roots

In a similar way, it can be proved that the Helmholtz deter-
minant of a lossy material, restricted to a line in s-space,
always admits four complex zeros. Mathematically, this
means that the equation

D(s1 + ηs2) = 0, s1 ∈ R3, s2 ∈ R3, (22)

always has four solutions for η. To prove this, a necessary
and sufficient condition is that the coefficient of η4 in this
polynomial is nonzero. This coefficient can be shown to be

lim
η→∞

D(s1 + ηs2)

η4
= D4(s2),

= (s2 · ¯̄ε · s2) (s2 · ¯̄µ · s2)

−
(
s2 · ¯̄ζ · s2

)(
s2 · ¯̄ξ · s2

)
,

(23)

where D4(s) is the fourth-degree part of the Helmholtz de-
terminant. Now, if this polynomial coefficient could be-
come zero, this would imply the existence of a complex
vector V 1 of the form

V 1 =

[
as2
bs2

]
, (24)

such that

V H
1 ·
[

¯̄ε ¯̄ξ
¯̄ζ ¯̄µ

]
· V 1 = 0. (25)

Again, this contradicts criterium (19).
Surprisingly, this result can be used to prove that there

are exactly two zeros with positive imaginary part and two
zeros with negative imaginary part. To start, it is easily veri-
fied that this property holds for any lossy isotropic material.
Furthermore, it is always possible to continuously perturb
the isotropic material into an arbitrary lossy bianisotropic
material, whilst keeping the perturbed material lossy. Now
invoke the fact that the zeros of a polynomial vary continu-
ously as a function of the polynomial coefficients as long as
the highest-degree coefficient remains bounded away from
zero, and the fact that the imaginary part of the zeros can-
not become zero (otherwise there would exist a real zero).
It can then be concluded that the two zeros of the isotropic
material’s Helmholtz determinant with positive imaginary
part are continuously perturbed into two zeros, also with
positive imaginary part, for any lossy bianisotropic mate-
rial. A similar reasoning can be made for the two zeros
with negative imaginary part.

3.3. Consequences for the BSGF Computation

The results from Subsections 3.1 and 3.2 can be used to
address concerns about the evaluation of the integrals (18).
For example, the test whether =ηm > 0 becomes numeri-
cally very robust due to the knowledge that there will never
be a purely real ηm. Also, the division by Dz is never a
problem because the right hand side of (23) never becomes
zero.

Other possible sources of problems are the partial frac-
tion coefficients αm, which can become infinite when the
two zeros with positive imaginary part coincide. However,
through careful implementation of the summation, and be-
cause the two zeros with negative imaginary part cannot
coincide with the other zeros, this singularity can be re-
moved. Therefore, it can be concluded that the integrand
of (18) does not contain singularities.

Finally, it remains to be shown that the integrand con-
verges to zero exponentially fast. To this end, the behavior
of ηm for large sx and sy must be investigated. Therefore,
consider equation (16) with sx = q cosφ and sy = q sinφ
and q a large real number:

D([q cosφ, q sinφ, ηm(q cosφ, q sinφ)]) = 0. (26)

After dividing by q4 and taking the limit, the following is

3



obtained

D4([cosφ, sinφ, lim
q→∞

1

q
ηm(q cosφ, q sinφ)]) = 0. (27)

This means that

ηm(q cosφ, q sinφ)→ qψm(φ), (28)

for large q, where ψm(φ) is the solution to

D4([cosφ, sinφ, ψm(φ)]) = 0. (29)

Again, two of the four ψm(φ) have a positive imaginary
part. Due to the factor ejs·c in the integrand of (18), this
implies an exponential convergence to zero as s2x + s2y →
∞.

4. Conclusion
The numerical computation of the BSGF and its deriva-
tives by means of the method proposed in [10,11] has been
proved to be robust against ’hard’ breakdowns for all lossy
bianisotropic materials. Since all passive bianisotropic ma-
terials exhibit at least some loss at nonzero frequencies, this
shows that this numerical computation strategy has wide
applicability, e.g. for modeling circulators or other mi-
crowave components.
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Abstract-In this paper several low profile and multifrquency metamaterial inspired antennas are 

designed. All these antennas are based on the electric coupling between the parasitic element and 

the driven monopole element. The simulated and measured results of the return loss, efficiency and 

radiation patterns are reported. 

1. Introduction 

The rapid progress of wireless devices for communication has increased the requirement of efficient, low 

profile, light weight and low cost electrically small antennas (ESAs). A variety of antennas has been engineered 

with metamaterials and metamaterial-inspired constructs in order to improve their performances in terms of 

bandwidth [1] and efficiency [2] as well as to achieve novel functions [3-4]. In this work, we use new type of 

parasitic elements with different shapes in order to obtain a multifrequency behavior. This technique leads to 

new resonance frequencies lower than that of the exciting monopole. Three families of antennas are studied: 

each one is composed of a monopole antenna and some parasitic elements.  

2. Antennas Design and Fabrication 

Figure.1 presents the structures of the proposed antennas A1, A2 and A3. For the three structures, we have 

used a Rogers Duroid TM 5880 substrate of thickness 0.8mm and relative permittivity εr = 2.2, and a monopole 

antenna of 25mm long 1.5mm wide, having a resonance frequency of 2.45GHz and a bandwidth of 400MHz.  

In simulation, the A1 and A3 antennas are excited by a lumped port of 50Ω input impedance while the A2 

antenna is excited by a wave port of 50Ω input impedance. The antennas are simulated by ANSYS-HFSS 

software. 

 

 

 

Antenna A1 [4] 

 

Antenna A2 [5] Antenna A3 [6] 

Figure 1. The structures of the three proposed antennas. 
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The prototypes are simulated, optimized, realized and finally characterized. Fig. 2 presents photos of the realized 

prototypes. 

 

Antenna A1 

  

Antenna A3    Antenna A2: Top View ;   Bottom View 

Figure 2. Photos of the realized prototypes. 

3. Equivalent Circuit Model 

An equivalent circuit model (Fig.3) is proposed in order to describe the operation of the antenna system.  

 

Figure.3. Equivalent circuit model of the antenna system. 

To a lower frequency, the monopole and the coupling elements are electrically small. The monopole acts as a RC 

circuit (Ra,Ca). Whereas the parasitic element acts like a LC circuit (Lp,Cp).The coupling between the two 

elements is ensured by a transformer T. The resonant frequency of the circuit model is approximately [3]: 

                                                                      (1) 

4. Results 

a. Return Loss 

Figure.4 illustrates the measured and simulated return loss for the different antennas. 
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Figure 4. Measured and Simulated Return loss for the three prototypes. 

According to Fig.4, the addition of the parasitic elements generates a new resonance frequency lower than that of the 

exciting monopole. We can notice a good agreement between numerical and experimental results. 

Table I summarizes simulated and measured resonant frequencies for the proposed antennas, deduced from Fig. 4.  
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TABLE I: SIMULATED AND MEASURED RESONANCE FREQUENCIES FOR THE FOUR PROPOSED ANTENNAS 

 Simulated resonant frequencies (GHz) Measured resonant frequencies (GHz) 

Antenna F0 F1 F2 F3 F0 F1 F2 F3 

A1 0.63 1.56 2.7 3.48 0.63 1.86 2.89 3.64 

A2 1.438 1.858 1.991 2.881 1.397 1.931 2.082 2.692 

A3 1.606 2.455 - - 1.635 2.445 - - 

b. Efficiency and Radiation Pattern 

Table I collects the simulated and measured overall efficiency (OE) of the four proposed antennas at the lower and the 

higher resonant frequencies. OE is the ratio of the radiated power Prad to the input power Pin, as given by the following 

expression [3]: 

                                         (2) 

TABLE II: SIMULATED AND MEASURED OVERALL EFFICENCY (OE) FOR THE FOUR PROPOSED ANTENNAS 

 Simulated Overall Efficiency (OE %) Measured Overall Efficiency (OE %) 

Antenna F0 F0 

A1 82.4 71.5 

A2 42.5 35.6 

A3 96.2 82.3 

 

    According to Table II, a high overall efficiency (OE) is obtained for A1 and A3 antennas at the lower frequencies. 

The overall efficiency is 96% at F0 = 631MHz, and 82% at F0 =1.606GHz For antennas A1 and A3, respectively, 

whereas A2 antenna presents, at the lower frequencies, a lower efficiency than those of antennas A1 and A3 due to its 

reduced ground plane. Fig.5 presents simulated 3D radiation patterns of the proposed antennas at their resonance 

frequencies. 
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F0 F1 

F2 F3 



  

      

Antenna A2 

       

Antenna A3 

Figure 5. Simulated 3D Radiation Patterns for the studied antennas. 

 

We can deduce from Fig. 5 that all the studied structures are characterized by a monopole-like radiation pattern 

behave except the case of Antenna A3when we can notice an unusually directive beam at the lower frequency F0.  

5. Conclusion 

A family of low profile and multifrequency metamaterial inspired antennas is reported. We have used different shapes 

of parasitic elements to reduce the size of the monopole antenna and/or to create multiband behavior. Both simulated 

and measured results of the impedance matching, overall efficiency and radiation patterns are satisfying, and the 

obtained structure are suitable for wireless communication systems. 
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Abstract 

This paper examines the differences and/or similarities 
between some of the commonly used canonical equations 
describing the effective permittivity and permeability of 
heterogeneous substrates with dielectric or metallic 
inclusions, at microwave frequencies. Graphical results are 
presented for the different structures considered. Simulated 
results from heterogeneous mixtures with both dielectric 
and metallic inclusions are presented, and compared with 
results from the canonical equation representation. 
Simulated results of a patch antenna on a heterogeneous 
medium and on its homogenous equivalent have also been 
presented. 

1. Introduction 

The overall goal of this research is to one day, be able to 
apply nanomaterial fabrication techniques to the production 
of microwave antenna systems, such that these systems are 
made in one process. As such, an important aspect is to 
understand the electromagnetic (EM) properties of 
heterogeneous structures which are structures consisting of 
small-scale inclusions in a homogenous host. Heterogeneous 
structures have been of interest to engineers and physicists 
alike as they provide additional degrees of freedom when 
designing various electromagnetic structures. These 
heterogeneous structures can be applied to the design of 
microwave antennas to control the dielectric and possibly 
the magnetic properties, thus allowing the creation of novel 
substrates with pre-determined characteristics. EM 
advantages related to bandwidth, efficiency and size may be 
achieved as a by-product of being able to control the 
material’s EM properties. In previous work, it has been 
shown that a larger bandwidth can be achieved with an as 
yet unrealizable substrate with equal permittivity and 
permeability [1]. In addition, using textured dielectrics in 
which the permittivity of the substrate is mapped to the 
electric field intensity, such as with a patch antenna, has 
been shown to improve antenna performance [2–5]. Fig. 1 
shows an example of how these inclusions can be smoothly 
varied in a substrate to dictate the local effective 
permittivity. 

Lord Rayleigh in [6] was the first reported person to 
examine these structures in the mid-19th century but more 
commonly used is the paper by Lewin in [7]. Since his 
analysis in 1946, extensions, modifications and alternatives 

to his equations for the effective permittivity,  and 
effective permeability,  of a semi-infinite heterogeneous 
structure with spherical inclusions have been published [8–
13]. An initial analysis carried out by the authors in [14] in 
which these different canonical equations for the  and 

 are listed and briefly explained, is being extended in 
this paper. These equations are compared and analysed in 
further detail here. 

 
Figure 1: A sketch showing how the permittivity can be 
varied within the substrate by changing the spacing of the 
inclusions (not to scale) 
 

Section  2 highlights the differences and similarities 
between the different effective medium theories in order to 
determine which of these theories are robust enough to cover 
the structures investigated in this research, and which ones 
were not suitable. Mathematical manipulations and 
application of assumptions/conditions such as using metallic 
inclusions and using uniform inclusion spacing in all three 
axes, were carried out on some of the equations to show 
their similarities.  Section  3 presents some graphical results 
using these equations while Section  4 investigates a 
heterogeneous structure with both dielectric and metallic 
inclusions and presents simulated results of different 
configurations. The complete simulation and inversion 
process of the scattering (S-) parameters has been described 
in detail and used in [15], [16]. A patch antenna on a 
heterogeneous substrate with dielectric cubic inclusions and 
on the homogenous equivalent substrate, have been 
simulated and the return loss values presented in Section 5. 
Finally, conclusions are given in Section 6. The values of  
and  given here are absolute values (except otherwise 
stated) and relative to those of free space,  and . 
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2. Comparative Analysis 

2.1. Mathematical Comparisons 

By assuming conducting spheres in a cubic array and using 
algebraic manipulations, it is shown below that the equations 
from [7] and [10] for the  and  of these 
heterogeneous structures are similar to each other. These 
equations are given respectively in equations (1) and (2). 

1 3 ;  

1 3     (1) 

where ,  are the  and  of the host medium; 
⁄  is the inclusions’ volume ratio; ,  are the 

radius and centre-to-centre spacing of the inclusions; 
,  are the effective  and  of the inclusions, given by: 

  (1b)	
where the constant, √ ; 2 ⁄  and  
operating wavelength; ,  are the bulk  and  of the 
inclusion material. 

1 		 1 		 (2) 

where ,  are the inclusion’s electric and magnetic 
polarisabilities, N is the density of the inclusions and C is 
the interaction constant.  

The electric and magnetic polarisabilities for spherical 
inclusions are given by: 4  and 2  [10] 
respectively. Assuming uniform spacing,  in the x, y, and z 
directions,  

1.202 16 2    (2a)  

where ∙  is the modified Bessel function of the second 
kind and reduces to 	1.06/  using the approximation 
for the Bessel function for large variables. Substituting this 
into equation (2) gives, 

. ⁄

. ⁄
		 . ⁄

. ⁄
		 (3) 

As discussed in [7], for metal particles,  is much greater 
than . Thus the expression for permittivity in equation (1) 
reduces to 

 1 3 1⁄   (4a) 

Substituting the expression for 4 /  reduces the 

expression in the square brackets above to 
. ⁄

. ⁄
, 

which is very similar ( 0.05 difference in the multipliers of 
⁄ ) to the expression for  in equation (3). Since a 

“lightweight binder” like Polyfoam which has a dielectric 
constant of 1.05 [17] is used in the analysis in [10],  can 
be approximated to . 

Also, using the approximation for , if the particles 
are non-magnetic such that → 0, the expression for 
permeability in equation (2) is reduced to  

1 3 2⁄ 	  (4b)	
Substituting for , reduces the expression in the bracket 

above to 
. ⁄

. ⁄
, which is again similar to (3). Since the 

binder material is non-magnetic, . 
From the foregoing calculations, the expressions for the 
 and  of a dielectric host containing spherical 

particles, obtained in [7] and [10] are almost the same 
assuming: uniform simple cubic spacing, non-magnetic 
spherical conducting inclusions and a host permittivity close 
to that of air,  1. 

Furthermore, the expressions for the effective parameters 
by Collin [10] as shown in equation (2) are similar to those 
of Cai et al [8] as shown in equation (5).  

1
/

1
/ (5) 

In [10], the interaction constant for equally-spaced spheres 
was obtained as 1.06/ . In this case, , and 

therefore 1.06/ . Since 
.
≅ 1/3, substituting in 

equation (2) yields 1
/

, which is the same as 

Cai’s equation in [8]. The equations in [10] also suggest that 
they can be applied to mixtures with non-uniform spacings 
along the x, y and z axes. 

Although [8–10], [12] have used polarisabilities in their 
determination of effective constitutive parameters, they 
have represented these expressions differently. As an 
example, the expression for polarisability in equation (4) [8] 
and that in [12] yield very similar graphs as shown in Fig. 2 
when used to plot the  against frequency, even though 
they are mathematically not exactly equal. In addition, 
although there is a ‘4π’ product difference in their equations 
for the effective properties appearing in the numerator and 
denominator as in [12], the 4π’s cancel each other out. 
Another disparity is in the expressions for polarisability in 
[8] and [12] which is due to the presence of the host 
medium’s refractive index value in the expression in [12].  

2.2. General Comparisons 

The limit of the validity of formulas is that the spherical 
particles should not be densely packed. This is similar to that 
in [10] whose validity is based on the relationship between 
the obstacles’ dimension and their spacing. Notable is the 
difference in the representation of the Clausius-Mossotti 
equation by Sihvola [9] from that used in equation (5) by 
Cai et al [8], by the presence of the ‘ ’ term in the 
denominator. This is because equation (5) by Cai et al from 
[8] takes into account the EM properties of the inclusions 
but not that of the host or assumes the host has EM 
properties close to that of free space. 

The difference between the Maxwell-Garnett equation 
and Lewin’s formula from [7] is that while Lewin makes the 
particles exhibit an effective  and  due to their small size, 
Maxwell-Garnett assumes that the smaller size particles 
have the same EM properties as when in their bulk forms. 
As the value of  (see equation (1b)) changes from being 
very small to being large and complex as the size-to-
wavelength ratio increases, this variation in permittivity 
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decreases. The value of the expression for  in [7], [13], 
[18] differs with the size parameter,  ( √ ) in [8], 
[12], in that the effect of  and  are not accounted for. 
√  in the expression for θ  is equal to the refractive index 
of the material of the particle, say , while x uses the 
refractive index of the host medium, . 

Kolmakov et al in [13] adopts the formula by Sihvola in 
[9] for mixtures with more than one size of spherical 
inclusions to write an expression for  and  of a 
heterogeneous medium with a single-size sphere but having 
two different frequency-dependent polarisabilities. It takes 
into account the fact that the radii, the polarisabilities, the 
volume fractions and volume densities of the spheres will 
vary in magnetic and electric resonance modes. This is the 
primary difference from Lewin’s study in [7] where these 
variations are not taken into account. The spheres have 
different radii and were arranged accordingly. In their study 
the particle spacing was also taken to be much smaller than 
the wavelength – in line with the conditions for formulae 
validity in [7]. Numerical simulations were carried out on 
dielectric spherical and cylindrical particle arrays and it was 
found out that when the inclusions’ spacing was close to a 
wavelength, or even approximately half of the wavelength, 
the effective medium approach is not best suited for such 
mixtures [13]. This is because “the particle interferes with 
the normal behaviour” of the host in [7]. 

Other minor differences are that: the difference in the 
formulas for effective constitutive parameters in [7], [10] 
and [11] can be attributed to the product term difference of 

 in their expressions for dipole moment, .  

3. Graphical Results 

In order to further highlight the similarities and differences 
between these equations, a variation of the  and  
with particle size are given in Fig. 2. Data used: frequency, 

  3 GHz, spacing,  200 µm, inclusion radius,  1-
100 µm, the dielectric host medium,  2.25 (tan  
0.001). The inclusions are made of Copper ( 5.8
10 S/m); the relative permittivity of Copper was obtained as 

1.2 103.5 10 , from first principles using the 
Drude model [19], 1. 

The results from [8] and [10] agree with each other but 
do not agree with those from [7], [9], [12], [13] as [8] and 
[10] do not include the value of the host permittivity,  in 
their equations and so will only agree with the others when 
the host permittivity, ≅ 1. Even though 1, 

 reduces with increase in the inclusions’ volume 
fraction because the inclusions are metallic and may create 
diamagnetism with the medium when illuminated by an 
external magnetic field. This diamagnetic effect has been 
reported in previous work [20]. But due to the denominator 
term,  being equal to 0 in [9], this results in its 

 1. 
Formulations from [9], [10] do not have frequency terms, 

therefore only equations from [7], [8], [12], [13] are used to 
understand the effect of variation of the operating frequency 
with the EM properties of the heterogeneous mixture as 
shown in Fig. 3. Here, it is assumed that the permittivities of 

the host and the inclusions are constant with frequency. Data 
used: 1-30 GHz;  100 µm,  220 µm, 1, 

 2.25 (tan  0.001) and 1.2 103.5 10 . 
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Figure 2: Variation of (a)  and (b)  with spherical 
inclusion size, a, from [7] (▬■▬), [8] (▬•ж•▬), [9] 
(═•═•●•═•═), [10] (─••+••─), [12] (─ ─♦─ ─) and [13] 
(▪▪▲▪▪). 

As shown in Fig. 3,  from [8] differs significantly 
from the others because 1 which is not included in its 
equation for . The other results agree over the frequency 
range considered. For the case of , all the results from 
the equations agree with each other. As the frequency 
increases an initial reduction in the  from 1 is seen, and 
then  remains nearly constant at approximately 0.5. This 
may be due to the rather high value of  for metallic 
inclusions. 
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4. Mixed Inclusions 

More advanced studies are carried out in [9], [21] for 
mixtures that include two or more homogenous material 
particles of equal or different sizes. This can also allow the 
creation of anisotropic materials. Here, the effective 
permittivity is a function of summation terms where the 
volume fractions of each included material and their 
respective permittivities are examined separately. The 
different arrangements of these structures examined in this 
section are shown in Fig. 4. In this section, analytical results 
are compared with FDTD simulations in conjunction with a 
retrieval algorithm for the  and . 

 
(a) 

 
(b) 

 
(c) 

Figure 4: (a) y-oriented, (b) x-oriented and (c) alternating 
arrays of metallic (red, thick circles) and dielectric (blue, 
thin circles) inclusions in a homogenous host. The 
orientations refer to the orientations of the columns/rows of 
the metallic inclusions shown in bold red lines in (a) and 
(b). 

Using the inversion process as described in [15] for 
extracting the  and  of heterogeneous structures, the 
results shown in Fig. 5 were obtained. Data used:  1-20 
GHz,  100 µm,  300 µm,  2.25 (tan  0.001), 

 4.40 (tan  0.02), 1.2 103.5 10  

(Copper), 1; where , ,  represents 
the  and  of the different inclusions. A 6-by-6 array was 
used in the plane of the infinite/symmetry boundaries, that 
is, the yz-plane, and the structure had 11 layers, implying a 
thickness of 3.3 mm in the direction of propagation of the 
plane wave – the x-axis. Perfect Electric and Perfect 
Magnetic Conductor (PEC and PMC) boundary conditions 
are used along the z- and y-axes respectively. They act as 
symmetry planes to create an infinite structure along those 
boundaries. Absorbing boundary conditions are used in the 
x-axis to minimize reflections as the wave travels. An in-
depth description of these boundaries is given in [15]. Fig. 5 
shows the  and  of the structures in Fig. 4 and 
includes the cases when the spheres are either all dielectric 
or all metallic. 

As shown in Fig. 5, as the volume fraction of the 
metallic inclusions increases, the  increases while the 

 decreases, as expected. Table 1 gives a summary of the 
important properties of these heterogeneous media, where 	

 and  are the volume fractions of the dielectric and 
metallic inclusions respectively. Even though spherical 
inclusions are used, the orientation of the rows of 
metallic/dielectric spheres has been shown to have an effect 
on the . As shown, the extracted values of  from the 
simulation-inversion process agrees well with the analytical 
results from [9] as shown in equation (6): 

3
∑

∑
   (6) 

where  represents the different inclusions. The extracted 
values are the average values over the frequency range 
examined. There are no results for the  from [9] as 

 1, in all cases as explained in Section 3. With 
increased volume fractions of the metallic inclusions, the 

 will further increase while the  will decrease. 

Table 1: Summary of simulated results 
     [9]  
y-oriented 0.071 0.085 3.04 3.01 0.89 
x-oriented 0.078 0.078 2.97 2.97 0.89 
Alternate 0.078 0.078 2.98 2.97 0.90 
All-dielectric 0.155 - 2.51 2.51 1.00 
All-metallic - 0.155 3.54 3.49 0.79 
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Figure 5: Variation of (a)  (continuous) and (b)  
(dashed) with frequency for different heterogeneous 
mixtures 

5. Patch Antenna 

As mentioned earlier, heterogeneous mixtures can be used as 
antenna substrates. In this section, the geometry and 
simulated results of simple example are given. Fig. 6 shows 
the geometry of a simple inset-fed patch antenna on a 
heterogeneous medium with dielectric cubic inclusions. Data 
used: patch dimensions: 24 mm by 27.76 mm, transmission 
line width = 3.12 mm, inset feed depth = 8 mm, cube length, 

 0.5 mm, spacing,  0.75 mm, thickness of the 
substrate,  1.5 mm,  2.08 (tan  0.0004),  
12.94 (tan  0.006), 1. The  for the 
heterogeneous medium is 3.55 (tan  0.0016) obtained 
from equation (1), and is used as the permittivity for the 
homogeneous equivalent. The return loss, , for these two 
structures are shown in Fig. 7. The results show good 
agreement with the resonant frequency of the heterogeneous 
substrate (3.21 GHz) being slightly lower than that of the 
homogenous equivalent (3.25 GHz). Previous work by the 
authors in [22], [23] have shown this to be the case for 
spherical and metallic inclusions. The radiation efficiencies 
are 93.52% and 92.82% for the homogenous and 
heterogeneous respectively which again show good 
agreement. These good agreements provide further 
confidence that the canonical equations accurately predict 
the effective EM properties of these heterogeneous media. 
This shows that the match is maintained and reasonable 
efficiencies are possible. 

 

(a)  

(b) 

Figure 6: (a) Side view and (b) top view of inset-fed patch 
antenna on a heterogeneous substrate (not drawn to scale) 
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Figure 7: Simulated  of same sized patch on a 
homogenous (continuous) and heterogeneous (dashed) 
substrates with dielectric cubic inclusions 

6. Conclusions 

Canonical equations from different authors have been 
compared with each other and with simulated results. Even 
though the equations appear to be different, on closer 
inspection and under certain assumptions, they can be shown 
to be quite similar to each other. Heterogeneous mixtures 
with more than one type of inclusion have been simulated 
with the results showing good agreement with the equivalent 
canonical equation. An example patch antenna on a 
heterogeneous substrate with dielectric cubic inclusions 
have been simulated and shown to have good agreement 
with when the patch antenna is on its homogenous 
equivalent substrate. 
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META 2013 CONFERENCE, 18 � 22 MARCH 2013, SHARJAH � UNITED ARAB EMIRATESLong-range interation of loalized surfae plasmons in periodi and randompatterns of Au nano-nartilesYoshiaki Nishijima1, Lorenzo Rosa2, Saulius Juodkazis2;3,1Department of Eletrial and Computer Engineering, Graduate Shool of Engineering, Yokohama National University, Japan2Faulty of Engineering and Industrial Sienes, Swinburne University of Tehnology, Australia3Melbourne Centre for Nanofabriation, Australia*orresponding author, E-mail: nishijima�ynu.a.jpAbstratThe plasmon resonane of periodi and random arrays ofAu-nanodiss and nano-squares was investigated experi-mentally and numerially. By randomization, plasmon res-onane spetra beome broadened, however, the eletro-magneti �eld enhanement is augmented by a fator of10-102 times at some spei� wavelength as shown by the�nite elements time domain (FDTD) alulations. The spa-tial loalization takes plae at a fewer hot-spots. The ran-domized strutures are promising for the appliations inopto-eletronis, sensing, and light harvesting.1. IntrodutionThe loalized surfae plasmon resonanes (LSPRs) are gen-erated by nanostrutures of noble metals suh as gold, silverand opper, whih are attrative and promising materialsin the �eld of opto-eletronis, photohemistry, and solarenergy appliations. Also it is important tool for the de-tetion of small number of moleules with high sensitivity,high seletivity using surfae enhaned Raman sattering(SERS) and surfae enhaned infrared absorption spetro-sopi measurements (SEIRA) [1�7℄. Reently on�gura-tion of a nano-pattern has been paid muh of attention forontrolling the wide-angle light-plasmon oupling [8�12℄[13℄. In the ase of plasmon resonane, one nanostrutureitself play as a resonator to the light and is oupled to otherresonators in lose viinity. Con�guration of the pattern ofnano-partiles beomes important for propagation satter-ing and ative emission (spaser) similarly to the photonirystals and is urrently atively researhed. Apparently,random patterns of nano-partiles are inreasing ef�ienyof organi solar ells [14℄.Periodi arrays of nanostrutures whih are widely pro-dued by top-down nanotehnology tehniques, have theBragg diffration dominant effets and satters light intodiffrating modes, they appear as resonant sattering bandsin extintion. The diffrated light departs from surfae andis lost for light harvesting. However, when periodiity ofpattern is broken by randomization, spetrosopi proper-ties and eletromagneti(EM) �eld enhanement are modi-�ed favorably for light harvesting. The bene�t of studyingthe (quasi)-random struture is promising for ost redu-

Figure 1: Optial dark-�eld image of the randomization ef-fet of nanopartiles on a 100� 100 �m2 area; from left tothe right the randomness is inreasing. (b) SEM images of agradually randomized periodi gold nano-dis array stru-tures.tion of fabriation. The quality of tools used in nanofabri-ation is developing rapidly with advanes in the auraydown to the nanometer sized gaps, high through-put, highreprodutivity at lower eletron beam aeleration voltagesand less danage to the substrate [15℄. The (quasi-)randompatterns of nanopartiles an be reated not only by top-down methods but also by bottom-up approah inludingthe hemial synthesis. Therefore for the large large areaappliations (suh as white light appliations like LEDs,solar ells, photo atalysis and so on) better understand-ing of the plasmon resonanes and EM-�eld enhanementis required.In this study, we demonstrate how randomization af-fets the optial extintion spetra of well-de�ned arraysof gold nano-disks and squares as disorder is gradually in-reased. The experimental results are analyzed numeriallyand shows signi�ant EM-�eld enhanement favorable forthe spetrally broad light enhanement.2. ExperimentsArrays of nano-disks were fabriated by top-down ap-proah using eletron beam (EB) lithography and lift-offtehnique as reported earlier [8, 16℄. EB resist (ZEP-520A



ZEON Co.) was oated on the glass substrate by spin oat-ing (3000 rpm for 2 minutes). Top of resist was overedwith harge dissipating agent (ESPACER, Showa DenkoCo.). Patterns of gold nano-disks are CAD generated by therandom-walkmethod starting from a perfetly periodi pat-tern, with inreasing the mean free length of random walk-ing. After EB drawing proess and development, 2 nm ofCr (as the adhesion layer) and 25 nm of Au has been oatedwith thermal evaporation. Then, EB resist with residualmetal over-oatingwas removed by organi solvent; the ob-tained gold nano-dis strutures were used for experiments.Transmission spetra were measured with a onfoal mi-rosope system, omposed of a mirosope (10� objetivelens with numerial apertureNA = 0:5, pinhole of 100 �mdiameter from Optiphoto2, Nikon Co.) and an optial spe-trum analyzer (Q8381A, Advantest Co.).3. Results and Disussions3.1. Experimental analysis of periodi and random pat-ternsFigure 1 shows the optial dark �eld images and sanningmirosopy images of 500 nm periodi/random arrays ofnano-disks. By randomization, a green olor (whih isaused by the �rst-order diffration of the � = 500 nmperiod pattern) has disappeared and a red olor (satteringlight by the tail of plasmon resonane) has gradually ap-peared in the images.Quantitatively, the analysis of randomness an beahieved by Fourier transform of the CAD pattern or 2Dorrelation of the SEM images. The appearane of the FFTimages is informative and qualitatively onveys pereptionof the effet of randomness, as shown in Figure 2. The 2Dorrelation was alulated using the SEM images shown inFigure 1. The 2D orrelation method is used to detet sim-ilarities between two 2D patterns, whih have previouslybeen prepared for analysis in a matrix format. The follow-ing equation de�nes the 2D orrelation between two matri-es (images) a and b:g(i; j) = �m�na(m;n)b(m� i; n� j) (1)where i; j and m;n are the pixel indies the x- and y-planes. The 2D orrelation region is limited to the entral8.6 � 8.6 �m2 area due to desktop omputer memory on-straints. The a(m;n) and b(m;n) matries are normalizedby �m;na(m;n)2 and �m;nb(m;n)2, respetively, whihmeasure the autoorrelations of eah of the matries. Peaksthat appear in the orrelation fator are de�ned by the dis-rete funtion g(i; j), alulated by shifting one of the twoimages with respet to the other by a number of pixels iin the x-diretion and j in the y-diretion (see Equation 1).When the all nano-diss overlap for a spei� shift, as inthe ase of perfet superposition, the orrelation funtiong(i; j) peaks over several pixels (x,y) (Figure 2(a)). Whenthe pattern has less de�ned periodiity, just a few pixelswill overlap outside of the perfet superposition, makingthe orrelation peak narrower as in Figure 2(b). In the fully

Figure 2: 2D orrelation plots of the g(i; j) orrelationfuntion obtained from the SEM images shown in Figure 1for (a) periodi struture, (b) partially random, and () fullyrandom; the olor sale bar goes from 0 to 10�4 in linearsale. The SEM image used here is same as Figure 1.randomized ase, only the single peak at (0,0) appears, asoutside perfet superposition the overlap of the images isimmediately lost.These numerial 2D orrelation results are in goodagreement with the FFT of the SEM images. Interestingly,even though the sattering by the periodi pattern gradu-ally disappeared (see Figure 1), periodi features in the 2Dorrelation funtion were still reognizable. The main ten-deny of the narrowing the 2D orrelation peak as random-ness inreases is the same whether one analyzes the CADor the SEM patterns.Typial extintion spetra for periodi and randomizedarrays of nano-diss are shown in Figure 3. While the di-ameter of diss was kept onstant, inreasing the period �from 450 to 750 nm aused the extintion peak to shift, at�rst to the red and then to the blue spetral side, with de-reasing extintion values due to the redued surfae over-age (partile density). When the extintion is normalized to2



Figure 3: (a) Experimental extintion spetra of periodiarrays with periods between � = 450 nm and 700 nm, at50 nm regular intervals of period �. (b) Extintion spetrafor � = 550 nm for gradually inreasing randomization.the density, the pattern with period � = 550 nm is lose tothe maximum extintion value and has the narrowest spe-tral peak. This is aused by the oupling of plasmon reso-nane and �rst-order diffration [8,12℄. When the mathingours between the diffration onditions and plasmon res-onane, a 10 times stronger EM-�eld enhanement is ob-tained, as ompared with the pattern where the diffrationwavelength does not overlap with the plasmon resonane.However, the strongest enhanement and the surfae den-sity have a trade-off relationship, and sometimes inreasingthe number of �eld enhanement hot-spots by inreasingthe density of nano-partiles an be advantageous, even ifthe resonant diffration and partile extintion onditionsare not mathed.As randomization is inreased, the plasmon resonaneslightly blue shifts, dereasing the extintion value, andbroadens the spetral width (see Figure 3(b)). As shown inthe optial mirosopy image, the internal diffration on-dition is removed by the randomization proess. This ten-deny beomes stronger when using thiker nano-diss of65 nm thikness. Part of the sattered light leaves the sur-fae, and part experienes total internal re�etion at largeangles and is bound to the surfae. The surfae-boundwaveis sattered by the nano-partiles and its effets on extin-tion and enhanement are analysed in the next Setion 3.2.

Figure 4: Optial ross-setions for extintion�ext, absorp-tion �abs, and sattering �sat, of (a) periodi and (b) ran-dom array patterns obtained from FDTD alulations.3.2. FDTD analysis of periodi and random patternIn order to study the response of the ordered and disorderedpatterns, we designed and simulated a layout based of the� = 600 nm period ase, as it has better response to theshort-wavelength range, as visible in Figure 3. To better ex-ploit the alulation resoures available, we �rst did a pre-liminary study on smaller-size square partiles better suitedfor the strutured mesh of the FDTD method. This wasaeptable for the study, as the long-wavelength resonanewill mostly experiene a shift, while short-wavelength re-sponse is dominated by the material harateristis. Theomparison stands as the size of the partiles is unhangedwhile the layout is randomized.For the 3D-FDTD simulation, the struture was en-losed in a domain with a size of 6:6 � 6:6 � 0:5 �m3,so as to ontain exatly 11 periods of the periodi stru-ture. The layout onsists of a glass layer on whih thegold nano-bloks are plaed; the size of the bloks is200� 200� 65 nm3, and they are automatially positionedaording to the layout desription used for the e-beamlithography. Perfetly mathed layers (PMLs) are used onthe domain boundaries to avoid edge re�etion. The en-tral 5� 5 periods are exited by a total-�eld sattered-�eld(TFSF) soure, dividing spae into two distint regions: in-3



Figure 5: (a) Maximum normalized E-�eld intensity en-hanement on the top surfae of the 200 � 200 nm nano-bloks for the periodi and random layouts. Below, the in-tensity enhanement distribution at 900 nm wavelength inlogarithmi sale on the top blok surfae for (b) periodiand () random layouts. The entral box-like region orre-sponds to the total-�eld region of the TFSF soure, and theouter region to the sattered-�eld one.side the TFSF volume the total �eld is alulated, whileoutside the volume the sattered �eld is, permitting to eval-uate separately extintion, absorption, and sattering ross-setion of the region enlosed. [5℄ The spae left betweenthe TFSF boundary and the domain boundary is needed to

avoid spurious oupling and resonanes between the dis-ontinuities introdued by these two boundaries. In thease of the random layouts, the layout is slightly adjusted toavoid the bloks rossing the non-physial boundary of theTFSF soure, though this does not in�uene the responsesigni�antly beause of the averaging effet of having alarge number of bloks in the domain.The entral part is illuminated with a bandwidth be-tween 400 and 1400 nmwavelength, measuring absorption,sattering, and extintion ross-setions and the E-�eld in-tensity enhanement normalized to soure intensity. Thematerial models for silia glass and gold are taken fromthe Lumerial built-in library. The re�eted and transmittedpower is olleted by two monitors at opposite ends of thedomain in the z-diretion and projeted to the far-�eld at1 m distane in the positive and negative half-spae by theFraunhöfer integral formulation implemented in Lumerial.The effet of stairase approximation is addressed by re-duing the square mesh size in the z-diretion to 0.2 nm (orabout �=5000), foring the use of a superomputer on a 3Dmesh totaling around 2 million mesh points. The simula-tion times ranged from 1 to 2 hours and total memory ou-pany ranged from 60 to 80 GB, with inreasing times andmemory aording to greater mesh omplexity for the ran-dom layouts. The simulations have been performed on theGreen II mahine at Swinburne University, with 86 nodesavailable, eah of them having 16 alulation ores and ar-rying 64 GB memory. Workload has been subdivided byemploying one 8-node luster per simulation, for a total of256 ores.Figure 4 shows the optial ross-setions for extintion�ext, absorption �abs, and sattering �sat, of the periodiand random patterns obtained from FDTD simulations.With inreasing randomization, the ross-setion spe-tra broaden and the peaks blue-shift. This feature re-prodies well the experimental results of transmission mea-surements shown in Figure 2. Additionally, in the aseof random patterns, absorption ross-setion �abs (whihgives aount of the loss in the metal), was redued in therandom pattern when in the maximum extintion ondition.This inreases the sattering ef�ieny ompared to the pe-riodi pattern, albeit with lower extintion. In the ase ofthe random struture, eah nano-disk has a slightly differ-ent resonane wavelength beause of different long-rangeinteration, thus the randomly-sattered light is spread overa wider range of wavelengths. Spetrally broader plasmonresonanes like this are favorable in pratial light harvest-ing appliations.As in our previous report, the eletro-magneti �eld en-hanement is up to 10-102 times larger in the partly disor-dered patterns, suggesting �hot-spot-like� strong loalizedenhanement as was observed in the previous ase [8℄ (seeFigures 5(b) and ()). The periodi pattern has strong hot-spots on the orners and edges perpendiular to the irradi-ation light polarization, reahing values as high as 500. Inthe random pattern, enhanement hot-spots also appear onthe orners and edges, also depending on the polarization of4



the irradiation light but with muh less regularity. The topenhanement spots also move from blok to blok depend-ing on wavelength, but are frequently loated where ornersfae eah other, reating a nano-gap.We analyzed the maximum �eld enhanement valueover all the alulation area that is �ush with the top ofthe nano-bloks, plotted against the irradiation light wave-length. The results are shown in Figure 5.In the ase of the periodi array (Figure 5(a)), the max-imum intensity spetra have a pro�le similar to the ross-setions. Therefore, the pro�le broadens around 1000 nmwavelength to a maximum intensity of 500 times the soure.Interestingly, around 660 nm we observe a narrow andstrong peak (where normalized intensity reahes 1700).The same feature an be seen in the absorption ross-setion and we an see a small distortion in the satter-ing and extintion ross-setions in Figure 4(a). This nar-row and strong enhanement of the EM �eld is due to aFano-like resonane oupling between plasmon resonaneand diffration [16�20℄. As we previously reported, EM�eld enhanement strongly depends on the plasmon reso-nane wavelength and its periodiity [8℄. It is important toontrol the oupling of plasmon resonane and diffrationfor ef�ient EM �eld enhanement. However, in the ran-dom pattern, EM enhanement features beome quite dif-ferent from the periodi pattern. Maximum enhanementreahes 7000, whih is 14 times as large as the periodipattern at the plasmon peak wavelength. Its pro�le is alsorelated to the plasmon resonane, however it is not smoothand has many peaks. Even around 1300 nm wavelength,whih has weaker extintion than peak wavelength, still itshows 1000 times enhanement (two times higher than theperiodi pattern). This strong enhanement would appearas long as the plasmon resonane exists. The features ofrandom array strutures (broadband resonane and low ex-tintion loss with strong enhanement) an be espeiallypromising as materials for white-light appliations suhas organi/inorgani LEDs, photo-voltai devies and so-lar ells, photo-detetors, and photohemial proesses likephoto atalysts. Also, the broadband resonane and narrow,strong enhanement features appearing in Figure 5 are sig-ni�ant in that they will ontribute to sensitivity in SERSand SEIRA appliations. As already disussed widely dis-ussed in literature, the SERS intensity is dependent onthe EM �eld enhanement both at exitation and satteringwavelengths. In ase of the plasmon resonane of a periodistruture, it is dif�ult to tune both exitation and Ramansattering to the maximum EM-enhanement wavelength.However, in the random substrate, we have a strong wide-band enhanement whih an over a wide range of SERSsignals. We also have the possibility to enhane a spei�signal, whih an inrease spei� moleular seletivity inSERS measurements [21℄.4. ConlusionsIn this study, we have demonstrated the effet of periodiand random partile patterns on the plasmoni resonane.
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Abstract 

In this paper we address the introduction of antenna 
radiation pattern agility using an agile metamaterial. We 
design an agile metamaterial having two different behaviors 
which can be controlled by an external command. This agile 
metamaterial is used to design an agile lens which 
comprises two grids each composed of two regions: the first 
one constitutes a focusing zone (FZ) and the second one the 
lens body. The focusing zone parameters—refraction index, 
size, shape and position in the grid— can be modified using 
an external switching system (OFF or ON stat) by 
modifying the FZ parameters one can control the patch 
antenna radiation pattern main lobe beamwidth and 
direction (pointing angle) in E- and H- planes.  

1. Introduction 

Among the most important metamaterial applications in the 
antenna field we can mention the antenna performances 
enhancement and size reduction  [1],  [2],  [3]. However, 
antenna characteristics control remains a major challenge of 
metamaterial use in the antenna domain. The goal is to 
design agile antennas  [4],  [5], of which it is possible to 
change the antenna characteristics using an external control 
system. This makes telecommunications systems more 
flexible. Generally, in this kind of structures 
Ferooelectrique films  [6] or switching elements (diodes, 
MEMs, etc…) are used to ensure the agility  [7],  [8]. Agile 
antennas can be classified in two categories: i) Frequency 
agile antennas for which we can vary their operating 
frequency, ii) Radiation pattern agile antennas for which we 
can change their radiation pattern characteristics (pointing 
direction, main lobe beamwidth, etc…). These antennas can 
be  used for telecommunication applications, metrology 
(detection angles of arrival) and also for RADAR 
applications  [9]. 
We are interested in this study, with the patch antenna 
radiation pattern agility. The aim is to steer the radiation 
pattern using a lens based on an agile metamaterial 
(programmable). Note that the use of a metamaterial based 
lens above a patch antenna improves also the antenna 
directivity considerably (16 dB instead of 7 dB for the 
antenna alone)  [9]. 

2. Antenna radiation pattern Agility 

Figure 1 shows our studied agile radiation pattern antenna. 
The structure is formed by a patch antenna atop which is 
disposed an agile metamaterial lens. The elementary cell of 
the agile metamaterial is made of a disconnected cross like 
conducting strips, printed on a dielectric substrate. The 
disconnected branches of the cross can be joined with a 
switching devices (Diodes, MEMs, etc…). This modifiable 
unit cell (Figure 1-a and -b) allows us introducing the 
metamaterial agility. According to the switches state (ON or 
OFF), we design the unit cell to have two different 
commutable behaviors. The first one corresponding to the 
disconnected cross type (switch ON) behaving like an 
effective medium with a refraction index n1 higher than 
unity and the second one corresponding to the connected 
cross type (switch OFF) having a positive and close to zero 
refraction index n2.  

 
(a) 

            
(b) 

Figure 1: a) Agile radiation pattern radiating structure, b) 
agile metamaterial elementary cell (disconnected and 
connected cross). 
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The obtained programmable metamaterial is used to realize 
the grids of the agile lens. These grids are made up of two 
regions (Figure 2- a), the first one forming a focusing zone 
(FZ) and the second one, the lens body (host medium). The 
refraction index (n1 or n2), the size, shape and position of 
the FZ can be programmed by acting on the switching 
devices (state ON or OFF). Modifying the FZ parameters 
(size, shape, position, and refraction index), allows us to 
control the antenna radiation pattern properties (main lobe 
direction (pointing angle) and beamwidth in both E- and H-
plane. 

3. Agile metamaterial characterization 

The metamaterial elementary motifs (Figure 1- b) are 
printed on a dielectric substrate of permittivity εr = 2.2 and 
a thickness h = 0.8 mm  [9].  

3.1. The metamaterial unit cell size determination 

The patch antenna operating frequency is 40 GHz, hence 
the corresponding wavelength in free space is 8 mm. 
Accordingly, the greatest dimension of the metamaterial 
unit cell must be much lower than the operating 
wavelength, to respect the homogenization conditions  [11]. 
So, we fixed it to 2 mm (lower than λ/3 ≈ 2.66 mm).  
 

 
(a) 

     
(b) 

 
(c) 

Figure 2: a) Agile lens grid: host medium with refraction 
index nf1 and FZ with index nh1, b) Used metamaterial 
refraction indices profiles, c) different positions of the FZ. 
 
We used a parametric study to obtain the unit cell optimum 
sizes, of the two metamaterials types, to attain the desired 
refraction indexes profiles (Figure 2-b). The refraction 

index contrast of both the metamaterial types used is about 
∆n = 0.95. The cross branch conducting strips are separated 
by a gap g = 0.25 mm and have a length L =0.675 mm, a 
width w = 0.15 mm, and a metallization thickness 
t = 0.035 mm. 
The study shows also that the agile radiating structure 
directivity is maximum when the host mediums of the first 
grid and the focusing zone of the second grid of the agile 
lens are based on a connected cross type metamaterial and 
the host mediums of the second grid and the focusing zone 
of the first grid are based on a disconnected cross type 
metamaterial. 
The constitutive parameters (εreff and µreff) and the refraction 
index of the agile metamaterials are obtained using the 
Fresnel inversion method starting from the S parameters, 
obtained by the HFSS simulation software (commercial 
code). 

4. Results and discussion 

Table 1 and Figure 3 show the agile radiating antenna 
radiation pattern steering, obtained by the positioning of the 
FZ. When placed between positions P1 and P2 (Figure 2-c), 
the FZ acts only on E-plane of the radiation pattern. The 
main lobe is rotated on both sides of the θ = 0°direction.  
 

Table 1. Agile antenna radiation pattern main 
angle direction θmax versus FZ positions. 

E-Plan H-Plan 
FZ positions 

θmax
(deg) θmax

(deg) 

P0 0 5.0 
P1 -8,7 6,1 
P2 8,7 6,1 
P3 0,5 11,8 
P4 0,4 36.0 

 
The amplitude of the rotation angle is about 8.7° (Table 1). 
Whereas, the focusing zone acts only on the H-plane of the 
radiation pattern when it’s placed between positions P3 and 
P4 (Figure 2-c). The FZ positioned in P3 rotates the main 
beam pattern by 11.8° and by 36° if it is positioned in P4. 
Normally the main lobe rotation angle corresponding to 
position P4 should be negative, but due to the undesirable 
radiation from the antenna feed line perturbs drastically the 
radiation pattern and makes difficult to determine the 
radiation pattern main lobe pointing angle. However, in 
Figure 3 it’s clearly shown that the radiation pattern 
corresponding to position P3 can be obtained by a rotation 
clockwise of that corresponding of position P4. We note 
that the amplitude of main lobe pointing rotation angle is a 
bout 8° in the plan E. This is not sufficient for the radiation 
pattern steering. This can be explained by the weak contrast 
∆n between the refraction index of the two metamaterials 
used to design the agile lens (the host medium and the 
focusing zone).  
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Figure 3: Radiation pattern steering of the agile radiating 
structure by positioning the FZ. 

4.1. Effect of the material refraction index contrast 

To improve the agile metamaterial lens steering 
performances, we increase the refraction index contrast 
between the two metamaterials used to realize the host 
medium and the FZ. We choose for the connected cross 
type metamaterial a low refraction index (n = 0.5) and for 
the disconnected cross type metamaterial a higher refraction 
index (n = 2). Hence, the refraction index contrast is 
∆n = 1.5 instead of ∆n = 0.95 for the previous lens 
described in section 3.1. 
Table 2 and Figure 5 show that the radiation pattern main 
lobe rotation angle amplitude is 15° in the E-plane. We 
observe an improvement of about 6.8° compared to that 
obtained by the low contrast refraction index lens. In the H-
plane, for the same reasons mentioned above, the rotation 
angle amplitude is difficult to determine. It can be estimated 
to (2.0°-4.3° = -2.3°) clockwise and (13.0°-4.3° = 8.7°) 
counterclockwise. 
 

 
Figure 4: Used metamaterial refraction indices profiles. 
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Figure 5: Radiation pattern steering of the agile radiating 
structure by positioning the FZ, with a high contrast agile 

metamaterial lens (∆n = 1.5). 
 

Table 2. Agile antenna radiation pattern main 
angle direction θmax versus FZ positions, with 

a high contrast agile lens (∆n = 1.5). 
E-Plan H-Plan 

FZ positions 
θmax

(deg) θmax
(deg) 

P0 0.0 4.3 
P1 -15.5 7.2 
P2 15.4 7.2 
P3 0,5 13 
P4 0,6 2 

n∆

Re(n) connected cross 
Re(n) disconnected cross 

Frequency (GHz) 

R
e 

(n
) 

E-Plan, Position 2 
E-Plan, Position 1 

H-Plan, Position 3 
H-Plan, Position 4 

E-Plan, Position 2 
E-Plan, Position 1 

H-Plan, Position 3 
H-Plan, Position 4 
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4.2. Effect of the focusing zones and patch antenna alignment 

In addition to the refraction index contrast, the alignment of 
the focusing zones with the patch antenna is another 
parameter witch can be used to improve the agile 
metamaterial lens radiation pattern steering capability. 
Indeed, the previous results are obtained with the two 
focusing zones disposed one on the other and were not 
aligned with the patch antenna as is depicted in Figure 6-a. 
Now, we will position the two focusing zones so they will 
be on the same alignment with the patch antenna (Figure 6-
b). 
 

 
(a) (b) 

Figure 6: Patch antenna with the agile metamarerial lens: a) 
with not aligned FZs, b) with aligned FZs,. 
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Figure 7: Radiation pattern steering of the agile radiating 
structure by positioning the aligned and not aligned FZ. 

As is shown in Figure 2-c and Figure 6, to the positions 5 
and 6 with not aligned focusing zones, we correspond the 
new positions 5n and 6n with the two focusing zones 
aligned with the patch antenna. Figure 7 shows a 
comparison of the antenna radiation patterns in E-plane 
corresponding to the aligned and not aligned positions 5n 
and 5, respectively 6n and 6 of the focusing zones. We 
observe clearly that the alignment of the focusing zones 
reduces the radiation main lobe beamwidth and improves 
the antenna gain. 

5. Conclusion 

In this study, we highlight the possibility of introducing 
patch antenna radiation pattern agility by using an agile 
metamaterial lens. In the E-plane, the different results 
obtained show clearly  the main lobe radiation pattern 
steering, due to the FZ positioning. Whereas, in the H-plane, 
the presence of secondary side lobes degrades strongly the 
radiation pattern and the steering effect becomes less visible. The 
antenna gain and the amplitude of main lobe pointing angle 
depend uppon the alignement of the FZs and the refraction 
index contrast of the two materials used to realize the agile 
metamaterial lens (host medium and FZ). 
We have introduced the metamaterial agility by designing a 
modifiable elementary unit cell based on a disconnected 
cross shape equipped with MEMs switches. According to 
the state of the MEM switches (ON or OFF), the 
metamaterial refraction index flips between two values n1 
close to zero and n2 greater than the unity. 
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Abstract 

We report an experimental and simulation study of terahertz 
(THz) band gap properties by using slits and grooves inside 
tapered parallel-plate waveguide (PPWG) with TEM mode. 
The Bragg and non-Bragg stop bands obtained from the slits 
(groove) embedded between the two surfaces of the PPWG 
plates can be used as notch filters and low-pass filters. 
When the air gap between the metal plates of the PPWG is 
controlled using a motor controlled translation stage or 
piezo-actuator, a tunable THz notch filter can be obtained. 

1. Introduction 

We use experimental measurements and FDTD simulations 
to investigate the THz band gaps properties by positioning 
metal slits at the center of the air gap or metal grooves on 
the surface of PPWG [1-3]. Recently, THz notch filter 
properties have been studied using single groove inside a 
PPWG [4,5]. The frequency of notch filter was very 
sensitive according to the air gap variation in the PPWG, 
leading to a feasibly tunable THz notch filter. We 
experimentally demonstrates tunable THz notch filter by 
adjusting the air gap using a piezo-actuator. The frequency 
of the tunable notch filter can be controlled by adjusting the 
DC voltage to the piezo-actuator. 

2. Non-Bragg stop band : Tunable Notch filter 

2.1. Experimental setup 

Figure 1 schematically shows the tunable THz notch filter 
setup, which is composed of a tapered aluminum block and a 
flat stainless plate with a single groove on the surface [4]. 
The tapered aluminum block consists of a tapered area with 
a 3° angle and a flat area. A flat stainless plate, which is the 
lower part of the PPWG, has dimensions of 50 mm (length), 
24 mm (width), and 100 μm (thickness). The single groove, 
fabricated by a micro-photochemical etching method, is 
embedded in the flat plate. The single groove is located 6.5 
mm from the right edge, which is in the middle of the 13 
mm flat surface of the upper plate. Because a vertically 
polarized (y-direction) THz field propagates to the PPWG, 
only TM modes exist. We prepared two types of single 
grooves. Sample A has a 70 μm wide and a 28 μm deep 
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Figure 1 : Schematic diagram of the PPWG [4]. A single 
groove is embedded into the lower flat plate, which is 
attached to a piezo-actuator (or a motor-controlled 
translation stage). (a, b) Optical micrograph of the single 
groove. Samples A and B show 70 and 105-μm groove 
widths and 28 and 40-μm groove depths, respectively. (c) 
Expanded view of the groove. 
 
groove, and sample B has a 105 μm wide and a 40 μm deep 
groove, as shown in the image in Fig. 1(a,b). Figure 1(c) 
shows the definition of the depth and width of the groove. A 
motor-controlled translation stage is connected to a flat 
stainless plate to adjust the air gap of the PPWG, and the 
tapered aluminum plate is fixed. After measuring the notch 
filter properties, we replaced the motor-controlled 
translation stage with a piezo-actuator in order to adjust the 
air gap using a DC voltage source, as shown in Fig. 1. 

2.2. Data analysis 

Figure 2(a) and (b) show the amplitude spectra of the 
measured THz pulses with the 100- and 140-μm air gaps, 
respectively, for samples A (red) and B (black) where 
sample A has a 70 μm wide and a 28 μm deep groove, and 
sample B has a 105 μm wide and a 40 μm deep groove [4]. 
When the air gaps are increased, the resonance frequencies 
shift to lower frequency region and also the resonance width 
gradually becomes narrower. Like the property of the notch 
filter resonance in the TE1 mode, that in the TEM mode is 
also excellent [5]. Unlike the TE1 mode, which has a cutoff 
frequency, the notch filter resonances of the TEM mode can 
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be obtained for the entire frequency region by adjusting the 
air gap. Figure 2(c) shows the absorbance of the notch filter 
resonance with different air gaps ranging from 60 to 240 μm. 
The resonant frequency shifts to a low frequency range and 
the absorbance becomes small with an increase in the air gap. 
The resonant frequencies of the notch filter of sample A are 
0.62 and 1.75 THz when the air gaps are 240 and 60 μm, 
respectively. The frequency tuning sensitivity (FTS) is given 
as Δf/Δg, where Δf is the resonance frequency shift and Δg 
is the air gap variation. Therefore, the FTS of the THz notch 
filter is 6.28 GHz/μm, which is compared to 1.36 GHz/μm 
obtained from the band gap [3].  

 
Figure 2 : THz notch filter properties by single groove inside 
PPWG [4]. (a) 100 μm air gap (sample A: upper red, sample 
B: lower black). (b) 140 μm air gap. (c) Absorbance spectra 
in samples A and B when varying the air gaps from 60 to 
240-μm. Because the weight of the flat stainless plate is only 
0.95 g, the piezo-actuator can support the plate. Instead of 
mechanical movement by the motor-controlled translation 
stage, the piezo-actuator makes its length longer and shorter 
by controlling the DC (or AC) voltage supplied to the piezo-
actuator. Therefore, the motor-controlled translation stage is 
replaced by the piezo-actuator, which is 30-mm long 
(Piezomechanik, model No. PSt-HD 200/7x7/40), as shown 
in Fig. 1.  

2.3. FDTD Simulation 

Figure 3 shows the resonant frequency shift according to the 
difference in the air gap when it ranges from 60 to 240 μm 
for sample A and from 60 to 320 μm for sample B [4]. The 
solid lines indicate the numerical fitting lines, which are 
defined as 

         ( )
2 ( )

r

eff

c
f g

d g g


   
,              ( 1 )  

where c is the speed of light in a vacuum; g is the air gap; 
and deff is the effective groove depth, which is defined as (d 

– Δd(g)). Also, Δd(g) is the height from the groove bottom, 
which has a very weakly distributed THz field compared to 
the space above of the groove. Therefore, the height is not 
considered to determine the effective groove depth. 

 

 
Figure 3 : The resonant frequency shift of the notch filters 
according to the air gaps [4]. The solid lines are numerical 
fitting lines. Red circles and black squares indicate sample A 
and B, respectively. 
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Figure 4 : Poynting vectors around the groove (w = 75, d = 
32 μm). The air gap and resonant frequency are (a) 60 μm 
and 1.69 THz, (b) 120 μm and 1.1 THz, and (c) 180 μm and 
0.8 THz, respectively. (d)-(f) Each figure indicates the 
amplitude of Poynting vectors along the vertical line which 
shows middle of the groove. 
 

Figure 4 shows the distribution of Poynting vectors around 
the groove with the different air gap and resonance 
frequency. In this case, the THz field is not fully distributed 
on the groove bottom. Therefore the effective groove depth 
(deff) is introduced as indicated in the Eq. (1). The energy 
flux density is confined in the effective groove depth (space) 
and the air gap. The energy density of the other frequencies 
moves to the output of the PPWG; however, only the energy 
density of the notch filter frequency is tied-up at groove. 
This situation makes the notch filter resonate at the 
measured THz bandwidth. The process of building up the 
notch filter resonance by the single groove is identical to 
that of the single slit measurement, non-Bragg stop band [2]; 
the only difference is the THz field reflection by the groove 
bottom and the THz field passing through the slit. When the 
THz fields are reflected from the metal waveguide surface or 
the groove bottom, which are considered as perfect 
conductors in the THz frequency region, the images of the 
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THz fields exist inside the metal. According to image theory, 
the THz field pattern in the groove waveguide is identical to 
that in the folded THz field halfway along the horizontal 
center of the slit [1,3]. Therefore, the formation of notch 
filter resonance by the single groove can be explained in 
terms of the resonance of the single slit [2]. 

3. Bragg stop band : Low-pass filter 

3.1. Experimental setup and FDTD simulation 

The experimental setup is illustrated schematically in Fig. 
5(a) [2]. The angle of the tapered part is 3o ; it has twice the 
coupling coefficient of the cylindrical silicon lens used in 
PPWG. Moreover with no silicon lenses in the waveguide, 
multiple reflections are eliminated from the measurement. 
The total length of the flat surface of the TPPWG is k=6 mm. 
The protruded length of the stainless steel sheet in the 
tapered part is ℓ=7 mm, and this can separate the incoming 
THz beam into two parts. A THz beam propagating along 
slits with a period P inside the TPPWG has a Bragg stop 
band with strong resonance at a Bragg frequency    
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Figure 5 : (a) Diagram of TPPWG and slit images in region I 
and region VII. Areas from region II to region VI are not 
shown in the figure but these areas are continuously 
connected. (b) Bragg stop band positions in each region. The 
red vertical dashed line indicates 2.3 THz. (c) FDTD 
simulation of E field intensity distribution for 2.3 THz 
continuous wave source. [2] 

 

Table 1. Dimensions of each region of the slit used in LPF 
[2]. Each region has 10 slits (N) and 60-μm width (w). 

Region Ⅰ Ⅱ Ⅲ Ⅳ Ⅴ Ⅵ Ⅶ

Period  P [μm] 170 150 140 130 120 110 100
Width  w [μm] 60 

Number of Slits  N [ea] 10 

 
fBragg = mc/(2P), where m is an integer and c is the speed of 
light. The bandwidth of the Bragg stop band broadens as the 
period gets narrower at the Bragg stop band positions in the 
high frequency range. Using such characteristics, if slits 
with different periods are arrayed in a line on a metal sheet, 
an LPF can be implemented to completely eliminate the high 
frequency component after cutoff frequency. To design such 
an LPF, slits with equal width of 60 μm and 7 different 
periods of slit pattern were designed as shown in Table 1. 
Since each region has 10 identical slits, the total number of 
the slits is 70. Figure 5(a) shows images of some of the slits 
in region I and region VII; slits were made of stainless steel 
with a thickness of 30 μm. Figure 5(b) shows the FDTD 
simulation results for Bragg stop bands when the air gap is 
38 μm. As shown in the Fig. 5(b), the first and second Bragg 
resonance frequencies corresponding to the slits of region I 
are located at 0.85 and 1.7 THz, respectively. The 
bandwidths of each Bragg stop band are 0.19 THz and 0.24 
THz, where the bandwidths are measured at a width at 3 dB. 
The first and second Bragg stop bands of each of the 7 slit 
patterns are overlapped. Moreover, the first Bragg stop band 
of region VII (from 1.23 THz to 1.62 THz) and the second 
Bragg stop band of region I (from 1.58 THz to 1.82 THz) 
overlap. Only a THz field whose frequency range is below 
the first Bragg stop band of the slits of region I can 
propagate to the exit of the waveguide. Therefore, the 
characteristics of LPF depend on the first Bragg stop band of 
region I. The LPF can be predicted to have a 0.76 THz 
cutoff frequency, 55 dB power transmission in the cutoff 
region, and 84 GHz transition width (a drop from 90% to 
10%) at the cutoff region. In order to confirm that the slits 
block the propagation of this particular THz component, 
FDTD simulation was performed using a THz continuous 
wave (CW) source. As shown in the red vertical dashed line 
in Fig. 5(b), a 2.3 THz CW source propagates through 
regions I, II, and III. However, the Bragg stop band of the 
slits of region IV includes 2.3 THz, which prevents the THz 
beam propagation along the air gap. Figure 5(c) displays a 
simulation with a 38-μm air gap and a 2.3 THz CW source. 
Region IV prevents the THz beam propagation to the higher 
regions. 

3.2. Measurement : Low-pass filter 

A THz beam propagating along slits with a period P inside a 
PPWG has a Bragg stop band with strong resonance at a 
Bragg frequency. The bandwidth of the Bragg stop band 
broadens as the period gets narrower at the Bragg stop band 
positions in the high frequency range. Using such 
characteristics, if slits with different periods are arrayed in a 
line on a metal sheet, an LPF can be implemented to 
completely eliminate the high frequency component after 
cutoff frequency. Figure 6(a) shows the amplitude of the 
output spectrum with cutoff frequency at 0.78 THz [2]. As 
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Figure 6 : (a) The spectra of the reference and output. The 
inset shows expended figure near the cutoff frequency. (b) 
Comparison of power Transmission in the measurement and 
FDTD simulation. [2] 
 
shown in the inserted figure, the magnitude response 
changes from pass band to stop band. The transition width 
is about 68 GHz. The power transmission in the cutoff 
region of the LPF is measured at about 35 dB. The 
experimental result is in good agreement with the FDTD 
simulation, which is represented with a measurement as 
shown in Fig. 6(b). 

4. Conclusions 

We demonstrate a tunable THz notch filter and low-pass 
filter using groove and slit inside a PPWG with the TEM 
mode. When the air gap was controlled within the range of 
60 to 240 μm for sample A, the resonant frequency of 
sample A changes from 1.75 to 0.62 THz. Therefore, the 
tunable sensitivity of the single notch filter is approached to 
6.28 GHz/μm. The measured resonant frequencies of the 
notch filters were found to agree well with the calculations 
used to determine the effective groove depth. Moreover, we 
performed the LPF based on multiple Bragg stop bands 
using different slit period. The transition width of the cutoff 
is only 68 GHz and the cutoff region of power transmission 
is 35 dB.  
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Abstract
We present for the first time (to the best of our knowledge)
a unified microscopic theory of the response of plasmonic
nanoparticles assisted by optical gain media. Our approach
combines the rigorous Mie scattering equations for the plas-
monic structure and well known in laser physics density
matrix formalism, allowing correct description of different
relaxation and energy exchange channels in the system. We
identify mechanism of plasmonic collective coherent radi-
ance of the aggregate similar to conventional laser taking
into account as well specific for the plasmonic resonator
effects, i.e. energy relaxation into the dark modes. We
demonstrate that the total loss compensation leads to the
laser resonator type collective resonance states that could
cause a stimulated emission.

1. Introduction
Radiation of an active molecule near a metal nanostructure
supporting a surface or localized plasmon is attracting re-
newed interest due to possible biosensing and metamateri-
als applications [1]. While early studies mainly focused on
fluorescence properties of the molecules (decay time, lu-
minescent enhancement/inhibition) near rough metal films,
recent advances in near-field optics and in chemical control
of molecule- nanostructure complexes spurred a number of
experiments on single metallic nanoparticles (NPs) opti-
cally coupled through the near fields with dye molecules
or semiconductor quantum dots [2]. Emission of a pho-
ton by a molecule-NP aggregate involves several processes
which have to be taken into account: Forster resonance en-
ergy transfer (FRET) from an excited molecule to the NP
and back, irreversible energy relaxation of the electron os-
cillations in NP (ohmic losses), radiative and nonradiative
molecule decay into environment (thermo bath), and FRET
between the molecules surrounding NP. The two mentioned
FRET mechanisms determine the scenario of the dynam-
ics for the aggregate ”molecules+NP”. The first scenario
assumes that the interaction between the molecules dom-
inates over the influence of the NP, but NP enhances the
coherence between the molecules. In this case the emis-
sion is dominated by three superradiant states with the same
quantum yield as a single emitter, leading to a drastic re-
duction of ensemble radiated energy down to just thrice of

that by a single emitter, the remaining energy being dissi-
pated in the metal through subradiant states [3, 4]. This
scenario can be called ”Dicke Scenario” that underlines an
importance of the interaction between the molecules for
the collective state formation. We call the second scenario
a ”Laser Scenario”, where the primary mechanism of the
resulted cooperative emission is caused by the FRET be-
tween the molecules and plasmons rather than Dicke ra-
diative coupling between the molecules. In this case the
influence of the plasmon on the internal quantum dynam-
ics of the molecules overcomes the interaction between the
molecules, and NP plays a role of a resonator (in full anal-
ogy with a laser) which sets coherence on the quantum dy-
namics of the molecules. We establish a complete descrip-
tion of the optical response of the system ”molecules+NP”
based on Greens functions, which allows us to investigate
high molecular coverage of metal nanoparticle with either
regular or random distribution of dye molecules, and which
is applicable for the both ”Dicke” and ”Laser” scenarios.
Moreover, we included in the description an external res-
onance field, which can change the compound system dy-
namics qualitatively giving rise to a multistable operation
[5]. The latter is important for applications, where the reso-
nant field is used to read the system response. Based on the
established description we focus our attention here on the
”Laser scenario” for the cases of presence and absence of
the external field.

2. The model
We study the optical response of an aggregate made of a
single spherical nanoshell with silver core of radius (Rc =
30 nm) covered with a silica layer (ϵr = 2.2, and thick-
ness h) and surrounded by N fluorescent dyes located on
the silica surface at positions rj , with j = 1, 2, ..N (we
set origin r = 0 at center), all at the same radial distance
R = Rc + h from the center [see Fig. 1]. The aggre-
gate is illuminated by an incident plane wave with electric
field Eext. We assume that the aggregate has a spherical
symmetry, with a uniform (regular or statistical) distribu-
tion of active molecules around the NP. In order to find a
field generated/scattered by the aggregate, we have to de-
scribe coupled dynamics of NP and the molecules, which
we denote as pj . We assume that the molecules can be to



Figure 1: (color online) The aggregate made by one
nanoparticle NP (nanoplasmonic sphere) and a layer of N
dyes. Whole set of radiative and nonradiative coupling
mechanisms between dyes and the nanoparticle is taken
into account.

a first approximation described by a pumped two level sys-
tem in the frame of the standard density matrix approach
[6]. For the steady state operation mode and in the frame of
the resonance approximation (which is sometimes called a
rotating wave approximation, see [6]), the internal molecule
dynamics is given by:

ρ̃12

[
1

τ2
+ i(ω − ω21)

]
=

iµmA∗N

~
,

(N −N0)

τ1
=

iµm [Aρ̃12 −A∗ρ̃∗12]

2~
,

N0 =
Wτ̃1 − 1

Wτ̃1 + 1
, τ1 =

τ̃1
Wτ̃1 + 1

(1)

Here ρ22, ρ11 and ρ12, ρ∗12 are the diagonal and non-
diagonal elements, respectively; τ2 and τ1 are the constants
describing phase and energy relaxation processes due to
the interaction with a thermostat; ω21 = (E2 − E1)/~
is the transition frequency between levels 2 and 1; W is
the phenomenological pump rate, µm is the dipole moment
of the molecule, A - is the amplitude of the local field
at the point of the molecule E = 1

2 (A(t)exp(−iωt) +
A(t)∗exp(iωt)). The field A is a sum of all fields acting
on the molecule, namely the external field Eext, the field
from the NP ENP , and the field from the other molecules
Emol,i =

∑N
i ̸=j Emol,j(ri). In order to find a total field we

use standard Mie theory approach, namely we start from the
Helmholz equation in microscopic form:

∇×∇×E− ϵ
ω2

c2
E =

4πω2

c2

N∑
i=1

pj(ω, |Ej |2)δ(r− rj) (2)

Here pj(ω, rj , |Ej |2) are the dipole moments of the
molecules, is the dielectric constant of the metal for in-
side the NP and the dielectric constant of the dielectric layer

and air outside respectively. Solution of this equation is the
field at each point, including the points where the molecules
are situated, and it is actually the field which affects the
molecule internal quantum dynamics and which has to be
substituted into 1. The expression for the solution of 2 has
been found in [3]:

E(ri, ω) = Eh(ri, ω)

+
4πω2

c2

∑
j=1

G(ω, ri, rj , |Ej |2)pj(ω, rj , |Ej |2) (3)

Here Eh(ri, ω) is the solution of (2) without right side (ho-
mogeneous Helmholz equation) and is not zero in case of
the presence of the external field Eext. From 1 polarization
of the molecule can be found straightforwardly:

pj(ω, rj , |Ej |2) = αj(ω, rj , |Ej |2)E(rj , ω),

αj(ω, rj , |Ej |2) =
(µm

~

)2 [
τ22 (ω12 − ω)− i~τ2

]
×
[

Wτ1 − 1

(1 + τ22 (ω21 − ω)2(1 +Wτ1)) + |Ej |2/|Es|2

]
(4)

Solution (4) accounts for all molecule-nanoparticle inter-
actions (multipolar) as well as molecule-molecule interac-
tions. The dyadic Green’s function G(ω, ri, rj , |Ej |2) =
(1 − δij)G0(ω, ri, rj , |Ej |2) + Gsc(ω, ri, rj , |Ej |2) (see
Ref.[3] ), where represents the electric field at ri due to an
electric dipole at rj . The symbol δij is the Kronecker delta
and, accordingly, the term G0 accounts for the free space
(direct) when j ̸= k, and the term Gsc represents the NP
scattered contribution. Substituting 4 into 3 we get:

E(ri, ω) = Eh(ri, ω) +
∑
j

T(ω, ri, rj , |Ej |2)E(rj , ω),

T(ω, ri, rj , |Ej |2) =
4πω2

c2
G(ω, ri, rj)αj(ω, rj , |Ej |2), (5)

System (5) is the master system of equations, which is sug-
gested to describe the field distribution produced by the
considered aggregate.

3. ”Laser scenario” without external field
First, consider the situation without any external field,
which means Eh(ri, ω) = 0:

E(ri, ω) =
N∑
j

T(ω, ri, rj , |Ej |2)E(rj , ω),

T(ω, ri, rj , |Ej |2) =
4πω2

c2
G(ri, rj , ω)αj(ω, rj , |Ej |2), (6)

Physically, this corresponds to the nanolaser, and the so-
lution depends critically on the level of pump W . In case
of Wτ1 < 1 the imaginary part of the polarizability of the
molecule corresponds to losses, and system (6) has only
one trivial solution E(ri, ω) = 0. The case Wτ1 > 1 nev-
ertheless does not guarantee the nontrivial solution, because

2



of the nontrivial solution (stable nanolaser generation) as-
sumes compensation of all losses in the system: relaxation
losses (which is taken into account by τ1), losses in the
metal of the NP (which are taken into account by the imag-
inary part of the dielectric constant of the NP), and radia-
tive losses, which are taken into account by the Mie scat-
tering formalism. It is important to note, that the developed
here approach takes into account one more mechanism of
losses, namely energy transfer between to the modes. The
NP has set of eigen modes, which could be radiative (with
the nonzero dipole moment) and nonradiative (with zero
dipole moment). The energy transfer from the radiative to
the nonradiative modes evidently increases the total losses
to be overcome and hence increases a pump threshold for
the nanolasers. Investigation of this problem in details re-
quires more comprehensive analysis and is left for future
publications.

The first equation in (6) can be rewritten as:Î− N∑
j

T(ω, ri, rj , |Ej |2)

E(ri, ω) = 0 (7)

and has a nontrivial solution only in case of zero determi-
nant:

det

Î− N∑
j

T(ω, ri, rj , |Ej |2)

 = 0 (8)

which is basically equivalent to two equations:

Re

det

Î− N∑
j

T(ω, ri, rj , |Ej |2)

 = 0,

Im

det

Î− N∑
j

T(ω, ri, rj , |Ej |2)

 = 0, (9)

for unknowns ω and |Ej |2 . Two equations (9) evidently
cannot determine the all |Ej |2; the number of unknowns is
equal to the number of the molecules. Physically it would
correspond to the conclusion, that there are many solutions
for |Ej |2 which could satisfy (9), which means that the
steady state of the system ”moleculs+NP” corresponds to
the permanent jumps between the possible redistribution of
the various combinations of the |Ej |2 , which satisfy (9).
We assume here for simplicity, that all molecules experi-
ence the same field, e.g. |Ej |2 ≡ |E0|2 ; in this case the
intensity in equations (9) can be taken as a parameter. It
is worth noticing that the algorithm of consideration is the
same as for the problem of laser generation, or more re-
cently appeared the problem of spaser steady state opera-
tion [7]. In the following we will restrict our analysis to
the case of dyes with identical radial polarizability. For that
particular case the operator elements G(ω, ri, rj , |E0|2) are
taken in the near-field approximation and can be repre-
sented analytically (all molecules are oriented perpendic-

ular to the surface of the NP, as in Ref.[3]):

G(ω, ri, rj , |E0|2) = − (1− δij)ηij
r3ij

+
∑
l

αl(ω)(l + 1)2Pl(cos γij)

rl+2
j rl+2

i

+i
2

3
k3 cos γij

[
1 + 2α1(ω)(

1

r3j
+

1

r3i
) +

4|α1|2

r3i r
3
j

]
. (10)

Here αl represents the lth multipolar polarizability of the
nanoshell with metal core and dielectric shell and α1 is a
polarizability of nanoshell in the dipolar approximation l =
1; Pl(cos γij) denotes the Legendre polynomial of order
l, where γij is the angle between dye locations rj and ri,
whereas ηij = 1 + sin2(γij/2).

4. ”Laser scenario” with external field
For the case of an external field under the same approxima-
tions which have been assumed for the elaboration of (10):

E(ri, ω) = Eh(ri, ω) +
4πω2

c2
α(ω, rj , |E0|2)

×
N∑
j

G(ω, ri, rj , |E0|2)E(rj , ω), (11)

Solution of (11) can be written in terms of eigen vec-
tors/eigen functions:

E(ri, ω) ∼
N∑

n=1

|qn⟩ ⟨qn|Eh(ri, ω)⟩
(ω − ω12 −∆ωn) + i(1/τ2 −∆γn)

(12)

where |qn⟩ are eigenvectors of the matrix Ĝ. The mostly
pronounced modes are selected by the conditions of zeroing
of the real and imaginary parts of the denominator of (12):

ω = ω12 +∆ωn(ω, |E0|2),
∆γn(ω, |E0|2) = 1/τ2 (13)

Solution of (13) as like as in previous case of absence of the
external field gives the resonant frequencies and intensity
at the points of molecules (remember that the intensity is
assumed to be the same for all molecules). In contrast with
the solution of (9), system (13) is expected to have one or
several possible solutions.
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Abstract 

Coupling effect of locallized surface Plasmon (LSP) with 

InGaAs/GaAs QW emission is demonstrated 

experimentally. The LSP resonance is generated by 

disordered Au nanodisk arrays on the InGaAs/GaAs QW 

surface. More than 2-fold QW PL enhancement is observed. 

Theoretical simulations also indicated that the disorder of 

Au structure enlarged the angle for which light can be 

radiated out. The bigger angle is of benefit to enhance PL 

intensity.  

1. Introduction 

Recently large amount of attention has been attracted to the 

effects of field enhancement in the vicinity of metallic 

nanostructures. It is well understood that this field 

enhancement is caused by the collective oscillations of 

electrons in metals structured in the subwavelength scale, 

which is called localized surface plasmon (LSP). LSP can 

induce local optical fields which may exceed the average 

optical fields of the incident light by orders of magnitude. It 

has been demonstrated that various optical effects can be 

enhanced near the resonantly excited metal nanoparticles. 

Single metallic nanoparticle was reported to be able to 

enhance the nearby electrical field and the 

photoluminescence intensity of single active molecule [1]. 

However, the effect caused by single metallic nanoparticle is 

relatively weak. Subsequently, ordered arrays of metallic 

nanoparticles with a separation comparable to the free space 

wavelength of radiation has been predicted [2] and observed 

[3,4] with the spectrally narrow directional extinction 

resonances, which would be useful for high sensitivity 

applications [5, 6]. Recently, the ordered arrays of metallic 

nanoparticles were also applied to enhance 

photoluminescence from optoelectronic devices, especially 

in the visible range, and obtained great progress [7].  

However, for the near infrared range, for example, 980 nm 

LEDs, there still lacks the results. Here, investigation of LSP 

effects generated by ordered and disordered Au nanodisk 

arrays on InGaAs/GaAs QW structures is reported. More 

that 2-fold enhancement of PL has been observed on the 

sample with the disordered Au nanodisks. 

    For fluorescence enhancement applications, closely 

spaced ordered arrays is a significant disadvantage since the 

energy from the excited active layer is coupled into “dark 

modes” and gets dissipated there. For the case of a periodic 

structure with a square lattice, Khurgin and Sun [8] has 

indicated theoretically that the modes with q<2π/λ (less than 

the free space wavevector) are radiative (bright) and can be 

coupled out at the angle of θ (q) =sin
-1

(qλ/2π), where q is 

wavevector and λ is wavelength in free space. Besides the 

bright modes, other modes are the nonradiative or dark 

modes which cannot be coupled outside. When some degree 

of disorder is introduced to the lattice, LSP modes mixing 

will occur, which makes partial dark modes to become 

bright modes. We have observed this effect experimentally, 

and in this paper we report the direct evidence for this 

disorder effect. 

2. Experiment 

In our experiments, three samples were studied. Sample A 

was InGa0.18As0.82/GaAs quantum well (QW) grown by 

molecular beam epitaxy technique, which consisted of 12 

nm In0.18Ga0.82As (herein after referred as InGaAs) well and 

20 nm GaAs cap layer. Sample B was constructed by 

disordered Au structure fabricated on the surface of the as 

grown InGaAs/GaAs QW, and Sample C was ordered Au 

nanodisk arrays on the top of as grown InGaAs/GaAs QW. 

Laser interference lithography (LIL) was employed to 

pattern the Sample B and the Sample C. Two times exposure 

process was used to generate square lattice of photoresist. 

The lattice constant can be controlled by laser wavelength 



2 

 

and the angle between incident beam and reflected beam. 

Near circular openings of photoresist were formed due to the 

surface tension after development. Au was deposited on the 

patterns and Au disks were formed after lift-off process. In 

our process, there exists a great opportunity to fabricate 

disordered Au nanostructures because the residual 

photoresist after development can affect the disk formation. 

Therefore, the disordered Au nanodisks (Sample B) were 

formed by directly depositing 10 nm Au to the patterns 

generated by the LIL. The nearly ordered Au disks (Sample 

C) were formed on the photoresist patterns of which O2 RIE 

treatment was performed before Au deposition. Fig.1a and 

Fig.1b show SEM images of Sample B and Sample C, 

respectively. It is observed that disordered Au nanodisk 

arrays both in shape and position were formed on top of the 

InGaAs/GaAs QW surface for sample B, while the nearly 

ordered Au nanodisk arrays were formed for Sample C.  The 

coverage of the Au nanodisks (area ratio to the underneath 

GaAs surface) for sample B and Sample C are 14% and 44% 

respectively. 

 

Figure 1a The SEM image of random Au nanodisk 

arrays for Sample B 

 

Figure 1b. The SEM image of ordered Au nanodisk 

arrays for Sample C 

    The reflectance spectrum was measured by a UV-IR 

microspectrophotometer from normal incidence. A 

commercial RPM2000 rapid photoluminescence mapper was 

employed to collect the PL signal.               

 

3. Results and Discussion 

 

Fig. 2 shows the PL spectra from Sample A (blue curve), 

Sample B (black curve), and Sample C (red curve) 

measured at room temperature. For Sample A, the QW 

emission peak was observed at 993 nm. Strong 

enhancement of the QW PL was observed for Sample B. 

The peak intensity increased to 2.02-fold compared to that 

of Sample A, with QW emission peak wavelength blue-

shifted to 982 nm. However, for the Sample C, the QW 

emission peak intensity decreased to almost 10% of that of 

Sample A, and its peak wavelength blue-shifted to 986 nm.  

 

Figure 2 PL spectra of Sample A (blue curve), 

Sample B (black curve), and Sample C (red curve) 

If we consider the surface emission area, for sample B, 

whose area ratio of Au nanodisk to the underneath GaAs 

surface was ~14%, both of the excitation and emitting light 

would be reduced to 14% of that of Sample A. Therefore, 

the real enhancement of PL for the sample B should be more 

than 2.02 fold. For Sample C, of which area ratio was 44%, 

would reduce to 44% of that of Sample A. However, the 

peak intensity of the InGaAs QWs emission from Sample C 

decreases nearly 90%, and is about 10% of that of  Sample 

A. The PL intensity difference may be attributed to the 

coupling effect between QW emission and LSP. The 

exciting energy in the QW is transferred into the LSPs mode 

in the Au nanostructure if the energy of LSPs is close to the 

band gap energy of InGaAs QW. It leads to a hybridized 

excitation. First, the excited electron-hole pairs generated in 

the QW relaxes by emitting energy into LSP modes.  This 

LSP resonance energy coupling mode subsequently offers a 

large density of states with a fast coupling rate. It provides a 

fast path for electron-hole recombination. The energy can be 

coupled to both LSP bright modes and LSP dark modes. 

However, only those coupled to the LSP bright modes can 

be radiated out in the form of light. Those coupled to LSP 

dark modes would be thermally dissipated. Therefore, 

during this process, not only the degree of localization of an 

average SP mode for a given wavelength plays an important 

role, but also the degree to which the light can be extracted 

out by bright mode [8] is of importance.  

    To verify the enhancement mechanism, measurement of 

reflectance spectrum for Sample B and Sample C were 

conducted. Fig.3 shows the experimental results. A broad 

dip is observed from 800 nm to 1200 nm for Sample B 

(black curve), while a relatively narrow and deep dip is 

clearly seen from 900 nm to 1100 nm for Sample C (red 

curve). The reflectance spectra reveal that around the 

InGaAs QW emission peak wavelength (993 nm), the higher 

field intensity was confined by Sample C. This would  

obtain an efficient coupling between LSP and QW emission 

to enhance the QW PL intensity. However, our experiment 

shows the QW PL intensity from Sample C decreased 
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dramatically, the opposite to our expectation.  This may be 

attributed to the greater interparticle coupling between more 

closely spaced Au nanoparticles which drew the enhanced 

field into the lateral gaps between Au nanoparticles, and 

thus less light was extracted from the sample surface. If only 

consider the density of state, there would be lower PL 

intensity can be collected for Sample B. However, the 

random Au structure induces the larger angle of bright mode 

LSP which allowed more light to be radiated out. In the case 

of Sample B, due to the disorder, the dispersion relation 

became ωq=ω0+∆ω[cos(qxa)+cos(qya)]/4, where ω0 is the 

isolated LSP resonance frequency, and ∆ω=4ω0r
3
/a

3
 is a LSP 

bandwidth, a is the lattice constant, r is the size of Au 

particle. In our experiment, the disorders of both particle 

size and shape of Sample B can cause the mixing of LSP 

modes with different wavevectors, which broaden the 

resonance dip. With the spreading out of LSP modes, the 

angular spread of the light emitted by the array can be 

estimated roughly as ∆θ~λ∆q/2π. More PL light can be 

emitted out with the increased angle for bright mode.  

 

Fig. 3. Reflectance spectrum of Sample B (black 

curve) and of Sample C (red curve) 

    In order to obtain further support on our speculation, 

numerical simulation was performed using finite-difference 

time-domain (FDTD) software, Lumerical. The geometry 

used for this three-dimensional simulation was based on 

SEM images for Sample B and Sample C. Electrical dipole 

(centre at 993 nm, span of 60 nm), representing the QW 

emission, was placed to 20 nm below the surface of GaAs, 

and was acted as light source in this system. Light intensity 

in the center plane of Au structures and in the plane of 100 

nm above the Au structures for both samples were 

monitored to observe how much light that can be emitted 

out. The far field projections for both samples were also 

collected to see the angular distribution of the collected 

signal. Fig.4 shows the simulated spectra of electrical field's 

intensity varies with wavelength in different planes for both 

samples. Comparing the electrical field's intensity in the 

plane of Au structure for Sample B and Sample C (black 

curve in Fig. 4a and Fig. 4b), we can see that more light are 

confined in the plane of Au structure for Sample C, which 

agrees well with our speculation. It is observed from Fig 4a 

that around half of the energy in the plane of Au structure 

was radiated out to free space for Sample B. From Fig 4b, 

less than 5% of energy got radiated out for Sample C.  

Although high electrical field was confined by the Au 

structure for Sample C, the majority of light were consumed 

in lateral direction due to the interparticle coupling between 

the closely spaced Au particles, which is the disadvantage 

for coupling of LSP with QW emission [9]. Insets of  Fig. 4a 

and Fig.4b show the far field projections for Sample B and 

Sample C respectively. It is observed that the angle of the 

bright mode for Sample B is 10 degree bigger than that for 

Sample C, and it would allow more energy to be radiated out 

for Sample B. Thus, we believe that the enhancement of the 

PL intensity for Sample B is indeed caused by the 

randomness of Au structure. Further investigation on the 

carrier decay dynamics by time resolved PL peak intensity 

decay measurement will be carried out and reported 

elsewhere. 

 

Figure 4a Spectra of electric field intensity varies 

with wavelength in the plane of Au structure (black 

curve) and 100 nm above the Au structure (red curve) 

for Sample B, inset is the far field projection for 

Sample B 

 

Figure 4b Spectra of electric field intensity varies 

with wavelength in the plane of Au structure (black 

curve) and 100 nm above the Au structure (red curve) 

for Sample C, inset is the far field projection for 

Sample C 

4. Conclusions 

In conclusion, we have demonstrated the impact of disorder 

of Au nanoparticle arrays on the LSP enhancement in 

InGaAs/GaAs QW emission. LSP bright mode is enlarged 
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and the degree of LSP coupling to be extracted to the outside 

of the sample is significantly enhanced by the disorder. With 

the disordered Au nanoparticle arrays, more than 2 fold of 

PL enhancement has been achieved. To our best knowledge, 

this is the first report on the PL enhancement from 

InGaAs/GaAs QWs by LSP generated by a disorderly 

distributed metallic structure. 
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Abstract- We demonstrate that the rectangular nanohole arrays perforated in a 100 nm gold film can perform to tune 

polarization direction of the transmitted light with maximum rotation angle of about 30 degrees. Theoretical analysis 

with the three-dimensional finite-difference time-domain simulations indicate this phenomenon is attributed to the 

excitation of the surface plasmon wave on the gold film surface and the resonance of localized surface plasmon in the 

hole. With multiple plasmon resonances, the plasmonic waveplate can realize a multi-wavelength polarization 

modulation. Our results may be useful to understanding the physical mechanism of enhanced plasmon mediated 

transmission and potential applications in plasmonic optical components.These instructions provide you with the 

basic guidelines for preparing the 2-page summary for META. An abstract (limited to 80 words max) should 

appear on the top of the page, after the title of the paper in chapter titled "Abstract" (without chapter number), 

after the names of the authors and the contact information of the corresponding author.  

 

 

1. Introduction 

Surface plasmon polaritons (SPPs) are electromagnetic surface waves exist at the interface of dielectric and metal 

layers with high field confinement and enhancement [1]. SPPs are sensitive to the localized environment, which have 

many applications for nanophotonics device by realizing optical manipulations with metal nanostrcutures, such as  

field enhanced nanoscale focusing[2-4], plasmonic waveguide [5-7], optical nano-antenna [9-11], and plasmonic 

photodetector and transistor [11-14].  

Extra-ordinary optical transmission (EOT), a phenomenon that the optical transmission efficiency can be 

enhanced by periodic nanostrcutures, is a typical phenomenon of the SPPs induced optical manipulation [15, 16]. 

EOT in periodic nanohole arrays exhibits strong wavelength dependence, which has been used as plasmonic color 

filter [17, 18]. Since SPPs can be only excited by the incident light with the TM polarization, the polarization of the 

incident light is an important factor to influence the EOT properties, especially in the anisotropic nanostructures, such 

as elliptical hole arrays [19-21], rectangular hole arrays [22,23], and circular hole arrays with quadrate periodicity [24]. 

For elliptical hole arrays, the transmission spectrum shows different peaks for two orthogonal linear polarization of 

the incident white light [21]. For the quadrate hole arrays, the transmission efficiency of the light and the ratio 

between transmission efficiencies of horizontal and vertical polarized light can be continuously tuned [24]. Besides 

the transmission intensity, the transmission polarization was also reported can be modulated in the process of EOT by 

using bull’s eye and nanoslit structure, which can be explained as the phase change of the excited SPP waves. [25, 26]. 

However, the rotation angle is limited by the nanostructure geometry and incident polarization, and the principle of 

this kind transmission polarization tuning is still unclear, which hampers its application for the future optical 

waveplate and polarizer device. 



In this work, we experimentally demonstrate and theoretically calculate a plasmonic waveplate based on different 

Au nanohole arrays. We find the transmission polarization can be effectively rotated relative to the incident light and 

can be tuned with various nanostructure geometries. A theoretical analysis proves that this kind polarization rotation is 

caused by the different transmission efficiencies of longitudinal and transverse SPP modes. Further with the 

finite-difference time-domain (FDTD) simulations, this plasmonic nanohole configuration is found can have a 

potential application for the optical wavelength selection.  

 

Fig. 1. (a) Scanning electron microscopy images of nanohole arrays with different aspect ratio (100 nm × 100 nm, 100 nm × 200 nm, 

100 nm × 300 nm, and 100 nm × 400 nm); (b) Schematic drawing of a free-standing gold film perforated with rectangular holes. The 

thickness of the gold film is h. The hole has a cross section of a × b. The periods of the hole array are T1 and T2 in x and y axis, 

respectively; (c) A cross section of the a single unit cell of the hole array. The electric field is detected at the point 100 nm below the 

gold film. 

2. Sample preparation and FDTD simulation 

A gold film with 100 nm thickness was deposited by thermal evaporation on a quartz substrate. The 20 × 20 quadrate 

nanohole arrays were fabricated with focused ion beam (FIB) milling method (NOVA 200, FEI). Figure 1(a) shows 

the scanning electron microscopy (SEM) images of the hole arrays with different aspect ratio. The period of the array 

was fixed at 600 nm in the transverse and longitudinal directions (corresponding to x and y axis in the Fig. 1(a)). The 

incident light polarization was controlled by a polarizer combined with a half waveplate as a polarization controller. A 

linear polarized semiconductor laser beam with a wavelength of 671 nm passed through the polarization controller and 

then focused onto the sample by using a 10 × microscope objective. The output light pass through a polarizer and then 

collected by an optical fiber. The intensity of the transmission was recorded by an avalanche photo detector (APD). 

The finite-difference time-domain (FDTD) simulations were also applied to analyze the experimental results. The 

model of the simulation is shown in Fig. 1(b). A free-standing perforated gold film is placed in the middle of the space. 

The relative dielectric function of the gold is given by the modified Debye model [27]. The incident polarization angle 

is defined as the angle between the polarization orientation and the x axis. The x and y component of the transmission 

electric field are detected at a point 100 nm below the gold film, as illustrated in Fig. 1(c). Therefore, the transmission 

polarization angle is determined by 'arctan(Ex/Ey).  



            

 

Fig. 2. (a) The experimental measured transmission polarization angle  as a function of the incident light polarization angle for hole 

arrays with different aspect ratio. The maximum rotation angle is about 30° occurring on 100 nm × 400 nm hole arrays; (b) The FDTD 

simulation results for the corresponding hole arrays, which agree well with the experimental results. (c) The analytically calculated 

results. (d-e) FDTD simulated electric field distributions of LSP modes resonance in transverse (d) and longitudinal (e) directions.  

3. RESULTS AND DISCUSSION 

The nanohole arrays act as a plasmonic waveplate for the transmitted light shows an obvious polarization rotation 

relative to the incident light, as shown in Fig. 2(a). The rotation angle defined as the polarization direction difference 

between the incident and transmitted light ('). For the rectangular nanohole array, we find when increasing 

from 0 to 90, the  first increases and then decrease with a maximum value obtained around . Moreover, 

under the same incident polarization direction, the rotation angle  can achieve a maximum value about 30 when 

increases of the nanohole's aspect ratio from 100 × 200 nm to 100 × 400 nm holes. Figure 2(b) is the FDTD 

simulations by using the same experimental parameters,  which shows a good  agreement with the experiment 

observations, where the simulation maximum value of the rotation angle 35 is recorded for the 100 × 400 nm holes. 

Noted that the rotation angle  for the square hole array (100 × 100 nm) is always 0.  

To further understand this polarization rotation, we develop an analytical method to actually calculate the rotation 

angle. There are three steps for the SPPs and light interaction, 1) the incident light excited SPP wave, 2) SPP wave 

transmitted through the holes, and 3) the SPP wave coupled with the transmitted light. For the exciting process, two 

kind of SPP modes are excited, including the SPP wave excited by the periodic configurations and the localized 



surface plasmons (LSPs) resonant in the holes which are related with the array's periodicity and the individual hole 

structure [28-31]. For the period induced SPP waves, its wave vector can be written as[28, 29]:  
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(1) 

where xu


and yu


are the unit reciprocal lattice vectors of the periodic hole array in the x and y directions, p and q are 

the integers determining the propagation modes of the SP wave. The LSPs is related to geometry of the hole structure. 

For the rectangular hole, the resonance of LSP can also be separated into two independent components, perpendicular 

to the short edge (along x axis) and the long edge (along y axis) of the hole. In other words, the two kind of SPPs both 

have independent components in the directions of x and y axis for the rectangular hole arrays,  and the components 

in this two directions denoted as|1,0  and |1,0 .  

Fig. 2(d-e) shows the electric field distribution of the two components with FDTD simulation. Obviously, for the 

incident polarization angle=0°, only the |1,0  can be excited, and for 90°, the |0,1  is excited. For the incident light 

with polarization angle , the excited SPPs can be described as cos|1,0 +sin|1,0 .  

In the transmission process, the energy loss include the coupling loss, the Ohm loss and the scattering loss caused 

by the defects. For rectangular holes, the loss in the two directions is unequal, and the corresponding transmission 

efficiencies denote as T01, T10, respectively. We can get the relationship between the polarization angles of incident 

light and transmitted light:
 

                                        
 tantantan

01

10 R
T

T
                                       

(2) 

where, we defined
0110 /TTR  , which is independent on the polarization angle of the incident light. The calculated 

results are shown in Fig. 2(c), which fits the experimental results very well, with R =1.4, 2, 2.8 for 100 nm × 200nm, 

100 nm × 300 nm, 100 nm × 400 nm hole arrays. For 100 nm × 100 nm hole arrays, T01=T10 and R=1, the polarization 

angle of transmitted light showed no rotation.  

 

According to Eq. (2), we can also calculate the polarization dependence of the transmitted intensity for light with 

polarization angle  as 

                                           
22 sinRT                                                

(3) 

Fig. 3(a) shows the polarization dependence of the transmitted intensity, which is proportional to sin2. The maximum 

transmission occurs when the light was polarized parallel to the short side of the rectangle holes. The experimental 

and calculated results fit very well, which is consistent with the previous work in Ref. 21. 

Obviously, the parameter R can represents the degree of the polarization rotation. It can be used as an important 

parameter to characterize the optical properties the plasmonic waveplate, which is only related with the configuration 

of the nanohole array.  



            

 

Fig. 3. (a) The polarization dependence of transmission intensity of hole arrays 100 nm × 400 nm, normalized to the maximum value. 

(b) The mapping of simulated value of R, by scanning of the incident wavelength and the period of hole arrays in y axis. 

At last, we investigated the resonant wavelength dependent on the period with FDTD simulated. The FDTD are 

proposed with the period of the hole arrays in y axis change from 300 nm to 700 nm with an increment of 10 nm and 

the period in x axis fixed at 600 nm. The incident wavelength changes from 400 nm to 800 nm with increment of 

10nm. The size of the nanoholes are set as 120 nm × 120 nm. The simulation results exhibit three obvious bands, as 

shown in Fig. 3(b), which corresponding with three SPPs resonance modes, because R is  associated with the SPPs 

transmission efficiency, only at the resonant wavelength, the value of R is much larger than 1. Line P with the 

resonant wavelength increases linearly with the period, arises from the resonance of the SP waves, because the 

resonance of the SP wave is totally determined by the period of the hole array as described in Eq. (1). And line L1 and 

L2, with the resonant wavelength at about 500nm and 740nm mainly invariant with increase of the period, is related to 

two LSP resonance bands, because the LSP resonance is determined by the hole structure and independence on the 

period of the nanohole arrays. For a metallic hole with a diameter much smaller than the wavelength λ of the LSP 

mode, the resonant LSP modes can be easily obtained using the electrostatic approximation[32]:  

                                            l

l 1)( 



                                               

(4)  

Where ε(ω) is a frequency-dependent dielectric function of metal and ε is the dielectric constant of the 

surrounding medium, and l is an integer, l = 1,2,3…. . The observed LSP resonant bands can be designed as the dipole 

mode (l = 1), and the quadrupole mode (l = 2).  

From Fig. (3), we can find that the plasmonic wave plate can realize multi-wavelength polarization modulation. 

For example, for the period of 400 nm hole arrays, the value of R is non-one and polarization rotated for the incident 

wavelength of about 500nm, 550nm and 740nm. 

3. Conclusions 

We have realized a plasmonic waveplate with a polarization rotation angle of 30. The ratio (R) of the transmission 

efficiency of SPP modes in x and y directions, which is only related with the configuration of the nanohole arrays, is 

found as a critical parameter to characterize the wave plate properties,. We further observed multiple polarization 

rotation effect bands, resulted from the SP wave propagation on the Au film and SP localized resonance in the 



nanoholes, which can be used for a multi-wavelength polarization modulation. Confirmed by both theory and FDTD 

simulations, our wave plate configuration can be used for the future controllable optoelectronic device applications, 

such as the plasmonic mediated transmission and selection.  
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Abstract
In this paper we analyze the non-conservative forces on
magneto-dielectric particles in special configurations where
the scattering force is not proportional to the average value
of the Poynting vector. Based on these results, we revisit
the concept of electromagnetic momentum density.

1. Introduction
After the pioneering experimental work by Ashkin and co-
workers [1] , the mechanical action of light on small par-
ticles have been extensively used to trap and manipulate
small particles [2, 3, 4] or to induce significant optical
forces between particles [5, 6, 7]. Some recent proposals
like the optical tractor beams [8, 9, 10, 11, 12], have re-
newed the interest in this field.

Small dielectric particles compared with the radiation
wavelength develop an electric dipole moment that is drawn
by intensity gradients and that competes with the radiation
pressure due to the momentum transferred from the photons
to the particle. Actually, light forces on small dielectric
particles are described as the sum of the dipole or gradient
force and the radiation pressure or scattering force [13, 14].

Radiation pressure is usually considered proportional to
the Poynting vector. However this is not the case for inho-
mogeneous waves. For non-homogeneous waves there is
also an additional contribution to the scattering force [15],
which has been shown to be a non-conservative force pro-
portional to the curl of the spin angular momentum of the
light field [16]

This second contribution to the scattering force may
be essential to understand the behaviour of nano particles
under non-homogeneous waves. For example both, forces
coming from the Poynting vector and spin forces, must be
considered in order to understand the scattering forces in
the focal volume of microscope objectives [17, 18, 19, 20].

These non-homogeneous light fields may be also pro-
duced by an appropriate manipulation of interfering laser
beams. For example, it is possible to generate local vor-
tices and complex Poynting vector patterns [21] leading to
a complex dynamics of nanoparticles [22, 23, 24]. These
interesting field configurations are usually based on the in-
terference between linearly polarized fields. Recently, the

forces on a small dipolar particle and the electromagnetic
momentum density in a configuration consisting in two per-
pendicular circularly polarized stationary waves have been
analysed [25]. The fields distribution for this particular con-
figuration shows regions in which the electric and magnetic
fields are parallel corresponding to a null Poynting vector.
Although the average value of the momentum density, pro-
portional to the Poynting vector, is zero in these regions,
a non-negligible scattering forces due to light’s spin force
was found.

In this paper we will review this result and we will ex-
tend it to the case of magneto dielectric particles. We will
also discuss about a proposal for a new definition of the av-
erage value of the momentum density for free propagating
electromagnetic fields based on the total scattering forces.

2. Scattering forces with null Poynting vector
in dielectric nanoparticles

Let us consider a small dielectric particle and let us treat
it as a point dipole proportional to the external field, p =
ε0αE where α(ω) = α′(ω) + iα′′(ω) is the complex polar-
izability and ω the frequency of the electromagnetic field.
The total time averaged scattering force may be written as
the sum of two terms; a scattering force proportional to the
Poynting vector and a scattering force proportional to the
curl of the spin angular momentum of light [16]:

〈F 〉 = σ

{
1

c
〈S〉
}

+ σ
{
c∇× 〈LS〉

}
(1)

where σ = kα′′ is the particle’s extinction cross section.
The time averaged Poynting vector is,

〈S〉 = Re{E×H∗}/2 (2)

and the curl of the spin density of the light field is given by,

〈LS〉 = ε0 {E×E∗} /(4ωi) (3)

Let us analyse the average value of the scattering force
when the small dielectric particle is placed in a electromag-
netic field consisting in two perpendicular circularly polar-
ized stationary waves with wavelength λ and wave vector



of modulus k = 2π/λ, propagating in the X-Y plane and
with a different of phase of π/2.

E1 = (eikx − e−ikx)
1√
2

(0, 1, i) (4)

E2 = (eiky − e−iky)
i√
2

(1, 0, i) (5)

The value of the total scattering force is given by [25]

〈Fx〉 = −α′′kε0[cos(kx) sin(ky)] (6)
〈Fy〉 = α′′kε0[cos(ky) sin(kx)] (7)
〈Fz〉 = 0 (8)

while the Poynting vector is given by [25]

〈Sx〉 = −ε0c[cos(kx) sin(ky) + sin(kx) cos(ky)] (9)

〈Sy〉 = −〈Sx〉 (10)
(11)

〈Sz〉 = 0 (12)

In points given by

y = −x± mλ

2
(13)

being m an integer number, the electric and magnetic
fields are parallel, implying an average value of the Poynt-
ing vector equal lo zero. However, the total scattering force
on this points is non zero.

If the scattering force is considered to be a momentum
exchange with the light field then, in this points, we have
an anomalous situation where the scattering force is non
zero but the electromagnetic linear momentum density, pro-
portional to Ponting vector, is zero. Let us analyze if this
anomalous situation also holds in the case of small mag-
netic particles.

3. Scattering forces with null Poynting vector
in magneto-dielectric nanoparticles

The optical scattering force on magnetic particles have been
analysed in Ref. [26, 27]. If the magnetic moment induced
by the electromagnetic field is given by m = (αm/µ0)B
then the total scattering optical force is given by

〈F 〉 = σm

{
1

c
〈S〉
}

+ σm

{
c∇× 〈LSM 〉

}
(14)

where σm = kα′′m is the particle’s magnetic extinction
cross section and the curl of the magnetic spin density of
the light field is given by,

〈LSM 〉 = (1/µ0) {B×B∗} /(4ωi) (15)

The Poynting vector has not changed with respect to the
previous case but, in order to calculate the total scattering
force on the magnetic particle, we must calculate the new
force due to the curl of the magnetic spin density of the light
field. This curl of the spin density is given by

∇× 〈LSM 〉|x = (ε0/c)[cos(kx) sin(ky)] (16)
∇× 〈LSM 〉|y = −(ε0/c)[cos(ky) sin(kx)] (17)
∇× 〈LSM 〉|z = 0 (18)

Once we know the spin density we may calculate the
total scattering force:

〈Fx〉 = −α′′mkε0[cos(ky) sin(kx)] (19)
〈Fy〉 = α′′mkε0[cos(kx) sin(ky)] (20)
〈Fz〉 = 0 (21)

Again it is possible to find regions where the Poynting
vector is zero but the average value of the scattering forces,
due to the existence of a magnetic spin density with a value
of the curl different from zero, is not null (see Figure 1).

The scattering forces for magnetic and dielectric parti-
cles are different but, in this particular case, the dynamical
trend of both kind of particles, dielectric and magnetic, are
going to be the same. We should say that this is not al-
ways the case. For example, in the case of linearly polar-
ized beams, a s-polarization implies a null value of the spin
force for the dielectric particle and a value different from
zero for the magnetic particle. And, for p-polarization, the
situation is just the opposite [16].

For small particles with a non- negligible electric and
magnetic induced dipole there is also an extra contribution
to the force given by the interaction between both dipoles,
magnetic and electric [26, 27]. But, for pure scattering
forces (coming solely from the imaginary parts of the po-
larizability) the contribution from this mixing term is pro-
portional to the average value of the Poynting vector [28].

4. A electromagnetic linear momentum
density proposal

By summarizing the results presented in this paper, we may
say that even with a null average value of the Poynting vec-
tor, a magneto dielectric particle experiences a pure scatter-
ing force given by

〈F 〉 = σ
{
c∇× 〈LS〉

}
+ σm

{
c∇× 〈LSM 〉

}
(22)

Then, it seems natural to redefine the electromagnetic
linear momentum density as the sum of the forming con-
tribution coming from the Poynting vector (S/c2) and the
curls of the electric and magnetic spin densities, such that
the electromagnetic momenta flow lines correspond directly
with the scattering light forces [25]. The term added is

2



solenoidal so it has no influence on the conservation laws
obtained from Maxwell equations.

〈pnew〉 =
〈S〉
c2

+ (∇× 〈LS〉) + (∇× 〈LSM 〉) (23)

Where first and second terms are exchanged by the elec-
tromagnetic field with a dielectric particle while first and
third therms are exchanged when the particle is magnetic.

The average value of the electromagnetic momentum
interacting with a dielectric particle may be also written as

〈pe〉 =
iε0
4ω

∑
i=x,y,z

(Ei∇E∗i − E∗i ∇Ei) (24)

while for the magnetic particle it may be written as

〈pm〉 =
i

4ωµ0

∑
i=x,y,z

(Bi∇B∗i −B∗i ∇Bi) (25)

Note how both expression are the natural vectorial ex-
tension of the density of linear momentum for a scalar field
Ψ in quantum mechanics [25],

i~
2

(Ψ∇Ψ∗ −Ψ∗∇Ψ) (26)

A possible vale for a instantaneous electromagnetic lin-
ear momentum density for monochromatic harmonic fields
in vacuum, with average value like the one obtained in 24,
is given by

pe = ε0
∑

i=x,y,z

Ei∇Ai (27)

being A the gauge invariant transverse vector potential
[29], while and average value like 25 is obtained with

pm −
1

µ0c

∑
i=x,y,z

Bi∇Ci (28)

being C the dual transformation of the vector potential
A [30, 31]. These terms are usually named as the orbital
parts of the electromagnetic linear momentum density.

Interestingly, by considering the transverse gauge [29]
for the free electromagnetic fields, the following linear mo-
mentum density p̂ is obtained directly from the canonical
stress energy tensor [32]

p̂i =
Si

c2
+ ε0∇(EAi) (29)

and it is easy to show that in vacuum

p̂ = pe (30)
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Figure 1: Scattering force on a magnetic particle for the
configuration consisting in two perpendicular, circularly
polarized, stationary waves with wavelength λ propagat-
ing in the X-Y plane and with a difference on the phase
φ = π/2. The colour map represents the magnitude of the
Poynting vector (darker for lower values). Red circles high-
light the scattering forces which are different from zero in
a region with null value of the Poynting vector.

So we are tempted to say that, if instead of consider-
ing the usual symmetric stress energy tensor, we consider
the canonical stress energy tensor [32], a value of the elec-
tromagnetic linear momentum density, proportional to the
scattering forces on dielectric particles, is directly obtained.

However, we must be very careful because the canon-
ical stress energy tensor has a major drawback, it is not
symmetric. This asymmetry has two main consequences:
First, the instantaneous time variation of the electromag-
netic energy density (∇S) is not longer proportional to
the instantaneous divergence of linear momentum density
(c2∇p̂). Second, for a non symmetric stress energy tensor
the electromagnetic angular momentum is, in general, not
conserved [32]. Although we should point out that the total
angular momentum derived from the calculation of r × p̂,
usually known as the orbital angular momentum of light, is
conserved [33].

There is finally a major drawback to the linear momen-
tum density obtained directly from the canonical stress en-
ergy tensor; it only applies when light is interacting with
dielectric particles. What about magnetic particles? We
could say that the linear momentum exchanged by light in-
teracting with magnetic particles pm is obtained also from
the canonical stress energy tensor, but in this case the dual
electromagnetic fields must be considered [30, 31].

5. Conclusions
We have analysed the scattering force for crossed circularly
polarized standing waves where the field distribution shows
regions in which the electric and magnetic fields are paral-
lel corresponding to a null Poynting vector. We have shown
that, although the average value of the momentum density,
proportional to the Poynting vector, is zero in these regions,

3



there are scattering forces acting on small dielectric parti-
cles due to lights spin force We have extended these results
to small particles presenting both, electric and magnetic re-
sponses We have discussed the intriguing interplay between
the momentum and spin densities and the actual force on
magneto-dielectric particles. The total scattering force re-
ported suggests a new definition of the average value of the
momentum density, for free propagating electromagnetic
fields, proportional to the full scattering forces. We hope
this discussion will open intriguing basic new possibilities
about the concept of the electromagnetic momentum flow.
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Abstract
Hybrid silicon-plasmonic waveguides constitute an appeal-
ing platform for integrated photonic circuitry. They merge
the technical maturity and prevalence of the SOI platform
with the subwavelength confinement of plasmonic waveg-
uides, essential for accessing enhanced nonlinear response
at micron length-scales. Employing full-wave numerical
simulations complemented with Schrödinger equation tech-
niques, we propose nonlinear waveguide designs for Kerr-
effect applications exhibiting minimized impairments due
to free-carrier effects, thus raising the power-ceiling im-
posed on standard silicon waveguides.

1. Introduction
Nonlinear phenomena emanating from the third order sus-
ceptibility χ(3) hold the key to efficient all-optical sig-
nal processing in integrated photonics. Circuitry based on
standard silicon-on-insulator (SOI) waveguides [1] presents
limited potential for micron-length-scale Kerr-type nonlin-
ear applications due to the large interaction length-scales
required: typically longer than 1 mm [2, 3]. Furthermore,
silicon exhibits two-photon absorption (TPA) in the tele-
com band, which in turn, apart from introducing additional
losses, gives rise to free-carrier effects (FCEs), namely dis-
persion (FCD) and, more importantly, absorption (FCA).
The magnitude of FCEs increases quadratically with the op-
tical power. Thus, FCA limits the maximum on-chip aver-
age power to a few tens of milliwatts; above this threshold,
it drastically quenches the optical power. On the other hand,
purely plasmonic waveguides [4] can allow for subwave-
length confinement significantly boosting the nonlinear re-
sponse and thus reducing the required interaction length.
However, they suffer from substantial Ohmic losses, a fun-
damental barrier for any nonlinear application .

Hybrid silicon-plasmonic (HSP) waveguides [5] present
a fair compromise between silicon and plasmonic traits,
with respect to the potential for Kerr-type nonlinear ap-
plications [6]. Fusing index-contrast and plasmonic guid-
ing mechanisms, they confine the optical field in a nano-
sized low-index dielectric gap, formed between a metal
and a high-index silicon area. If the dielectric addition-
ally possesses a high nonlinear index n2, then the non-
linear parameter γ quantifying the Kerr-effect strength ac-
quires orders-of-magnitude larger values than those typical

of SOI waveguides (γ ≈ 100 m−1W−1). More importantly,
HSP waveguides offer a two-fold advantage over SOI ones
with respect to FCE impairments. Specifically, as the opti-
cal field is confined primarily inside the dielectric gap, not
only is the relative TPA magnitude (rTPA) decreased, but, in
addition, TPA-generated free-carriers (residing only inside
the silicon area) do not significantly overlap with the op-
tical field. These two aspects mean that the overall FCE
perturbation is considerably decreased, even further than
nonlinear-slot waveguides [3]. In view of these attributes,
HSP waveguides offer increased potential for Kerr-related
nonlinear applications in compact integrated photonic com-
ponents at length scales in the order of tens of microns,
while also allowing for higher on-chip powers, if that is
necessary.

2. Nonlinear Figure-of-Merit
In order to establish a common ground for the compari-
son of nonlinear waveguides, we define a figure-of-merit
(FoM) that provides a qualitative measure of the impact of
all discussed nonlinear phenomena, namely, the Kerr effect,
TPA and FCEs. We start off with a basic FoM for TPA-free
waveguides defined as

F = γ × Lprop = γ/α (1)

and measured in W−1. In this equation, Lprop = 1/α is the
propagation length, i.e., the e-folding distance of the optical
power, due to linear propagation losses (α). The nonlinear
parameter (γ) is the real-part of its complex-valued coun-
terpart

γc =
3ωε0
4N 2

x,y,z∑
µ,α,β,γ

∫∫
∞

χ
(3)
µαβγe

∗
µeαe

∗
βeγ dxdy, (2)

that is rigorously extracted [2] from the electric-field distri-
bution (e) and the cross-sectional profile of the χ(3)-tensor.
The latter has a real and an imaginary part, associated with
the Kerr-index (n2) and the TPA-coefficient (βTPA), respec-
tively [1]. Finally, N is a normalization-integral quantify-
ing the axial power-flow N = Re{

∫∫
(e × h∗) · ẑ dxdy}.

It can be shown that the input-power (Pin) required
for a particular Kerr-type nonlinear application is propor-
tional to 1/F . For instance, when the waveguide length
is fixed at L = Lprop, then spectral FWHM-doubling of



a guassian pulse requires Pin ≈ 4/F , nonlinear switch-
ing (due to desynchronization) of a directional coupler oc-
curs at Pin ≈ 9/F , and a given degenerate four-wave-
mixing (FWM) efficiency η requires a CW pump power of
Pin ≈ 3η0.5/F [3].

Subsequently, in order to evaluate the influence of TPA
and FCEs, a power-dependent FoM can be derived accord-
ing to F ′ = γ′×L′

prop. For this purpose, the effective quan-
tities γ′ and L′

prop are introduced by applying correction
terms to the nonlinear parameter and propagation length,
respectively. These correction terms scale with the input-
power and are derived from a nonlinear Schrödinger equa-
tion (NLSE) formulation [2] and, more specifically, from
the phase and amplitude of the complex-envelope of a sig-
nal propagating along a nonlinear waveguide. Both primed
quantities are smaller than the respective non-primed ones;
FCD counteracts the self-focusing Kerr-effect leading to
a reduced effective nonlinear parameter (γ′ < γ), while
both TPA and FCA are responsible for additional losses
that lower the effective propagation length (L′

prop < Lprop).
The defined F ′ is useful when studying how the Kerr-
performance of a particular waveguide deteriorates under
the effect of TPA and FCE as the power level increases.
However, when optimizing or comparing different waveg-
uides it is useful to quantify the relative importance of
FCEs; it can be shown that the latter increases with the di-
mensionless FCE scaling factor

ffc = rTPA ×ΠSi (3)

where rTPA is the tangent of the complex-valued nonlinear
parameter of Eq. (2), i.e., rTPA = Im{γc}/Re{γc}, and
ΠSi is the fraction of the optical-intensity residing inside
silicon-areas of the cross-section

ΠSi =

∫∫
Si |e|

2 dxdy∫∫
∞ |e|2 dxdy

≤ 1. (4)

For typical SOI-waveguides, where the light is guided
mostly inside the Si-core, rTPA ≈ 0.25 and ΠSi > 0.5 [2]
leading to ffc > 0.1. On the contrary, HSP waveguides are
expected to have considerably smaller values of ffc since
light is guided almost exclusively inside the dielectric gap,
i.e., mostly outside the Si-area.

3. Waveguide Optimization
We base our hybrid silicon-plasmonic waveguide design on
the generic planar conductor-gap-silicon (CGS) waveguide
[7] and extend the dielectric and metal regions laterally.
For the dielectric gap material, we select the DDMEBT
nonlinear polymer [3] possessing linear and nonlinear in-
dices of n = 1.8 and n2 = 1.7 × 10−17 m2/W, respec-
tively, while the metal is silver for minimal Ohmic losses
at λ = 1550 nm (nAg = 0.14 − j11.4). In order to boost
the plasmonic confinement even further, we introduce an
inverted metal rib [6] or wedge [8], laterally aligned with
the underlying silicon waveguide [Fig. 1(a),(b)]. The cor-
responding intensity distributions (TM00 mode) are plotted
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Figure 1: Cross-sections of (a) the inverted metal-rib and
(b) the wedge hybrid silicon-plasmonic waveguide designs.
(c) and (d): Typical intensity distributions at 1550 nm for
the fundamental TM00 mode supported for a 20 nm gap.
The nonlinear polymer is DDMEBT and the metal is silver.

in Fig. 1(c),(d). Other approaches are also possible for en-
hancing the mode confinement and improving the nonlinear
response, for instance patterning the metal film into a stripe
having a width comparable to the silicon wire or less.

The most crucial parameter of these hybrid silicon-
plasmonic waveguide designs is the gap size (g). In Fig. 2
we plot both the nonlinear FoM (F) and the FCE-scaling
factor (ffc) for a broad range of gap sizes (5–300 nm).
One can readily confirm that the metal-wedge design of-
fers considerable improvement in the FoM compared to the
metal-rib designs as the gap decreases below 50 nm. The
metal-rib designs exhibit an F-peak at about 20 nm, and
then the performance starts to drop as the losses become
overwhelming. On the contrary, the F of the metal-wedge
design continues to increase even below 5 nm gaps, ow-
ing to the enhanced field-confinement at the wedge-tip. As
an example, for a gap of 20 nm the wedge design exhibits
γ ≈ 6.7 × 103 m−1W−1 (thus significantly outperforming
standard SOI waveguides) and Lprop ≈ 43 µm, amounting
to F = 0.3 W−1. The factor ffc is approximately 5×10−4,
which is orders of magnitude smaller than the ffc exhibited
by Si-wires, indicating that the relative importance of FCEs
is rather limited. These figures can be further improved by
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tor ffc as a function of gap, for the two waveguide designs.
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the silver film is 50 nm thick and the inverted metal-
rib/wedge is W × H = 220 nm × 200 nm. The wedge-
angle is approximately 57◦ and its tip curvature is 1 nm.

optimizing all waveguide parameters which can even lead
to γ > 104 m−1W−1.

Focusing on the inverted metal-wedge design, it can
be intuitively inferred that acute wedges will lead to im-
proved performance, mostly thanks to the extreme field-
confinement at the wedge-tip, which boosts the nonlinear-
parameter since γ ∝ A−1

eff , where Aeff is the effective mode-
area. To this end, we investigate the effect of the wedge-
angle (φw) and its tip’s curvature radius (ρw) on the re-
sulting FoM. In our design, the nonlinear gap-size is set
to 20 nm (being a reasonable compromise between mode
confinement and fabrication challenge), the silicon ridge is
set to W × H = 220 × 340 nm2, the silver film is 50 nm
thick and the inverted metal-wedge height (measured from
the tip of the wedge to the bottom of the silver-film) is set to
100 nm. Varying φw is done by changing the wedge’s lat-
eral width, while varying ρw also amounts to a small change
of the wedge-width in order to maintain the same wedge-
height, wedge-angle and nonlinear-gap. The results are de-
picted in Fig. 3, where φw = 53.2◦ in Fig. 3(a) and ρw =
1 nm in Fig. 3(b). It is evident that the nonlinear figures-of-
merit for HSP waveguides based on this design improve as
the wedge becomes more acute, even though the increase
is not as pronounced as with respect to the nonlinear gap.
Additionally, it was found that obtuse wedges do no sig-
nificantly restrict the performance; for instance, an acute
wedge of (φw, ρw) = (30◦, 0.1 nm) leads to F > 0.6 W−1

while an obtuse wedge of (φw, ρw) = (100◦, 10 nm) leads
to F < 0.2 W−1. This means that the fabrication error-
tolerance of this design is quite high and the penalty fac-
tor between the above two extreme combinations barely ex-
ceeds 3.

Finally, addressing some fabrication considerations, we
note that the Si-rib width as well as possible lateral offsets
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Figure 3: Nonlinear figure-of-merit F and FCE-scaling fac-
tor ffc as a function of (a) wedge-tip radius for φw = 53.2◦

and (b) wedge-angle for ρw = 1 nm. The nonlinear gap is
set at 20 nm, the silicon ridge is W ×H = 220× 340 nm2,
the silver film is 50 nm thick and the inverted metal-wedge
height is 100 nm.

between the wedge and the Si-rib do not have a major im-
pact on the aforementioned figures-of-merit.

4. Validation
In order to validate the findings of the previous Section, we
adopt the vectorial nonlinear Schrödinger equation (NLSE)
framework of Daniel and Agrawal [2] that monitors the evo-
lution of the field’s complex-envelope along the waveguide.
We calculate all parameters affecting the nonlinear response
(losses, Kerr-effect, TPA and FCE) in terms of this NLSE
formulation using our custom vector finite-element based
mode-solver. Focusing on the CW or quasi-CW regimes,
we drop all time-derivatives from the NLSE and record
the nonlinear phase-shift (∆ΦNL) and the insertion-losses
(IL) as a function of the input-power and the waveguide-
length. The ∆ΦNL is extracted from the phase of the output-
envelope and has positive contribution from the Kerr-effect
(∝ γLeffPin) and negative contribution from the FCD (∝
ffcLeffP

2
in); the latter tends to reduce the refractive-index

inside silicon, proportionally to the TPA-generated free-
carrier density, thus opposing the Kerr-effect which in-
creases the refractive-index. The overall-IL are extracted
from the amplitude of the output-envelope and depend on
linear (ohmic, Rayleigh-scattering, surface-roughness) as
well nonlinear loss-mechanisms, i.e. TPA and FCA.

Subsequently, we compare these CW-metrics for three
nonlinear waveguides, namely our HSP-wedge design, a
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Figure 4: NLSE-calculated nonlinear (a) phase-shift and (b)
insertion losses, as a function of the CW input-power along
three waveguide designs of Lprop length. The SOI-wire is
400 × 340 nm2 and operates in the fundamental TE-mode
with nominal 1 dB/cm losses. The NL-slot is 140 nm-wide
and formed between two 200×220 nm2 Si-wires and oper-
ates in a TE-mode with nominal 1.6 dB/mm losses [3]. The
HSP is made of a 20 nm gap separating a 200×220 nm2 Si-
wire from an Ag-wedge of 100 nm height with a tip-radius
of 1 nm and operates in a TM-mode. The free-carrier effec-
tive lifetime was conservatively considered equal to 1 nsec
in all three cases.

typical SOI-wire [2] and a nonlinear-slot [3]. For the
purpose of comparison, the SOI-wire cladding and the
nonlinear-slot are also filled with the same nonlinear poly-
mer (DDMEBT) and the waveguide-length is equal to the
Lprop of each design. In Fig. 4(a) we observe that the HSP
has a higher FCD power-threshold than the SOI and slot
design. This threshold can be defined as the power above
which the negative-contribution of FCD overwhelms the
positive one from the Kerr-effect, amounting to a negative
slope in the ∆ΦNL-vs.-Pin curve. For the HSP design this
threshold-power is well above 0 dBW. The same holds true
for the power-threshold associated with the nonlinear-IL,
i.e., the overall-IL minus the linear-losses over L = Lprop,
which amount to 4.34 dB. This power-threshold can be de-
fined as the power where the nonlinear losses impose an
additional 1 dB, i.e. (IL+4.34) ≈ −1 dB, and is also
well above 0 dBW for the HSP design. From Fig. 4 we
can deduce that, in the CW-case, the power-threshold asso-
ciated with FCD is generally lower, i.e. more strict, than
the threshold associated with FCA. Let us finally note that
the TPA-losses become important in much higher powers
meaning that FCA is usually the dominant nonlinear loss
mechanism. For the extrapolation of these remarks to the
pulsed-regime, please refer to Section 5.

Finally, we note that these results for CW-radiation

were corroborated by means of full-wave beam-
propagation method simulations [9], and an excellent
agreement between the full-wave method and the NLSE-
approach was observed.

5. Discussion
The important attributes of the HSP nonlinear waveguide
design, apart from being SOI/CMOS-compatible, are the
very compact size, the high nonlinearity and the increased
FCE power-threshold. The latter is crucial for Kerr-effect
applications at interaction-lengths well below 1 mm. As-
suming an effective free-carrier lifetime of 1 nsec [2], typ-
ical SOI waveguides have an FCE-ceiling in the order of
10 mW (CW), while the respective for HSP waveguides
is above 1 W; this is reflected on the orders-of-magnitude
smaller FCE-scaling factor ffc. Moreover, SOI waveguides
provide a higher FoM (F ≈ 5 W−1), albeit on substantially
longer length scales (Lprop ≈ 1 cm). The interaction lengths
can be reduced with nonlinear-slot designs [3] at the cost of
a ten-fold decrease in F . However, even though (or, exactly
because) they avoid the metal-presence, these designs are
still approximately two orders-of-magnitude longer than
the respective HSP ones, and they achieve approximately
equivalent figures-of-merit (F and ffc).

Evidently, the pulsed-regime performance will be
considerably improved with respect to the FCE power-
thresholds observed for the CW-regime. This is true for
pulses with duration shorter than the carrier-lifetime (τfc ≈
1 ns) and for low repetition-rates [10]. The reason be-
hind this improvement is that even though the FCE are
triggered instantaneously due to TPA, they are not given
the time to considerably affect short-pulses due to their de-
layed response. In this manner, both FCD and FCA power-
thresholds are at least 10–20 dB higher than the CW-ones,
e.g. for guassian pulses shorter than τfc. This allows for
higher powers and, consequently, much more pronounced
Kerr-effect than the ∆ΦNL ≪ π anticipated in the CW-
regime [11]. Even for NRZ systems and/or high repetition-
rates, the FCE power-thresholds are still higher than those
calculated for CW-radiation. In overall, the estimates of
Fig. 4, in and of themselves, are very pessimistic for most
practical applications and mainly provide relative figures
for the power levels at which FCE become important in
different waveguide designs. Nevertheless, in the present
work they can be employed as measures for comparative
waveguide assessment and optimization, since it is well un-
derstood that the FCE-penalization always scales with the
factor ffc, in the pulsed as well as the CW-regime.

6. Conclusion
We have investigated the potential of hybrid silicon-
plasmonic waveguides for Kerr-effect applications in in-
tegrated photonic components. A set of figures-of-merit
for the overall characterization of silicon-comprising non-
linear waveguides has been established, taking into ac-
count the two-photon absorption and free-carrier effects.
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Using these FoM, we have optimized an HSP waveguide
design employing an inverted metal wedge and have ac-
quired record-high nonlinear-parameter values approach-
ing 104 m−1W−1. Furthermore, we have shown that the
power-ceiling above which the FCE and TPA overwhelm
the Kerr-effect is approximately two orders-of-magnitude
higher compared to standard SOI waveguides. Finally,
our findings have been corroborated with vectorial nonlin-
ear Schrödinger equation techniques and full-wave beam-
propagation numerical simulations, validating the proposed
optimization approach.
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ABSTRACT 

 
A rigorous full-vectorial modal solution approach based on the finite element method is used to find the propagation 

properties of THz waveguides supporting plasmonic modes. As plamonic modes are very lossy, design approaches are 

presented here to reduce their modal losses. Design of several THz devices, including quantum cascade lasers, power 

splitters and narrow-band filters are also presented. 
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1.  INTRODUCTION  

The terahertz (THz) region occupies a large portion of the electromagnetic spectrum, located between the microwave and 

optical frequencies and normally is defined as the band ranging from 0.1 to 10 THz. In recent years, this intermediate 

THz radiation band has attracted considerable interest, because it offers significant scientific and technological potential 

for applications in many fields, such as sensing [1], imaging [2] and spectroscopy [3]. However, waveguiding in this 

intermediate spectral region is a major challenge and strong dielectric and conductive losses in the terahertz frequency 

range have been a major problem for waveguiding. The conventional guiding structures exemplified by microstrips, 

coplanar striplines and coplanar waveguides [4] are highly lossy and dispersive. However, so far the most promising 

dielectric waveguides have been the use of photonic crystal fibers at terahertz frequencies [5, 6] and metal coated guides 

[7] at terahertz frequencies. In this paper, various types of practical metal coated plasmonic waveguides are evaluated 

and design optimization of Quantum Cascade Lasers, MMI-based power splitters and narrow-band filters are presented, 

by using full-vectorial finite element method [8].  

2.  THZ WAVEGUIDES 

Dielectric waveguides in silica, silicon, polymer, and other semiconductors materials have been widely used at optical 

frequencies: however most of these materials are very lossy at the lower terahertz frequency range. Since air has lower 

loss than all the known dielectric materials, sub-wavelength air-clad dielectric waveguides [9] have been considered for 

THz guidance. Photonic crystal fibres (PCF), which have many air-holes running along the waveguide, has also been 

considered for THz guidance. So far most of the PCFs that have been considered have been fabricated from silica or non-

silica glasses, due to their low loss in the optical frequency range, but the material loss of silica is prohibitively high at 

THz frequencies. Only recently, Han et al. [5] have fabricated a PCF for THz using high-density polyethylene (HDPE) 

with modal loss values of 0.2 cm
-1

 and Goto et al. [6] have reported a PCF-like waveguide using Teflon tubes and 

filaments with loss values of 0.5 cm
-1

, showing their potential. More recently, a porous core sub-wavelength guide has 

also been reported [10] to increase the power in the air claddings or air-holes. Recently, we have also reported the design 

of PCF with porous core [11], where maximum 60% power confinement in the air-holes has been achieved.   

 

Amongst the various THz waveguides that have also been suggested, the metal-clad waveguides supporting surface 

plasmon modes are showing the greatest promise as low-loss waveguides for use both in active components and as 

passive waveguides. Several waveguide structures incorporating metallic layers have been reported, such as low-loss and 

flexible hollow polycarbonate waveguide with copper and dielectric inner coatings, deposited by using a liquid chemistry 

approach [12]. A metal-coated hollow glass waveguide (HGW) [13] with an inner silver/polystyrene-coating is 

considered for the better understanding of the various loss mechanisms and subsequently design optimization of a low-

loss THz waveguide. For this waveguide the thickness of the silica tube (s) is taken as 0.5 mm and the bore radius (a) of 

the HGW as 2 mm. The thickness of the silver cladding (t) and polystyrene layer (p) are taken as t m and p m, 

respectively. The complex refractive index of the polystyrene, the silver metal cladding layers and the silica ring are 

taken as np=1.58 –j0.0036, nm=308-j532 and ns=1.96 –j0.0061, respectively at an operating frequency of 2.5 THz. At this 



 

 
 

 

frequency, as the air is also not absolutely loss-free, to represent this loss factor its complex refractive index is taken as 

1.0 - j 1.1x10
-6

.  

 

 

Figure 1.  Attenuation constant with the polystyrene  

thickness, p, for t=0.4 m for a 2 mm bore waveguide. 

Figure 2.  Effective index and loss with Teflon thickness  

for the Hx
10 mode in a rectangular waveguide. 

There are two metal/dielectric interfaces, which can support surface plasmon modes (SPM), one the outer silver/silica 

boundary and the other at the inner silver/polystyrene (or air, when p = 0 m) boundary. This waveguide supports two 

SPMs along these two metal/dielectric interfaces. The refractive indices of the inner and outer cladding materials being 

very different, the two SPMs have widely different propagation constants and they do not interact with each other. 

However, at the right and left hand sides of the metal/dielectric interfaces, when the same electric-wall boundary 

condition is imposed, the Hx field is forced to be zero at the metal boundary and no SPM exists. Another mode with the 

dominant Hy field, would form a similar SPM; however, at the left and the right interfaces. The Hy field profile of this 

mode is similar to the Hx field profile, but rotated by 90 degrees. These two modes have identical propagation constants 

and being degenerate, they can be superimposed to form radially polarized RP-like modes. The superposition of their 

field profiles indicates a rotationally symmetric profile similar to those reported for dielectric clad metal waveguides 

supporting surface plasmon modes at optical frequencies [14]. 

The loss values of the fundamental plasmonic mode increases with the PS thickness and not shown here. The attenuation 

characteristics of the RP
02

 mode, with the variation of the polystyrene thickness, for a silver thickness t = 0.4 m, is 

shown in Fig. 1, where the loss contribution of the polystyrene and silver layers has also been examined. As can be seen 

from the above characteristics, the total attenuation shows a maximum and a minimum loss at a polystyrene thickness of 

about 1 m and 13 m, respectively. The attenuation curves due to the polystyrene and the silver layer exhibit similar 

trend with the total attenuation. Throughout the range of polystyrene thicknesses examined, the optical power 

confinement in the inner air-core is of the order of 99.9%, thus contributing a constant attenuation of about 0.25 dB/m. 

For a polystyrene thickness lower than 5 m, the total attenuation is affected mainly due to the metal attenuation but as 

the polystyrene thickness increases above 5 m the total attenuation is mainly governed by the loss in the polystyrene 

layer. This mode shows a greater promise to achieve low-loss guidance through a metal clad dielectric waveguides. It 

would also be easier to couple this mode since the field profile is also very close to a Gaussian shape [13]. The modal 

loss of this waveguide, when design is optimized, is significantly lower than most of the THz waveguides reported so far, 

as most of the power is being guided in the central air-hole region.  

Next this novel approach is considered to design and optimize a low-loss rectangular core metal waveguide. If we 

consider its height and widths are different then the polarized modes will not be degenerate. In our more recent work 

[15], we have shown that similarly a polarization maintaining rectangular core air-core dielectric-clad metal-coated 

waveguide can also be less lossy. A thin metal coating would support plasmonic modes, but these are relatively lossy. 

However, a Teflon coating on the gold layer can draws field away from the lossy conducting layer and loss may reduce 

considerably. Figure 2 shows the variation of the loss value with the Teflon thickness for the H
x
12 mode in an air-core 

1mm x 0.6 mm rectangular waveguide with 0.7 m gold coating at 2.5 THz. It can be seen that at the optimum 21 m 

Teflon thickness, the loss value can be 3.5 dB/m, one of the lowest reported so far [15]. The evolution of third order 

mode for no Teflon coating to a near Gaussian profile for 18 µm Teflon coating are shown as insets. 



 

 
 

 

 

 
 

Figure 3.  Field profile of Ey mode in a THz Quantum 

Cascade Laser. The field inside the confinement layers is 

shown on the inset.  

Figure 4.  Gain threshold of several plasmonic modes.  

Quantum cascading lasers [16] are emerging as efficient high power THz source for many important applications, such 

as imaging and sensing. However, for the THz frequency, the wavelength is large and it is not possible to grow the 

semiconductor materials comparable to the operating wavelength. For this reason, for THz QCL often smaller height 

needs to be considered and plasmonic confinement is used in that direction. The plasmonic confinement in the vertical 

direction is shown in Fig.3, which clearly shows the mode formation at the metal-dielectric interfaces. However, it is 

easily possible to have a wider guide, so mostly dielectric confinement is used in horizontal direction. The gain threshold 

for such QCL is shown in Fig.4. Because of the wider guides, the gain threshold difference between the fundamental and 

higher order (lateral) modes are very small. This allows possibility of mode hopping for any external changes. A novel 

design approach is considered [17] using slotted upper metal clad, to enhance the gain threshold of the higher order 

modes. Fig. 5 clearly shows that gain threshold of the higher order modes are increased for slotted-electrode designs.   

For the future THz system, it is essential to design various integrated guided-wave components. In that spirit, it is shown 

here that a compact power splitter can b designed by using the MMI principle. In Fig. 6, it is shown here that an efficient 

power splitter can be designed by using a 35 m long multimoded section [18].  

 

   
 

Figure 5.  Gain Threshold of the lower order modes for 

different waveguides  

Figure 6  FDTD Simulation of the MMI 3dB coupler 



 

 
 

 

Finally, a Terahertz frequency range band-stop filter for molecular sensing [19], where two 5 μm wide band-stop filter 

stubs with a length of 192 μm and 83 μm are placed at a 400 m apart along the direction of propagation, as shown in the 

right inset of Fig.7, has been considered. Initially the above device has been simulated without a polysterene film on top 

of the metal layer, using the FDTD approach and the variation of the insertion loss with the frequency is presented in 

Fig.10. As can be seen from the above frequency response, the device exhibits two resonant frequencies due to the stubs 

at about 600 and 800 GHz, with a minimum insertion loss of about -55 and -30 dB. 

 

  

Figure 7 Insertion Loss with frequency  for the microstrip 

filter  

Figure 8 Variation of the effective index and attenuation  

with BCB substrate height of the microstrip line. (mode 

shown as inset) 

Initially, the fundamental Quasi-TEM mode of the microstrip line, has been obtained using the FEM and the magnetic Hx 

field profile of the above mode is presented as inset in Fig.8 The effective index and attenuation of the above mode were 

found to be 1.803 and 44.59 (dB/mm), respectively. The effect on the propagation characteristics of the device of a 

polysterene layer along the top of the metal layer has then been examined, using the FEM. For a polysterene thickness of 

0.1 m the effective index and attenuation constant of the device were found be 1.76 and 35.21 (dB/mm), respectively, 

thus slightly lower compared with the corresponding values obtained for the plain metallic structure. However, as the 

polysterene thickness increases, both the effective index and the attenuation increase and for a thickness of 0.5 m of the 

above material the loss level reaches the value obtained for the structure without the polysterene film. As the polysterene 

thickness further the attenuation increase much above the corresponding value obtained for the structure without the 

above film deposition (not shown here), and therefore, it can be concluded that attenuation reduction of the above device 

can only be achieved for a very thin polysterene film deposition. 

The BCB substrate height, h, has then been varied and the effective index and attenuation of the microstrip structure with 

no polysterene layer on top of the metal and that with a 0.1 m film thickness of the above material have been examined 

and presented in Fig.8. As can be seen from the above characteristics, as the substrate height increases both the effective 

index and the attenuation decrease, with the corresponding values of the structure with the polysterene film being lower 

than those obtained for the device without it. At a substrate height of about 9 m, the above corresponding values are 

about the same for both the structures examined. However, the device with the polysterene film exhibits minimum 

attenuation at the above substrate height and as the substrate height increases further the attenuation of the structure with 

the polysterene layer becomes higher than that obtained for the structure without the above material.  

3. CONCLUSION 

A finite-element approach, based on a full-vectorial H-field formulation, has been used to study the detailed modal 

properties of metal clad waveguides supporting plasmonic modes operating in the THz frequency range. It is shown here 

that by using a thin but optimized dielectric over-layer plasmonic loss in a hollow-core waveguide can also be reduced. It 

is also shown here that by using a novel slot-type electrode, the differential loss of the higher order modes can be 

significantly increased to reduce mode hopping. Finally, simple guided-wave devices such as power splitters and band-

pass filters are also presented here. The design approach used here can be extended to optimize not only THz waveguides 

but also more advanced guided-wave devices for future THz integrated circuits (TIC). 
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Abstract
We study the sensitivity of light dynamics to the inter-
nal phase of propagating pulses in the two types of PT -
symmetric models. The first is a waveguide array with an
embedded pair of waveguides with gain and loss, called
PT -coupler, and the second is a planar coupler which mod-
els a chain of PT -symmetric couplers. For the first model
we investigate the soliton scattering on the mode localized
on the coupler, while for second model we study the col-
lision of two breathers. For both models we find that the
light dynamics is sensitive to the internal phases of the in-
teracting pulses. Particularly, the PT -symmetry breaking
can take place or not, depending on the internal phases of
two signals having identical other parameters.

1. Introduction
Under the parity-time (PT ) symmetry constraint non-
Hermitian Hamiltonians can have an entirely real eigen-
value spectrum [1]. For optical structures the necessary
condition for the PT -symmetry of a Hamiltonian with a
complex potential, V (x), can be reduced to the condition
V (x) = V ∗(−x) [2] which can be realized by combining a
spatially symmetric profile of the refractive index with sym-
metrically positioned gain and loss regions. Photonic struc-
tures composed of coupled waveguides with loss and gain
offer new possibilities for shaping optical beams and pulses
compared to conservative structures. Such structures can be
designed as optical analogues of complex PT - symmetric
potentials, which can have a real spectrum corresponding
to the conservation of power for optical eigenmodes, how-
ever the beam dynamics can demonstrate unique features
distinct from conservative systems due to nontrivial wave
interference and phase transition effects [2]. Recently the
possibility of creation of PT -symmetric optical coupler,
a pair of waveguides with gain in one of them and loss in
another, was demonstrated experimentally [3, 4, 5].

In the present study we consider two models, one is the
waveguide array with an embedded PT -coupler and an-
other one is the chain of such couplers. For the first model
the problem of interaction of the soliton with the coupler

Figure 1: A scheme of optical waveguide array composed
of conservative waveguides with embedded PT -symmetric
pair of waveguides with gain and loss at j = 0, 1, corre-
spondingly, where j is the waveguide number.

is analysed and for the second model we investigate the
outcome of breather-breather collisions. In both cases we
focus on the effect of the internal phases of the solitary
waves on the collision outcome and particularly on the PT
-symmetry breaking. Note that the non-trivial effects of the
solitary wave phases on their collision outcomes have been
reported for the conservative nonlinear Shrödinger equa-
tion [6, 7, 8].

2. Array of optical waveguides with
embedded PT -symmetric element

Firstly, we consider a chain of coupled optical waveg-
uides with an embedded pair of PT -symmetric waveguides
schematically shown in Fig. 1. Light propagating through
the waveguide array can be described by the following set
of discrete nonlinear Shrödinger equations,

i
daj
dz

+ C1aj−1 + C1aj+1 + |aj |2aj = 0, j 6= 0, 1, (1)

i
da0
dz

+ iρa0 + C1a−1 + C2a1 + |a0|2a0 = 0, (2)

i
da1
dz
− iρa1 + C2a0 + C1a2 + |a1|2a1 = 0, (3)

where z is the propagation coordinate along the waveg-
uides, C1 and C2 are the coupling constants describing the
interaction between waveguides, ρ is the gain-loss coef-



ficient, aj are the optical mode amplitudes, and j is the
waveguide number. This model was studied in our recent
works [9, 10, 11]. In the present study we focus on the
effect of phase sensitivity of light dynamics in this model.

Since the array is composed of conservative waveg-
uides on either sides of the PT -coupler, far from the de-
fect Eqs. (1) admit conventional approximate solutions for
self-localized beams (solitons) that can propagate through
the waveguide array [12, 13] for j < 0 and j > 1,

aj = Asech[δ(j − j0 − 2C1vz)]e
i[v(j−j0)+βsz+α], (4)

where A defines the soliton amplitude, δ = A
√
γ/2C1

is the inverse width, v is the normalized velocity, βs =
(δ2−v2+2)C1 is the propagation constant, j0 is the initial
position, and α is the initial phase of the soliton. For con-
servative systems, it is known that it is possible to flexibly
control the soliton scattering by exciting a localized mode at
a defect [14, 15]. The study of interaction between a soliton
and a localized mode in the model with gain and loss may
lead to new effects.

Properties of the mode localized on thePT -coupler can
be determined analytically in the linear regime [9]. The
modes exist for C1 < C2, and their profiles are found from
the linearized system (1) as

aj(z) = Bq−j exp(−iβlz), j ≤ 0,

aj(z) = Bqj−1 exp(−iβlz + iϕ), j ≥ 1,
(5)

where

βl1,2 = ±
(
ρ2 − C1

2 − 1
) (

1− ρ2
)−1/2

C2,

q2 =
1

q1
= −

βl1,2
2C1

+

(
β2
l1,2

4C2
1

− 1

)1/2

ϕ1 = − arcsin ρ, ϕ2 = π + arcsin ρ.

(6)

Here B is the mode amplitude and βl is the propagation
constant. For C2 < C1 the localized mode is not supported
because its propagation constant lies within the spectrum of
extended plane waves of the waveguide array surrounding
the PT -coupler.

In order to obtain high-amplitude localized modes, we
use a special numerical procedure. We start from the ini-
tial conditions defined by Eq. (5) to excite a low-amplitude
mode, and then pump it up by setting in Eq. (1) the gain
coefficient equal to −(ρ + ε) and the loss coefficient equal
to (ρ − ε), where ε > 0 is a small quantity. Thus, the
gain will exceed the loss, and the energy of the localized
mode will grow. This way we have got modes with ampli-
tudes B = {1.2, 1.4, 1.6, 1.89}, for the model parameters
C1 = 2, C2 = 4, ρ = 1.5, which were obtained by setting
ε = 0.0025 and the initial conditions defined by Eq. (5)
with βl = −4.787, q = 0.54, ϕ = −0.38, and B = 1. We
find that the modes with B > 1.89 are unstable due to the
nonlinear PT -symmetry breaking, similar to an instability
in an isolated nonlinear PT -coupler [16]. The parameters
of the incident soliton are chosen as follows: A = 0.5,
j0 = −50v, and βs = 3.65.
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Figure 2: Change of the localized mode energy due to the
interaction with the soliton, Nlm, as the function of the ini-
tial phase of the incident soliton, α. The model parame-
ters are C1 = 2, C2 = 4, and ρ = 1.5; soliton ampli-
tude is A = 0.5. Thick and thin lines correspond to the
soliton incident from the left (v = 0.5) and from the right
(v = −0.5), respectively. The initial amplitude of the lo-
calized mode, B, is indicated by labels.

We revealed that the interaction of the soliton with the
localized mode can result in PT -symmetry breaking or in
a stable dynamics depending only on the internal phases
of the two considered modes. To study this effect in more
detail we define the parameter Nlm as a ratio of the lo-
calized mode energy after the passing of the soliton to its
initial value. We find that Nlm depends on the initial soli-
ton phase, α. Figure 2(a) shows the dependence of Nlm
on α for the localized mode with the amplitude B = 1.2.
Thick and thin lines show the results for the soliton inci-
dent from the left (v = 0.5) and from the right (v = −0.5),
respectively. In Fig. 2(b) Nlm is shown as a function of
α for the localized modes with the amplitudes B = 1.4,
B = 1.6, and B = 1.89 for the soliton moving from the
left (v = 0.5). For the soliton moving from the right, the
interaction with the high-amplitude localized mode leads
to PT -symmetry breaking (the fact that the PT -symmetry
breaking occurs for smaller values of the localized mode
amplitudes in the case when the incident soliton firstly hits
the element with gain does not seem surprising).

As follows from Fig. 2, the interaction of the soliton
with the localized mode depends on the parameters of the
mode and the soliton in a nontrivial way. In particular, for
the localized mode amplitude B = 1.4, there exists a range
of the soliton initial phase, α, where the PT -symmetry
breaking occurs and the mode energy diverges.

In practice it is difficult to control the phases of the
soliton and the localized mode at the time of interaction.
In such circumstances, for the known signal amplitudes
and soliton velocity one can only estimate the probability
of PT -symmetry breaking considering the phases are ho-
mogeneously distributed random variables. Let us discuss
the probabilistic approach to the investigation of interaction
between two breathers propagating in the model of planar
PT -coupler.

2



Figure 3: A scheme of the planar PT -coupler. The red
waveguide undergoes gain and the blue one loss.

2.1. Interaction of breathers in the model of planar
PT -coupler

Similar effect of phase sensitivity is observed in the model
of planar PT -symmetric coupler schematically shown in
Fig. 3.

We notice that this model can be treated as a continuum
limit of the chain of PT -symmetric couplers which was
studied in several works [17, 18, 19, 20, 21].

Light dynamics governed by the following pair of non-
linear Shrödinger equations

iut + uxx + 2|u|2u = −v + iρu,

ivt + vxx + 2|v|2v = −u− iρv. (7)

Here t stands for the spatial coordinate, while x for the
transverse one, ρ > 0 is a gain/loss coefficient, |u|2 and |v|2
define light intensity. In the work [21] it was demonstrated
that this model supports the breather solutions propagating
without noticeable changes in their profiles along the t co-
ordinate. It was found that the initial conditions for a static
breather can be taken in the form

u(t) = a+ b, v(t) = eiθb− e−iθa,
a =
√
ε[A0 + εA1 +O(ε2)],

b =
√
ε[B0 + εB1 +O(ε2)], (8)

where

A0 =
e−i(ω0−ε)t
√
3

sech
(√
ε(x− x0)

)
×[

1− ε

102ω0

(
6 + sech(x− x0)2

)]
,

B0 =
ei(ω0+ε)t

√
3

sech
(√
ε(x− x0)

)
×[

1 +
ε

102ω0

(
6 + sech(x− x0)2

)]
,

A1 =
eiεt

6
√
3ω0

sech3
(√
ε(x− x0)

)
×[

ei(3ω0t+2θ) − 4iρe−i(3ω0t+θ)
]
,

B1 = − eiεt

6
√
3ω0

sech3
(√
ε(x− x0)

)
×[

4iρei(3ω0t+2θ) + e−i(3ω0t+θ)
]
,

θ = arcsin ρ, ω0 = cos θ. (9)

Here ε defines the breather amplitude, x0 is the initial
breather position. Using the Galilean transformation it is
possible to obtain from (9) a moving breather solution.

If the PT -symmetry breaking transition happens, one
can say that all the information in the system is lost. It is
thus important to study the conditions when such transition
takes place.

The breather solution is more general then the soli-
ton one and we will study the interaction between two
breathers. We consider a simple case when the two
breathers have equal amplitudes and opposite velocities.
For our simulations we fix x0 = ±22.136 and take the
absolute value for breather velocities V = 2. The period
of amplitude oscillation of breather, T = π/ω0, is divided
into 24 equal parts and we do simulations for each value
of t from this set. Thus we carry out 576 simulations to
cover all possible phases of breather collisions. In Fig. 4
one can see the result of breather collisions for the ampli-
tudes A =

√
ε = 0.3, 0.4, 0.5 and for ρ = 0.5, 0.7, 0.9.

The abscissa and the ordinate indicate the numbers i and j,
respectively, defining the initial value of the left and right
breathers as follows tleft = i T24 and tright = j T24 . Black
points show the parameters for which the PT -symmetry
braking does not take place, while the white ones stand for
the PT -symmetry breaking. We have also considered the
cases when the gain/loss coefficient is ρ = 0.1, 0.3 and for
all three considered values of the breather amplitude, we
found that the PT - symmetry breaking does not take place.

3



Figure 4: White areas of the initial breather phases wherePT -symmetry breaking takes place for different breather amplitudes
and different values of the gain/loss parameter. The numbers i and j define the initial value of the left and right breathers as
follows tleft = i T24 and tright = j T24 .

4



Figure 5: Probability of PT -symmetry breaking as the
function of ρ for the three studied values of the breather
amplitude.

Using the obtained results we estimate the probability
ofPT -symmetry breaking for the collision of two breathers
as the function of gain/loss coefficient ρ for the three stud-
ied breather amplitudes (see Fig. 5). Here we assume that
phases of breathers are homogeneously distributed random
variables. Thus the probability of the PT -symmetry break-
ing, Pr, is equal to the ratio of the white area in Fig. 2 to
the whole area.

3. Conclusions
In this paper we investigate the effect of phase sensitivity of
light dynamics propagating in the PT -symmetric lattices.
In contrast to the conservative structures, in the studied sys-
tems the interaction of signals can lead not only to some en-
ergy exchange between them but also to the PT -symmetry
breaking, which is undesirable for information transmission
systems. Using two model systems as examples we demon-
strated that the interaction between signals has probabilistic
nature. The probability of the PT -symmetry breaking was
estimated numerically.
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Abstract
A one dimensional, parity-time (PT )-symmetric magnetic
metamaterial comprising split-ring resonators having both
gain and loss is investigated. In the linear regime, the tran-
sition from the exact to the brokenPT -phase is determined
through the calculation of the eigenfrequency spectrum for
two different configurations; the one with equidistant split-
rings and the other with the split-rings forming a binary pat-
terns (PT dimer chain). The latter system features a two-
band, gapped spectrum with its shape determined by the
gain and loss coefficients as well as the inter-element cou-
pling. In the presense of nonlinearity, thePT dimer chain
configuration with balanced gain and loss supports nonlin-
ear localized modes in the form of a novel type of discrete
breathers below the lower branch of the linear spectrum.
These breathers, that can be excited from a weak applied
magnetic field by frequency chirping, can be subsequently
driven solely by the gain for very long times. The effect of
a small imbalance between gain and loss is also considered.
Fundamendal gain-driven breathers occupy both sites of a
dimer, while their energy is almost equally partitioned be-
tween the two split-rings, the one with gain and the other
with loss. We also introduce a model equation for the in-
vestigation of classicalPT symmetry in zero dimensions,
realized by a simple harmonic oscillator with matched time-
dependent gain and loss that exhibits a transition from os-
illatory to diverging motion. This behavior is similar to a
transition from the exact to the brokenPT phase in higher-
dimensionalPT − symmetric systems. A stability condi-
tion relating the parameters of the problem is obtained in
the case of piecewise constant gain/loss function that al-
lows the construction of a phase diagram with alternating
stable and unstable regions.

1. Introduction

The investigation of artificial materials whose properties
can be tailored has recently attracted a lot of attention. Con-
siderable research effort has been invested in the develope-
ment of artificial structures that exhibit properties not found
in nature. Two recent and well known paradigms are the
metamaterials, that provide full access to all four quad-
rants of the real permittivity - permeability plane [1], and
the parity - time (PT ) symmetric systems, whose proper-
ties rely on a delicate balance between gain and loss. The

latter belong to a class of ’synthetic’ materials that do not
obey separately the parity (P) and time (T ) symmetries but
instead they do exhibit a combinedPT symmetry. The
ideas and notions ofPT −symmetric systems have their
roots in quantum mechanics wherePT −symmetric Hamil-
tonians have been studied for many years [2]. The notion
of PT symmetry has been recently extended to dynami-
cal lattices, particularly in optics, where photonic lattices
combining gain and loss elements offer new possibilities for
shaping optical beams and pulses. Soon after the develope-
ment of the theory ofPT −symmetric optical lattices [3, 4],
thePT −symmetry breaking was experimentally observed
[5, 6, 7]. Naturally, such considerations have also been ex-
tended to nonlinear lattices [8, 9] and oligomers [10], and
PT −related phenomena like unidirectional optical trans-
port [11], unidirectional invisibility [12], and Talbot ef-
fects [13] were theoretically demonstrated. Moreover, it has
been shown that optical solitons [8, 14, 15, 16], nonlinear
modes [17], and breathers [18, 19] may also be supported
by PT −symmetric systems. Moreover, the application of
these ideas in electronic circuits [20], not only provides a
platform for testingPT −related ideas within the frame-
work of easily accessible experimental configurations, but
also provides a direct link to metamaterials whose elements
can be modeled with equivalent electrical circuits.

Conventional metamaterials comprising resonant
metallic elements operate close to their resonance fre-
quency where unfortunately the losses are untolerably
high anid hamper any possibility for their use in device
applications. The pathways to overcome losses are either
to replace the metallic parts with superconducting ones
[21] or to construct active metamaterials by incorporating
active constituents that provide gain through external
energy sourses. The latter has been recently recognized
as a very promising technique for compensating losses
[22, 23]. A particular electronic component that may
provide both gain and nonlinearity in a metamaterial is
the tunnel (Esaki) diode which features a current-voltage
characteristic with a negative resistance part [24]. Left-
handed transmission lines with successful implementation
of Esaki diodes have been recently realized [25], although
other electronic components may be employed as well
for loss compensation [26]. Thus, the fabrication of
PT −symmetric metamaterials with balanced gain and loss



is feasible with the present technology in the microwaves,
combining highly conducting split-ring resonators (SRRs)
and negative resistance devices in a way similar to that in
electrical circuits [20]. In this prospect, the SRR equivalent
circuit parameters and the bias of the negative resistance
device sould be properly adjusted to provide gain and equal
amount of loss as well as real eigenfrequencies in a finite
frequency range of the gain/loss parameter.

In the following we present a one-dimensional, discrete,
equivalent circuit model for an array of SRRs with alter-
natingly gain and loss in the two different configurations
(Section 2). In Section 3 we present linear eigenfrequency
spectra for systems with small number of SRRs and we
obtained the relation that provides the eigefrequencies for
large systems. It is shown thatPT −symmetric metama-
terials undergo spontaneous symmetry breaking from the
exactPT phase (real eigenfrequencies) to the brokenPT
phase (at least a pair of complex eigenfrequencies), with
variation of the gain/loss coefficient. In Section 4, where
nonlinearity becomes important, the generation of long-
lived nonlinear excitations in the form of discrete breathers
(DBs) [27] is demonstrated numerically. These novel gain-
driven DBs result by a purely dynamical proccess, through
the matching of the input power through the gain mecha-
nism and internal loss. In Section 5 we introduce a model
PT −symmetric system in zero dimensions, realized by a
harmonic oscillator with balanced time-periodic gain and
loss, that exhibits extraordinaryproperties and multiplecrit-
ical (phase transition) points. Section 6 contains the conclu-
sions.

L

C DU
R

Figure 1: Electrical equivalent circuit for a split-ring res-
onator loaded with a tunnel (Esaki) diode.

2. Equivalent circuit modelling and Dynamic
Equations

Consider a metalic split-ring resonator (SRR) that can be re-
garded as anRLC electrical circuit featuring Ohmic resis-
tanceR, inductanceL, and capacitanceC. A tunnel (Esaki)
diode [24] is connected in parallel with the capacitanceC
of the SRR (Fig. 1) forming thus a nonlinear metamate-
rial element with gain. Esaki diodes exhibit a well defined
negative resistance region in their current-voltage charac-
teristics that has a characteristic′N ′ shape. A bias volt-
age applied to the diode can move its operation point in the
negative resistance region and then the SRR-diode system

M

H(t)

Figure 2: (Color online) Schematic of aPT −symmetric
metadimer comprising two tunnel diode-loaded SRRs in
an alternating magnetic fieldH(t). The SRRs are coupled
magnetically through their mutual inductanceM . Different
bias in the diodes may create a balanced gain/loss structure.

gains energy from the source.

E Eλ λ

λ E λ E

Mλ, Mλ, 

Mλ, Mλ, ’ ’

SRR with Loss SRR with Gain

H

Figure 3: (Color online) Schematic of a one-dimensional
PT −symmetric metamaterial. Upper panel: all the SRRs
are equidistant. Lower panel: the separation between SRRs
is modulated according to a binary pattern (PT dimer
chain). The applied field is such that the magnetic com-
ponent is perpendicular to the plane of the split-ring res-
onators.

A metadimer comprising two SRRs loaded with tunnel
diodes in an external alternating magnetic field is shown
in Fig. 2. The equivalent circuit parametersR, C, and
L of the SRRs and the bias in the diodes have been ad-
justed so that: (i) the two elements have the same eigen-
frequencies; (ii) one of the SRRs has gain while the other
has equal amount of loss. Then, the pair of SRRs is a
PT −symmetric metadimer, that may be employed for the
construction of one-dimensionalPT −symmetric metama-
terials, which moreover are nonlinear due to the tunnel
diodes. The alternating magnetic field induces an electro-
motive force in each SRR due to Faraday’s law which in
turn produce currents that couple the SRRs magnetically
through their mutual inductanceM (Fig. 2). The coupling
strength between SRRs is rather weak due to the nature of
their interaction (magnetoinductive), and has been calcu-
lated accurately by several authors [28, 29]. The SRRs may
also be coupled electrically, through the electric dipolesthat
develop in their slits. Thus, in the general case one has
to consider both magnetic and electric coupling between

2
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Figure 4: (Color online) Frequency eigenvalues of the free
PT −symmetric SRR array as a function of the gain/loss
parameterγ for λE = 0, λM = −0.1, and (a)N = 2; (b)
N = 4; (c) N = 8; (d) N = 16. The arrows indicate the
critical point γc for the exact-to-brokenPT phase transi-
tion. Only the real eigenfrequencies is shown for clarity.

SRRs. However, for particular relative orientations of the
SRR slits the magnetic interaction is dominant, while the
electric interaction can be neglected in a first approximation
[30, 31, 32]. As can be seen in Fig. 3, thePT −symmetric
metadimers can be arranged in a one-dimensional lattice in
two distinct configurations; one with all the SRRs equidis-
tant and the other with the SRRs forming aPT dimer chain.

Within the framework of the equivalent circuit model,
a set of discrete differential equations have been used to
describe the dynamics in nonlinear magnetic metamate-
rials [33, 34, 35, 29]. Takining into account the binary
structure of thePT dimer chain, the dynamics of the
PT −symmetric metamaterial with balanced gain and loss
is governed by the equations [19] (in normalized form)

λ′

M q̈2n + q̈2n+1 + λM q̈2n+2

+λ′

Eq2n + q2n+1 + λEq2n+2

+αq2
2n+1 + βq3

2n+1 + γq̇2n+1 = ε0 sin(Ωτ) (1)

λM q̈2n−1 + q̈2n + λ′

M q̈2n+1

+λEq2n−1 + q2n + λ′

Eq2n+1

+αq2
2n + βq3

2n − γq̇2n = ε0 sin(Ωτ) (2)

whereλM , λ′
M andλE , λ′

E are the magnetic and electric
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Figure 5: (Color online) Frequency eigenvalues of the free
PT −symmetric dimer chain as a function of the gain/loss
parameterγ for λE = λ′

E = 0, λM = −0.1, λM = −0.05,
and (a)N = 2; (b) N = 4; (c) N = 8; (d) N = 16.
The arrows indicate the critical pointγc for the exact-to-
brokenPT phase transition. Only the real eigenfrequencies
is shown for clarity.

coupling coefficients, respectively, withλE,M > λ′
E,M and

λE,Mλ′
E,M > 0, α andβ are dimensionless nonlinear coef-

ficients,γ is the gain/loss coefficient (γ > 0), ε0 is the am-
plitude of the external driving voltage, whileΩ andτ are
the driving frequency and temporal variable, respectively,
normalized to the inductive-capacitive (LC) resonance fre-
quencyω0 and inverseLC resonance frequencyω−1

0 , re-
spectively,ω0 = 1/

√
LC0 with C0 being the linear capac-

itance. The values selected for the nonlinear coefficients
α = −0.4, β = 0.08 are typical for a diode and they pro-
vide a soft on-site nonlinear potential. They can be obtained
from a Taylor expansion of the capacitance to voltage rela-
tion of an equivalent circuit diode model, that gives a very
good approximation for weakly driven systems [36, 35].

3. Linear Eigenfrequency Spectra and
Critical Point

In order to obtain the critical value ofγ = γc that separates
the exactPT −phase, where all the eigenvalues are real,
from the brokenPT −phase, where at least a pair of eigen-
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Figure 6: (Color online) Dependence of the critical
gain/loss parameter valueγc on the number of SRRs,N ,
for magnetically coupled SRRs in both the equidistant and
dimer chain configuration. The black squares and the red
diamonds have been calculated for the former configura-
tion with λM = −0.1 andλM = −0.05, respectively. The
green circles have been calculated for the latter configura-
tion with λM = −0.1, λ′

M = −0.05. The lines serve as a
guide to the eye.

values is complex, we calculate the frequency spectrum.
This is a straightforward procedure for systems with rela-
tively small number of SRRs; the roots of the determinant
of the linearized Eqs. (1) and (2) forε0 = 0 are obtained
with a root-finding algorithm and then plotted against the
gain/loss parameterγ. In Figs. 4 and 5, the real eigen-
frequencies ofPT −symmetric metamaterials in both con-
figurations are shown as a function ofγ, while the arrows
indicate the critical pointγc in each case. Thus, forγ < γc

all eigenvalues are real, while in the opposite case at least
a pair of eigenvalues has become complex. As we can see
from the figures, forγ > γc more and more eigenfrequency
pairs become complex with increasingγ, until they all be-
come complex for a particular value ofγ. Moreover, as we
can see from an inspection of Figs. 4 and 5, obtained for
the equidistant SRR configuration and thePT dimer chain,
respectively, the value ofγc decreases rapidly with increas-
ing number of SRRsN for the former configuration, while
it tends to a constant value for the latter configuration. This
can be seen more clearly in Fig. 6, where the critical point
γc is plotted as a function ofN for both configurations.
For the curves corresponding to equidistant SRRs (corre-
sponding to two different values of the magnetic coupling
coefficientλM ) we see thatγc is smaller as the magnetic
coupling coefficientλM lowers. However, in both curves
corresponding to equidistant SRRs the value of the critical
point γc tends to zero with increasingN . In contrast, for
thePT dimer chain configuration, the value ofγc tends to
a constant finite value which approximatelly equals the ab-
solute difference of the magnetic coupling coefficientsλM

andλ′
M (see below).

For large systems, we can obtain a condition that de-
termines the critical pointγc as a function of the magnetic
coupling constant(s). In the standard way, we substitute into

the linearized Eqs. (1) and (2) forε0 = 0 the trial solutions

q2n = A exp[i(2nκ− Ωτ)], (3)

q2n+1 = B exp{i[(2n + 1)κ − Ωτ ]}, (4)

whereκ is the normalized wavevector. Then, by requesting
nontrivial solutions for the resulting stationary problem, we
obtain

Ω2
κ =

(

−b ±
√

b2 − 4ac
)

/(2a), (5)

where

a = 1 − (λM − λ′

M )2 − µκµ′

κ, (6)

b = γ2 − 2 [1 − (λE − λ′

E)(λM − λ′

M )]

+εκµ′

κ + ε′κµκ, (7)

c = 1 − (λE − λ′

E)2 − εκε′κ, (8)

and εκ = 2λE cos(κ), ε′κ = 2λ′
E cos(κ), µκ =

2λM cos(κ), µ′
κ = 2λ′

M cos(κ). In the following, we ne-
glect the electric coupling between SRRs, i.e.,λE = λ′

E =
0, for simplicity. Then, Eq. (5) reduces to

Ω2
κ =

2 − γ2 ±
√

γ4 − 2γ2 + (λM − λ′
M )2 + µκµ′

κ

2(1 − (λM − λ′
M )2 − µκµ′

κ)
. (9)

The condition for having realΩκ for anyκ then reads

cos2(κ) ≥ γ2(2 − γ2) − (λM − λ′
M )2

4λMλ′
M

. (10)

It is easy to see that forλM = λ′
M corresponding to the

equidistant SRR configuration, the earlier condition cannot
be satisfied for allκ’s for any positive value of the gain/loss
coefficientγ, implying that a largePT −symmetric SRR
array (Fig. 3, upper panel) will be in the broken phase. To
the contrary, forλM 6= λ′

M , i.e., for aPT dimer chain (Fig.
3, lower panel), the above condition is satisfied for allκ’s
for γ ≤ γc ≃ |λM − λ′

M |, (γ4 ≃ 0). In the exact phase
(γ < γc), thePT −symmetric dimer array has a gapped
spectrum with two frequency bands, as shown in Fig. 7.
The width of the gap separating the bands decreases with
decreasing|λM − λ′

M | for fixed γ. For γ ≃ γc the gap
closes, some frequencies in the spectrum acquire an imag-
inary part and thePT metamaterial enters into the broken
phase. Note that the gain/loss coefficientγ has little effect
on the dispersion curves of thePT dimer chain (compare
with the dotted curves whereγ is set to zero), as long as the
sign in front ofγ alternates from one SRR to another.

4. Gain-Driven Breather Excitations

For a gapped linear spectrum, large amplitude linear modes
become unstable in the presence of driving and nonlinear-
ity. If the curvature of the dispersion curve in the region
of such a mode is positive and the lattice potential is soft,
large amplitude modes become unstable with respect to for-
mation of DBs in the gap below the linear spectrum [37].
For the parameters used in Fig. 7, the bottom of the lower
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Figure 7: (Color online) Frequency bands for a
PT −symmetric dimer chain with balanced gain and loss
for λM = −0.17, λ′

M = −0.10, andγ = 0.05 (black solid
curves);γ = 0 (red dotted curves). The gaps are indicated
in green (dark) color.

band is located atΩ0 ≃ 0.887, where the curvature is pos-
itive. The corresponding period at the bottom of the lower
band isT0 = 2π/Ω0. Moreover, the SRRs are subjected
to soft on-site potentials for the selected values of the non-
linear coefficientsα andβ. Then, DBs can be generated
spontaneously by a frequency chirped alternating driver;
after turning off the driver, the breathers are driven solely
by gain. A similar procedure has been applied succesfuly
to lossy nonlinear metamaterials with a binary structure
[34, 38, 39] The results are illustrated in Figs. 8 and 9,
where the case of a slight imbalance between gain and loss
and its effect on breather generation has been also consid-
ered. In these figures, a density plot of the local energyEn

of a PT −symmetric metamaterial is shown on then − τ
plane for two different values of the driving amplitudeε0.

In the following, the integration of Eqs. (1) and (2) im-
plemented with the boundary condition

q0(τ) = qN+1(τ) = 0, (11)

that accounts for the termination of the structure in finite
systems, is performed with a 4th order Runge-Kutta algo-
rithm with fixed time-step. In order to prevent instabili-
ties that will result in divergence of the energy at particular
sites in finite time, we consider a longer dimer chain with
total number of SRRsN + 2Nℓ; then we replace the gain
with equivalent amount of loss at exactlyNℓ SRRs at each
end of the extended chain. In other words, we embed the
PT −symmetric dimer chain into a geometrically identical
lossy chain, in order to help the excess energy to go smothly
away during evolution living behind stable (or at least very
long-lived) breather structures.

We use the following procedure described in detail in
Ref. [19]:
• At time τ = 0, we start integrating Eqs. (1) and (2) from
zero initial state without external driving for500 T0 ≃ 3500
time units (t.u.) to allow for significant developement of
large amplitude modes.

• At time τ ≃ 3500 t.u. the driver is switched-on with low-
amplitudeε0 and frequency slightly aboveΩ0 (1.01 Ω0 ≃
0.894). The frequency is then chirped downwards with time
to induce instability for the next10600 t.u. (∼ 1500 T0),
until it is well below Ω0 (0.997 Ω0 ≃ 0.882). During
that phase, a large number of excitations are generated that
move and strongly interact to each other, eventually merg-
ing into a small number of high amplitude breathers and
multi-breathers.

• At time τ ≃ 14100 t.u. (point A on Figs. 8 and 9),
the driver is switched off and the DBs that have formed
are solely driven by the gain. They continue to interact for
some time until they reach an apparently stationary state
and get trapped at particular sites. The high density seg-
ments between the points A and C in Figs. 8 and 9 precisely
depict those gain-driven DB structures.

• At time τ ∼ 440000 t.u. (point C on Figs. 8 and 9),
the gain is replaced everywhere by equal amount of loss,
and the breathers die out rapidly. Note that the above pro-
cedure of breather generation is very sensitive to parameter
variations of the external fields. Even though the values of
the driving amplitudes in Figs. 8 and 9 are rather close
(i.e., ε0 = 0.085 and 0.095, respectively), the breather
structures as well as their numbers are different. In Fig.
8(b), in the balanced gain/loss case, we observe two distinct
structures that have been formed that correspond to a rel-
atively high amplitude multi-breather and a low amplitude
breather. These structures remain stationary during the long
time interval they have been followed (> 56000 T0). In
Figs. 8(a) and 8(c), gain and loss are not perfectly matched;
in Fig. 8(a) loss exceeds gain by a small amount while in
in Fig. 8(c) gain exceeds loss by the same small amount.
Notably, breather excitations may still be formed through
the frequency chirping procedure in the presence of a small
amount of either net gain or net loss. Indeed, as we may
observe comparing Figs. 8(a) and 8(c) with Fig. 8(b),
the same structures are formed [except the low amplitude
breather that is not visible in Fig. 8(c)]. However, both in
Figs. 8(a) and 8(c) we can see a slow gradual widening of
the high amplitude multibreather: when loss exceeds gain
the multibreather losses its energy at a low rate, with its ex-
cited sites that are closer to its end-points gradually falling
down to a low amplitude state. Similarly, when gain ex-
ceeds loss, the high amplitude multibreather slowly gains
energy and becomes wider. In both cases, breather destruc-
tion will take place in a time-scale that depends exponen-
tially on the gain/loss imbalance. Thus, in an experimental
situation, where gain/loss balance is only approximate, it
will be still possible to observe breathers at relatively short
time-scales. Similar observations hold for Fig. 9 as well.
In this figure, we observe three relatively high amplitude
multibreather structures that are formed both in the bal-
anced and the imbalanced case. Here we also observe that
instabilities may appear after long time intervals of appar-
ently stationary breather evolution as well. Whenever this
happens, they start moving through the lattice until they get
once more trapped at different lattice sites. In Fig. 9(b)
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Figure 8: (Color online) Spatiotemporal evolution of the
energy densityEn for aPT −symmetric dimer chain with
N = 70, Nℓ = 10, Ω0 = 0.887, γ = 0.002, λM = −0.17,
λ′

M = −0.10 (λE = λ′
E = 0), ε0 = 0.085, γ = 0.002

and (a) excess loss0.2%; (b) balanced case; (c) excess gain
0.2%.

such an instability appears between200000 − 250000 t.u.
for the two narrower multibreather structures. The one of
them gets trapped a few tenths lattice sites away from its
previous position, while the other (the narrowest) collides
and it is absorbed by the wide multibreather located atn 50.

5. Classical PT −Symmetry in Zero
Dimensions

In the classical domain, in all cases ofPT −symmetric sys-
tems investigated so far, the combination of time-reversal
and parity symmetries is utilized: In a given time-evolution
if we reverse time while ”reflecting” position and momen-
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Figure 9: (Color online) Spatiotemporal evolution of the
energy densityEn for aPT −symmetric dimer chain with
N = 70, Nℓ = 10, Ω0 = 0.887, γ = 0.002, λM = −0.17,
λ′

M = −0.10 (λE = λ′
E = 0), ε0 = 0.095, γ = 0.002

and (a) excess loss0.2%; (b) balanced case; (c) excess gain
0.2%.

tum, we must retrace the original path. The parity operation
requires that the system is extended either in continuous or
discrete space in order to be able to perform this operation.
We show here that this is not necessary and that the features
of thePT -symmetric systems can be preserved in ”zero”
dimensions where the parity symmetry is trivial.

We consider the following simple harmonic oscillator:

ẍ + 2θ(t)ẋ + ω2
0x = 0, (12)

wherex ≡ x(t) is the equilibrium dislacement of a mass
(the charge in anRLC cirquit), ω0 the resonant oscillator
frequency whileθ(t) is a time-dependent ”damping” term;
bothω0 andθ(t) are scaled to the mass (impedance of the
circuit). We takeθ(t) to be periodic with periodT , viz.
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θ(t + T ) = θ(t) while its values may be both positive
and negative, i.e., for some part of the period the oscilla-
tor experiences damping while in the rest of the period time
amplification, or anti-damping. We investigate the osillator
evolution after long time and the stability of the motion. In-
stead of adressing a general periodic functionθ(t) we focus
on a simple form that makes the problem readily solvable,
viz. we take

θ(t) =

{

+γ if 0 ≤ t < τ1;
−γ if τ1 ≤ t < τ2.

(13)

whereT = τ1 + τ2 and taking the plus (minus) sign in
front of the coefficientγ (γ is defined as a positive con-
stant,γ > 0, that may assume any value between zero and
unity) we have in the first (second) part of the cycle loss
(gain). With this form of piecewise constant functionθ(t)
we can easily solve Eq. (12) for the loss (L) segment of
time durationτ1 and gain (G) segment of durationτ2. The
form of Eq. (13) permits to view the problem as mapping of
the position-velocity vector at a given time to the position-
velocity vector at a later time; if in the begining of the gain
(loss) period (assumingt = 0) we have position and veloc-
ity equal to(x0, ẋ0). Then after the evolution during time
τ (τ1 or τ2, respectively) we obtain:

(

x
ẋ

)

= MG/L(τ)

(

x0

ẋ0

)

(14)

where for gain we have

MG(τ1) =
eγτ1

δ
×

(

δ cos δτ1 − γ sin δτ1 sin δτ1

−ω2
0 sin δτ1 δ cos δτ1 + γ sin δτ1

)

(15)

and for the loss respectively

ML(τ1) =
e−γτ2

δ
×

(

δ cos δτ2 + γ sin δτ2 sin δτ2

−ω2
0 sin δτ2 δ cos δτ1 − γ sin δτ2

)

(16)

whereδ =
√

ω2
0 − γ2. Using the mapping, we may obtain

long time evolution afterN periodsT as a repetitive appli-
cation of the matricesMG(τ1) andML(τ2) to an arbitraty
initial state (x0, ẋ0). Since the matricesML/G(τ)e±γτ

are unimodular, the long time evolution with be dominated
by the exponetial termexp[Nγ(τ1 − τ2)]; this leads triv-
ially to exponential growth (τ1 > τ2) or exponential decay
(τ1 < τ2). As a result we consider the more interesting
case withτ1 = τ2 = τ ≡ T/2; in this case the gain and
loss power is perfectly matched during the periodT . The
combined propagation matrix after one period (assuming
first gain) is simplyM(T ) = ML(τ)MG(τ), i.e.,‘

M(T ) =
1

δ2

(

M11 M12

M21 M22

)

(17)
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Figure 10: (Color online) Phase diagram on theγ− τ plane
for the harmonic oscillator with time-dependent ”damping”
term, obtained from Eq. (27). The stability region is indi-
cated in blue (dark) color.

whereMij are given by

M11 = −γ2 + ω2
0 cos(2φ), (18)

M12 = +2 sinφ(δ cosφ + γ sin φ) (19)

M21 = −2ω2
0 sinφ(δ cosφ − γ sin φ) (20)

M22 = −γ2 + ω2
0 cos(2φ) (21)

andφ = δτ ≡ δT/2. The matrixM is clearly also uni-
modular with eigenvalueseiµ ande−iµ; since the trace of a
matrix is invariant we find

cosµ =
−γ2 + ω2

0 cos 2φ

δ2
. (22)

Stability Equation.- Eq. (22) can be re written as

cosµ =
1 − B2 cos 2φ

1 − B2
= 1 +

2B2 sin2 φ

1 − B2
(23)

with B = ω0

γ . In order to have stable motion it is necessary

that| cosµ| ≤ 1, or−1 ≤ 1 + 2B2
sin

2 φ
1−B2 ≥ 1, leading to

−2 ≤ 2B2 sin2 φ

1 − B2
≤ 1 (24)

Eq. (24) has solutions only for|B| > 1 or |γ| < ω0, for
ω0 > 0; in the latter case we find

| cosφ| ≥
∣

∣

∣

∣

γ

ω0

∣

∣

∣

∣

(25)

The range thus of allowed values for the angleφ (γ > 0) is
γ

ω0

≤ cosφ ≤ 1

−1 ≤ cosφ ≤ − γ

ω0

(26)

We note that there are multiple allowed solutions marked by
the the linescosφ = ±γ/ω0, i.e., for the three parameters
of the problemγ, T = 2τ andω0 the transcedental equation

cos(δτ) =

{

+ γ
ω0

for 2nπ − π/2 < δτ < 2nπ + π/2;

− γ
ω0

for 2πn + π/2 < δτ < 2πn + 3π/2,
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wheren = 0,±1,±2, .., marks the onset of the transition
from stable to unstable evolution. This is the equivalent to
thePT transition from the exact (stable) to the broken (un-
stable) phace in this zero-dimensional problem. Using Eq.
(25) we construct aPT phase diagram on theτ − γ plane
(Fig. 10), where the blue (dark) color indicates regions of
stability. If we fix one of the parameters, variation of the
other drives the oscillator through alternatingly stable and
unstable regions, as can be readily observed from Fig. 10.
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Figure 11: (Color online) Density plot of the logarithm of
the frequency spectra ofx(t), y = log10{PS[x(t)]}, as a
function of γ. The discrete frequency components of the
spectra for each value ofγ are indicated with blue (darker)
color.

Introducing the frequencyω = 2π/T ≡ π/τ we define
the reduced parametersΩ = ω/ω0 andγ̃ = γ/ω0. Then,
the equation that controls the stability regions becomes

∣

∣

∣

∣

∣

cos

[

π
√

1 − γ2

Ω

]∣

∣

∣

∣

∣

= γ, (27)

where the tilde has been dropped. Eq. (27) has solutions
for |γ| < 1; for different reduced frequenciesΩ we ob-
tain different number of solutions of the earlier equation,
the number of the latter icreases with decreasing frequency
ω. Once we have the solutions of Eq. (27) we can find the
regimes of stability and instability. Consider the resonant
caseΩ = 1 where the external frequency of gain/loss alter-
nation matches the self-frequency of the oscillator. Besides
the trivial solution atγ = 0, numerical solution of Eq. (27)
givesγ1 ≈ 0.676 so that the stable region is in the range
0 ≤ γ ≤ γ1. ForΩ = 0.5 the corresponding solutions are
γ1 ≈ 0.54, γ2 ≈ 0.80, andγ3 ≈ 0.90 with two stability
regions, i.e.,0 ≤ γ ≤ γ1 andγ2 ≤ γ ≤ γ3.

The stable solutions of Eq. (12) as a function of time
t are in general quasi-periodic oscillations whose spectral
content varies both withτ andγ. For an illustration, we
consider a particular value ofτ , i.e., τ = 2π (Ω = 0.5)
for which the boundaries of the stability regions have been
calculated. For the interval with relatively low values of

γ, 0 ≤ γ ≤ γ1 ≃ 0.54, that is more physically relevant,
we present a density plot of the logarithm of the frequency
spectra ofx(t), y = log10{PS[x(t)]}, as a function ofγ
(Fig. 11). In this figure, the discrete frequency compo-
nents of the spectra for each value ofγ are indicated in dark
(blue) color. Forγ = 0 and very close to zero, the only
frequency appearing in the spectrum is the eigenfrequency
of the oscillatorΩ ≃ 1. With increasingγ, the frequency
components atΩ ≃ 1 ± 0.5 become more and more im-
portant. At aboutγ = 0.15 these half-integer frequency
components start spliting into pairs of frequencies that are
symmetric around the half-integer values. The separation
between these pairs increases with further increasingγ, and
the frequency components from neighboring pairs come
closer and closer together until they eventually merge for
γ approaching its critical value0.54.

6. Conclusions

We have investigated theoretically aPT −symmetric non-
linear metamaterial relying on gain and loss. Eigen-
frequency spectra for linearized systems of either small
and largeN and two different configurations were calcu-
lated and the critical pointsγc were determined. Large
PT −symmetric metamaterials with the dimer chain con-
figuration exhibit phase transitions for the exact to the bro-
ken PT −symmetry phase, while largePT −symmetric
metamaterials with the equidistant SRR configuration are
always in the brokenPT phase.

In the presence of nonlinearity, we have demonstrated
numerically the aPT −symmetric dimer chain supports
localized excitations in the form of discrete breathers.
Breathers are excited by a purely dynamical process, with
a frequency chirped external magnetic field that induces in-
stability in a zero initial state. Subsequently, the nonlin-
earity focuses energy around points that have acquired high
amplitude leading to the formation of localized structures.
The external field is then switched off and those localized
structures are then solely driven by the gain, the excess en-
ergy lives the system through its lossy parts at the ends,
leading eventually to breather generation.

Remarkably, slight imbalance between gain and loss
does not destroy the breathers instantly; they can stiil be
generated through the frequency chirping procedure and
they can be regarded as stationary for relatively short time
intervals. In the long term, the imbalanced breathers ei-
ther gain constantly energy and diverge or lose constantly
energy and vanish. The time-scale for the latter events de-
pends exponentially from the amount of imbalance.

We have introduced a ”zero-dimensional”PT system
that can be realized by a harmonic oscillator with a ”damp-
ing” term that provides balanced gain and loss, through al-
ternation of the sign of the damping coefficient. We con-
sider a piecewise linear gain/loss function and obtain a sta-
bility condition, i.e., a relation between the parameters of
the problem. We thus obtain a ”phase diagram” with pa-
rameter regions where oscillatory (stable) motion and di-
verging (unstable) motion occur. BY crossing the stability
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boundary marks the onset of the transition from stable to
unstable evolution that is equivalent to thePT transition
from the exact to the broken phase in this zero-dimensional
problem.
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Abstract 

Metal island films (MIF) are good candidates for sensors 

due to environment refractive index sensitive localized 
surface plasmon resonance (SPR). The strong near field 

enhancement in the vicinity of the island surface can be 

even higher if metal layer (ML) is placed close to MIF. 

Structures containing MIF with and without ML are 

prepared and sensitivities of spectrophotometric and 

ellipsometric features of the measurements compared. It is 

shown that simple MIF is preferable for ellipsometric and 

the one including ML for spectrophotometric sensing. 

1. Introduction 

Metal island films, consisting of two-dimensional ensembles 

of metal particles deposited on a substrate, have strong 

potential for plasmonic biosensing. SPR of isolated particles 

is highly sensitive to refractive index changes of the 

environment, enabling to detect presence of different 

analytes [1]. MIFs are attractive candidates for the 
production of performance- and cost-efficient sensors. For 

this reason, sensing using MIF is typically based on shift of 

the maximum of the SPR band upon changes of dielectric 

environment. In addition, the strong near field enhancement 

taking place close to the island surface, allows amplification 

of Raman signal [2] or infrared absorption [3] of closely 

located molecules. The near field enhancement is largest for 

very small particles and inter-particle distances, which are 

typically few nanometers in the case of MIF. Strong 

coupling between SPR of metal nanoparticles and 

propagating surface plasmon of a nearby metal film 

(polariton), enhances this electric near field largely [4-6]. 

This work compares sensitivity of MIF-based plasmonic 

structures, consisting of a single MIF layer or including a 

compact ML nearby MIF, to the quantity of dielectric 

material surrounding the metal nanoparticles. 

2. Experimental 

The samples were prepared by electron beam evaporation in 

a modified Varian 3117 chamber. The quartz substrates were 

positioned onto a rotating calotte to ensure a uniform 

thickness of the layers over the sample surface. Base 

pressure was 6 · 10
−6

 Torr. Prior to the deposition of Au 

island film the samples were preheated to 250
o
C to enhance 

metal island growth [7, 8]. Mass thickness of the layers was 

controlled by a quartz crystal monitor. Deposition rates were 

10Å/s for SiO2 and 1Å/s for Au.  

The first type of sample structure is 
quartz/MIF/SiO2 (MIF* serial) and the second 

quartz/Au/SiO2/MIF/SiO2 (AuMIF* serial). These samples 

are designed to test the sensing potential of MIF, as they 

would simulate the effect of adsorbed analyte layers at MIF. 

The samples within one serial differ in the mass thickness of 

capping SiO2 layer (dcapp), that was 3, 6, 9 and 12 nm. 

Additional samples having structure quartz/MIF, quartz/Au, 

quartz/Au/SiO2 and quartz/Au/SiO2/MIF were deposited as 

well. The mass thickness of compact Au ML is 70 nm and of 

the spacer SiO2 layer between ML and MIF is 12 nm. All the 

corresponding layers are prepared in the same electron beam 

deposition process. Therefore, their thicknesses and optical 

parameters in the both structures are assumed to be the 

same. 

Spectroscopic (reflectance R and transmittance T) 

and ellipsometric measurements of the two series of 

samples are analysed. R and T are measured in the range 

300-1100 nm at Prkin Elmer Lambda 25 Spectrometer, and 

ellipsometric functions Ψ and Δ in the range 4.35-0.57 eV 

(that corresponds to 285-2175 nm), at incidence angles 25
o
, 

45
o
, 55

o
, 65

o
 and 80

o
 at Woollam VASE Ellipsometer. 

Additionally, T is measured at ellipsometer in the same 

range as Ψ and Δ, at normal incidence. 

3. Modeling and characterization 

It has been shown in a previous study that Au metal island 

films deposited in the same conditions as here have 

dimensions that are much smaller than the wavelength of the 

performed measurements [7]. For this reason it is not 

expected significant scattering. Therefore, in the analysis of 

the spectral characteristics, absorptance A defined as A=1-T-

R was included as well.  

MIF layers of the studied samples contain not only 
Au metal islands, but also SiO2 from the capping layer that 

fills the space between the islands. The samples having 

structure quartz/Au, and quartz/Au/SiO2 were analyzed as 

first. The obtained optical constants and thicknesses of Au 

layer and SiO2 under layer were used as known parameters 

in modelling of the rest of the samples.   

In order to obtain thicknesses and optical 

parameters of the layers, the measurements were analyzed 

by WVASE32 software.  Since the optical parameters of 
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MIF are influenced by the parameters of the dielectric 

environment, it was expected that they would change with 

dcapp. For this reason the MIF and the capping layer were 

modelled as one effective layer (see Fig.1.). The optical 

parameters of dielectric constants (real and imaginary ε1 and 

ε2) of this layer were modelled with a sum of Gauss 

oscillators [8]. Variation of the constants with dcapp of each 

model was monitored. 

The maxima or minima in the spectra having significant 

central wavelength (λo) shift or change of the intensity (Io) 

with dcapp were analysed. Sensitivity was calculated as 

Sx=dx/dd, where x denotes λo or Io of the spectral features 

and d is mass thickness of SiO2 deposited above Au islands. 

 

 

 
 
 

 
 

Figure 1. Schematic presentation of a MIF* sample 

consisting of  Au island film covered with capping SiO2 

layer (a) and the corresponding model used in optical 

characterization (b). 

4. Results and discussion 

The spectra originating from spectrophotometric and 

ellipsometric measurements are presented in Fig.2 and 

Fig.3. These spectra show that Io and λo of the peaks are 

significantly changing with dcapp. Dielectric constants of 

MIF layers obtained as the result of optical characterization 

based on ellipsometric measurements are presented in Fig.4.  
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Figure 2. Spectrometric measurements showing characteristic change of spectra due to increase of dcapp. Measurements of 

Au/SiO2 and Au/SiO2/MIF are presented for comparison. 
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Figure 3. The changes of cosΔ(65

o
) with dcapp. 

 

The calculated sensitivities are presented in Tab.1. 

and Tab.2. In order to compare intensity sensitivities SI of 

different measurements, they were all normalized to 0-100% 

scale. Quantity Ic is defined as Ic = sin2ΨcosΔ, that is really 

measured by ellipsometer. The changes of cosΔ(65
o
) with 

dcapp are presented in Fig. 4.  

It is found that AuMIF
*
 serial transmittance peak 

shift sensitivity Sλ0(TAuMIF*) is higher than the one of MIF*. 

Since T measurements are simple and widely available, this 

makes AuMIF* structure more practical for sensing 

purposes. Sλ0(AAuMIF*) also shows higher value than the one 

of MIF
*
. However, Sλ0 (RMIF*) has the highest sensitivity of 

all the spectrometric measurements. Generally, SI shows 

lower values for this kind of measurements than Sλ0. 
SI(AuMIF*) is higher than SI(MIF*). Regarding 

ellipsometric measurements, shift sensitivities of MIF* are 

significantly higher than for AuMIF*. In the case of SI the 

situation is opposite. However, comparing shift and 

intensity sensitivities obtained from ellipsometry, SI values 

are lower. Dielectric functions ε1 and ε2 obtained from 

optical characterization based on ellipsometric 

measurements show high values of Sλo(MIF*), having SI 

higher than those resulting from AuMIF*.  

 Quantities the most sensitive to spectral shift are 

shown to be cosΔ(65
o
) and Ic(65

o
), both obtained for 

ellipsometric measurements of MIF*. High sensitivity of Δ 

function in this case originates from the fact that generally it 

is sensitive to properties of surfaces [9]. It means that it 

carries the information about the very surface of the sample, 

which corresponds to MIF covered with capping SiO2. 

Contrary to this, R or Ψ, for example, are dominated with 
intrinsic properties of the sample [10, 11]. Corresponding 

measurements performed at other angles do not show so 

high change of Δ as for 65
o
. This shows the importance of 

choosing the angle having the highest sensitivity for the 

measurements. 

 High spectral shift sensitivities originate from the 

expected sensitivity of SPR to the change of the 

environment. This is confirmed by high values of Sλ0 (ε1, ε2) 

of MIF*. On the contrary, spectral shifts of AuMIF* 

dielectric permittivity are poor. One possible explanation 

might be that the coupling of localized surface plasmon in 
MIF and surface polariton in ML is screening the influence 

of change of environment to SPR by its strength. In this 

case increasing the distance between MIF and ML, by 

thicker spacer, the coupling should become weaker [4]. 

Modelling of the studied structures of samples could check 

for the optimal design of the proposed sensors. 
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Figure 4. Dielectric functions of MIF layers obtained as the 

result of optical characterization based on ellipsometric 

measurements. 
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Table 1: Sensitivities of the measurements 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2: Sensitivities of dielectric permittivities obtained from optical characterization 

 Sλo SIo (nm
-1

) 

MIF* AuMIF* MIF* AuMIF* 

ε1 2.77 0.56 0.2 -0.12 

ε2 2.24 < 0.1 < 0.1 -0.10 

     

5. Conclusions 

Overall, AuMIF* structure is preferable for sensing in 

the case of spectrometric measurements, while ellipsometric 

measurements give advantage to MIF* structure having high 

values of spectral shift sensitivity. These results offer a 

guideline for design of MIF based sensing structures 

depending on the availability of optical measurements.  
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) 
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o
) 1.28 1.11 < 0.1 < 0.1 
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o
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o
) 0.58 1.25 0.16 0.65 
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Abstract Optical properties of nanomaterials such as semiconductor and metal quantum 
dots are important for sensor and photovoltaic applications. They often show quantum size 
effects. We report on optical, microscopic and AFM investigations on bulk and single 
quantum objects. Of special interest is the investigation of Ag metal nanoaggregates 
formed in zeolites or self-aggregated assemblies from organic dyes and semiconductor 
quantum dots. The synthesis of fluorescent silver nanoparticles with a size diameter of 
about 1 nm using a silver (I) carboxylate and zeolite Y is presented. Here, the defined 
structure of the zeolite serves both as size directing and stabilizing. The Ag aggregates in 
the zeolite cages exhibit fluorescence even after storage under ambient conditions for 
almost one year. In addition, single Ag particles could be investigated outside the cages by 
fluorescence microscopy. This introduces highly sensitive tool with respect to sensor 
applications. With respect to photovoltaic applications energy transfer among the 
constituents of heterogeneous nanomaterials is of great importance. Extension into the UV 
regime is established via the chemical surface functionalization of ZnSe quantum dots 
(QDs) with fluorescent styrylpyridine dyes, the formation of which has a strong effect on 
the optical properties of both, the QDs and the dye. 
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1. Introduction 
 

In many areas of science, such as biomedical technology, industrial and food processing, healthcare 
and environmental monitoring, a demand exists for optical sensors with high sensitivity and ease of 
handling [1-4]. Among these are fluorescent probes which can be investigated easily by different optical 
techniques with high sensitivity and which have been already applied in the fields of chemical sensing 
and biosensing [5-7]. Therefore, the development of new effective (e.g. photostable, high quantum 
yield, large Stokes shift) fluorescent probes is still an attractive topic. Organic dyes and recently 
developed semiconductor quantum dots (QDs) are very promising as fluorescence probes but are limited 
by several characteristics. Fluorescent dyes exist in a variety of organic chemical structures and optical 
properties but suffer from low absorption cross section and tend to photobleach especially in presence 
of oxygen [8-9]. QDs show high quantum yields and absorption cross sections, size-tunable narrow 
emissions and minimal photobleach. However, they are limited by their harsh and toxic conditions in 
the synthesis and their large physical size which may hinder their use for in-vivo applications and as 
fluorescent reporters of binding events [10-12]. It is a challenge to develop new fluorophores without 
these problems. Because of their non-toxicity, photostability, high emission rates and large Stokes 
shifts, few-atom silver nanoparticles offer a new class of promising fluorescenct probes. We report on a 
precise size control via zeolite template assisted synthesis and the optical and microscopic identification 
of single Ag nanoparticles. 

 
While Ag particles might serve as efficient non-toxic fluorescent probes, colloidal semiconductor 
nanocrystals offer due to their structural or chemical composition and surface functionalization a large 
manifold of modifications with respect to their (tunable) optical properties. Semiconductor nanocrystals, 
also known as quantum dots (QDs), have been extensively investigated over the past several decades 
due to their unique and excellent optical properties, such as size-dependent photoluminescence (PL) 
with high PL quantum yield, narrow emission profiles, and good resistance to photo degradation [13-
18]. These properties have made QDs interesting candidates for applications in various fields, including 
optoelectronics and sensors such as bio-imaging, LEDs, and displays [19-25]. Avoiding toxic Cd as 
component is essential in sensors for biological application. Therefore, the development of non-toxic 
and water soluble quantum dots is a challenge. ZnSe would be an interesting candidate for those 
applications. To amplify the optical properties of ZnSe QDs, the surface of them can be functionalised 
with suitable fluorescent dyes. For this purpose, pyridine ring containing dyes are especially usefull 
because the electron density of the lone electron pair at the nitrogen of the pyridine ring is sufficient to 
bind at the ZnSe surface, as has been shown previously for CdSe or CdSe/ZnS [26, 27]. We report for 
the first time on ZnSe based QD-dye nanoassemblies and demonstrate the modification of the optical 
properties of such systems. 
 
2. Experimental 
  

2.1 Synthesis of Ag particles 
 
Zeolite Y (H.C. Starck; H-form; SiO2/Al2O3 ratio ~ 90), AgNO3 (Acros; 99+ %), HO2C(CH2OCH2)3H 

(Sigma-Aldrich 90+ %) and triethylamine (Sigma-Aldrich 99+ %) were used without further 
purification. All used solvents were redistilled over appropriate drying agents prior to use. The silver(I) 
precursor [AgO2C(CH2OCH2)3H] was synthesized according to literature by the reaction of silver 
nitrate with 2-[2-(2-methoxyethoxy)-ethoxy]acetic acid in presence of NEt3 in a mixture of 
ethanol/acetonitrile (20:1 (v/v)) at ambient temperature [26]. An amount of 1 g zeolite Y (H form) was 
heated at 180 °C for 2 h under vacuum to remove water adsorbed in the pores of the material. 
Subsequently, the zeolite was loaded with [AgO2C(CH2OCH2)3H] by incipient wetness impregnation. 
Therefore, 100 mg of the silver complex was dissolved in a small amount of dichloromethane (2 ml) and 
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added drop-wise via syringe to the zeolite which was placed in an evacuated Schlenk vessel. After 
shaking for 12 h, the zeolite was dried under vacuum at ambient temperature before it was heated to 
about 280 °C for 2 h. The obtained powder was dispersed in water and treated with ultrasonic (55 W, 15 
min) to remove silver particles grown at the external surface. A formation of silver oxide can be 
excluded since it decomposes at temperatures higher than 230 °C. 

 
2.2 Formation of QD-dye nanoassemblies 
 

    All used solvents were redistilled over appropriate drying agents prior to use. All commercial organic 
compounds were used without further purification. For synthesis of styrylpyridines or styrylquinolines 
benzoylchloride (1 mmol) was added to a solution of pyridine or lepidine (1 mmol) in 3 ml toluene. 
After stirring for 20 min benzaldehyde (1 mmol) was added and the mixture was stirred under reflux for 
5 h. After cooling to room temperature, 10% NaOH solution in water (2 ml) was added drop-wise. The 
resulting precipitate was filtered off and recrystallised from ethanol to afford the product. 

QD-dye aggregates have been obtained by titration experiments. To a solution of ZnSe QDs in 
toluene (2.5·10-5

 mol/l) a defined amount of the respective dye solution (in toluene) was added (with 
concentrations ranging from 1·10-5 mol/l to 1.2·10-4 mol/l). Each mixture was investigated by 
fluorescence experiments.  
 

2.3 Characterization 
 
UV/Vis spectra were recorded for Ag particles in reflection on a Zeiss multi-channel spectrometer 

system MCS 601/CLD using a deuterium lamp (210-620 nm) and a CLX 75W/Sch xenon lamp (290 -
900 nm) as light sources. Fluorescence spectroscopy was performed at a FluoroMax®-4 spectrometer 
from HORIBA Jobin Yvon (cuvette d=10 mm). 1H and 13H spectra of dye molecules in solution were 
measured at room temperature with a Bruker Avance 250 spectrometer at 250 and 69.9 MHz 
respectively. Elemental analyses were performed with a Vario-EL-analyser. Diffuse reflectance IR 
Fourier transform (DRIFT) spectra were recorded using a BIORAD FTS 165 spectrometer with a 
praying mantis device. The samples were mixed with dry KBr. Pure potassium bromide was used as 
reference. Differential Scanning Calorimetry analyses were performed with a DSC 30 from Mettler 
Toledo under nitrogen flow (50 ml/min) with a heating rate of 10 K/min. 

Thermogravimetry (TG) and mass spectrometry were carried out with a Mettler Toledo TGA/DSC 1 
HT simultaneous thermal analyzer. Measurements were carried out in the temperature range from 40 to 
600 °C with a heating rate of 10 K min-1 in an atmosphere of argon (20 ml/min). Atomic Force 
Microscope (AFM) investigations revealed a diameter of 1nm for the isolated Ag clusters. 

Transmission electron microscopy (TEM) images were obtained with a 200 kV Philips CM20 FEG 
transmission electron microscope. For sample preparation, a copper grid (Ø = 3.0 mm) was dipped into 
a water suspension of the zeolite powder with embedded silver particles and kept under atmospheric 
conditions for drying before usage. Scanning electron microscopy (SEM) was performed on a 
NanoNovaSEM (Philips) with a Schottky Field Emission Gun. 

For investigations of individual Ag particles a home-built wide field microscope was used [27]. The 
sample was excited with the 514 nm line of an argon/krypton-ion laser (Coherent, Innova 70C). For 
this, the laser beam was focused on the backfocal plane of a 100x objective with a numerical aperture of 
NA = 0.9 (Zeiss, Epiplan Neofluar). The emitted light of the tracers was collected by the same objective 
and focused via a lens (focal length 250 mm) onto a back-illuminated electron multiplying charge-
coupled device (EMCCD) camera (Princeton instruments, PentaMax, cooled down to -30 °C) in the 
frame-transfer mode, which was used as a photon detector. The fluorescence signal of the particles is 
separated from backscattered excitation light using a dichroic beamsplitter and a long pass filter. 

Laser scanning measurements were performed with a Zeiss LSM 510 (excitation at 488 nm). For this 
the powder was depositet on silicon wafer with 100 nm thermally grown SiO2 from water solution by 
evaporation. 

 3. Results and discussion 
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3.1 Formation of silver aggregates in zeolite cages 

 
Different routes for synthesizing silver nanoparticles are described in literature. In most cases these 

particles are prepared in solution by the addition of reducing- and stabilizing agents which prevent the 
formation of aggregates [28-32]. Lin et al also described the synthesis of silver nanoparticles without 
further reducing agents by electrochemical means [33]. But this method requires a fairly elaborate setup 
and the obtained nanoparticles were stable for only 7 days. The formation of silver nanoparticles on and 
within silica and their anti-bacterial and catalytic effect is also reported [34, 35]. However, in most 
cases an additional reducing agent is indispensable and the control of size is still a challenge. 

Fluorescent nanoparticles with a diameter between 1 and 2 nm could be simply synthesized without 
additional reducing agents by using the silver(I) carboxylate [AgO2C(CH2OCH2)3H] as precursor and 
zeolite Y. The defined structure of the zeolite serves both as size director and a stabilizer for the silver 
nanoparticles (Scheme 1) [36, 37]. 

 
 

Scheme 1 Structure of faujasite (zeolite Y) consisting of [SiO4]
4� and [AlO4]

3� tetrahedra, linked by 
oxygen atoms [36] 

The thermal conversion process of the silver (I) complex inside the zeolite Y was investigated by 
thermogravimetric analysis (TG) (Fig. 1). 

  

 
 

Fig. 1 TG traces for the thermal heating of the silver (I) complex, zeolite Y, and zeolite Y containing 
about 10 wt%  of  the silver precursor ([AgO2C(CH2OCH2)3H]) 

A first weight loss appears at about 100 °C for the pure zeolite Y (weight loss of about 20 %) and 
zeolite loaded with the precursor (weight loss of about 6 %). Zeolites are hygroscopic materials often 
used as drying agents. Therefore, this first weight loss is assigned to adsorbed water due to a short 
storage under ambient conditions prior to the TG measurements. The thermal degradation of the 
precursor inside the zeolite occurs between 200 and 300 °C (second weight loss of about 6 %) and is in 
the same region of the pure silver (I) complex. Additional mass spectrometry analyses for the zeolite Y 
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loaded with silver (I) carboxylate confirmed previous findings of a thermal decomposition of pure 
[AgO2C(CH2OCH2)3H] where the main fragments were CH3

+ (m/z = 15), CH4
+ (m/z = 16), CO+ (m/z = 

28), CHO+ (m/z = 29) and CO2
+ (m/z = 44) [26]. Note that a m/z of 44 could also be assigned to 

fragments from the glycol units of the complex (C2H4O
+). Comparable to the pure silver (I) complex, 

the mass loss of the precursor inside the zeolite was also about 60 %, which is in accordance with the 
theoretical percentage calculated for the formation of elemental silver (37.8 %). With respect to these 
findings, we conclude that the zeolite matrix does not affect the thermal behavior of the silver (I) 
carboxylate.  

The formation of metallic silver was confirmed by electron diffraction (see supporting information). 
As the SEM image shows, the size distribution of the zeolite is in the range of several µm, while the 
encapsulated silver particles are mostly between 1 �and� 2 nm diameter as shown by TEM 
investigations. This agrees with the inner pore diameter of the zeolite Y (Fig. 2). Even after treatment 
with ultrasonic in order to remove larger aggregated silver particles, a few particles in the range of 5-15 
nm are still present at the surface. Further studies to investigate the stability of the hybrid material were 
performed via dialysis for 1 week in ultrapure water. We observed that a small percentage of silver 
nanoparticles could be washed out while the main part remains in the zeolite. However, these silver 
nanoparticles could be deposited onto a silicon wafer from solution and were investigated via atomic 
force microscopy (AFM). By this, a particle size of about 1 nm was confirmed (see supporting 
information). 

  

 
 

Fig. 2 SEM (left) and TEM (right) images of zeolite powder with encapsulated silver particles 

The obtained powders are yellow to brownish and show a strong fluorescence under the UV 
excitation (UV lamp with 8 W;  = 254 nm). Although the size-dependent behavior of silver 
nanoparticles is not fully understood it is clear that the emission originates from particles consisting of 
only a few Agatoms [38]. In silver nanoparticles the motion of electrons is restricted and interactions 
are expected to be influenced by the surface. The resulting optical properties are determined by 
collective oscillations of conduction electrons by interaction with light which is called “surface plasmon 
resonance”. A further reduction in size to few-atom nanoparticles results in discrete energy levels. This 
allows the interaction with light by electronic transitions between these energy levels. 
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Fig. 3 UV/Vis absorption spectrum of silver nanoparticles encapsulated in zeolite Y 

The UV/Vis absorption spectrum shows two bands at 270 and 305 nm and a broad plasmon resonance 
band at 385 nm, which is typical for spherical silver nanoparticles (Fig. 3) [39]. The two bands at 270 
and 305 nm can be assigned to small silver nanoparticles consisting of only several atoms with respect 
to the atomic radius of silver (Ø = 0.288 nm) and previously reported absorption spectra of such silver 
clusters (Agn cluster with n ≤ 9) which were investigated in cryogenic inert gas matrices [40]. Similar 
UV/Vis absorption bands of Ag8 and Ag9 were found in the same region. However, different matrices 
will lead to shifts of the absorption bands as there is a strong influence on the cluster stabilization 
energy, geometrical structure of the embedded clusters and oscillator strength of different transitions. 
Nevertheless, strong UV/Vis absorption bands should still be in a similar range while much weaker 
bands are also found in the visible range. Analog observations are reported for silver clusters embedded 
in mordenite or erionite channels which were formed by reduction of silver ions in a H2 flow [41]. 
Referring to Harbich et al., those optical transitions are associated to the s-electrons which is in contrast 
to other metals (Au and Cu) which show a strong coupling of d-electrons [40]. 

It is known that plasmonic metal nanoparticles strongly absorb light but generally they do not 
fluoresce or only very weakly. In the present case we observe a strong emission in the range between 
400 and 600 nm. The recorded excitation spectrum, which belongs to the emission at 465 nm, clearly 
shows that this emission originates from the few-atom silver particles (Fig. 4). The excitation spectrum 
does not correspond directly to the absorption spectrum (Fig. 3). Neither the UV nor the plasmon 
absorption is pronounced in excitation. Additionally, there is a strong Stokes-shift between excitation 
and emission. This can be understood by taken recent investigations on Ag-clusters into account which 
show absorption over a broad range changing with size and structure. The fluorescence is extremely red 
shifted, since absorbed photons cascade down to the lowest energy level [40, 42]. 

 

 
Fig. 4 Excitation and emission spectra of silver nanoparticles encapsulated in zeolite Y (suspension in 
water) 
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Investigation with laser scanning microscopy showed a non-regular spatial distribution of the silver 
nanoparticles within the zeolite matrix (see Fig. 5). In addition, individual silver nanoparticles could be 
further investigated by fluorescence microscopy. Therefore, the powder was suspended in ultrapure 
water (1 mg/4 ml) and spin-coated onto a silicon wafer with 100 nm thermally grown SiO2 at 3000 rpm. 
These particles were excited with a 514 nm laser beam (500 mW).  The fluorescence was imaged onto a 
CCD camera. Using a 530 nm long pass filter the fluorescence was separated from the excitation light. 
As a result, only emission above 530 nm according to size and structure of a sub-ensemble of Ag 
clusters could be observed. 

 

 
 

Fig. 5 Representative image of a large zeolite particle from laser scanning microscope (blue area: 
reflection; red area: fluorescence) 

Fig. 6 shows a typical image taken with the wide field fluorescence microscope, where photoblinking 
behavior of the individual particles was observed. Most of the diffraction limited spots displayed 
blinking that persisted over a long period (several seconds to minutes) of observation. Similarly, 
Lakowicz et al. reported about silver nanostructures deposited on glass that showed luminescence 
blinking when excited at high irradiance [43]. They found small silver fractal surfaces photoactivated at 
much lower irradiances (<30 W/cm2), as compared to both colloids and silver island films coated on 
glass (>100 W/cm2).  

 
 

Fig. 6 Representative image taken with a wide field fluorescence microscope. The marked area shows a 
single particle blinking in intensity and the related time-trace 
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This aspect further supports our findings about the small few-atom nanoparticles within the zeolite 
matrix. In dependence of the excitation power we found that fluorescence could already be observed at 
relatively low irradiance of about 10 W/cm2 (see supporting information). 

By illumination of the sample with high excitation power (Pex = 1mW) we further observed a 
photobleaching of the particle luminescence (see supporting information). This bleaching might be 
caused by laser-generated defects at the particle surfaces and was monitored as a function of time 
following a bi-exponential time dependence (see supporting information).  

Due to the sensitivity of silver against sulfur containing compounds, we further investigated the 
material by treatment with H2S for several hours. In expectation of obtaining silver sulfide nanoparticles 
with completely different optical characteristics, we observed that only the larger particles on  the 
zeolite surface were affected. The plasmon resonance band at 385 nm was not present in the UV/Vis 
spectrum after H2S treatment, while the absorption bands at 270 and 305 nm were still observed. In 
addition, the powder still shows fluorescence with a maximum at 450 nm which is slightly shifted 
hypsochromically with respect to the emission spectrum before H2S treatment (see supporting 
information). This behavior might be caused by adsorbed silver sulfide or H2S. Silver nanoparticles 
show strong response to the polarity of the surrounding medium which is reflected in solvato-
fluorochromic properties [44]. Therefore, we conclude that the as-synthesized silver nanoparticles 
consisting of only a few atoms are stabilized through the zeolite matrix which is supported by their 
optical properties after storage under ambient conditions as well as after treatment with H2S.  

 
3.2 Surface functionalization of ZnSe QDs with fluorescent styrylpyridine dyes 
 

QDs are usually stabilized with an organic layer of ligands to prevent aggregation. These ligands (often 
trioctylphosphine oxide (TOPO) or long chain amines and organic acids) play a key role during 
nanocrystal synthesis, as they form a monolayer (capping) that slows down crystal growth and stabilizes 
the nanocrystals in suspension [10, 11]. The improvement of photoluminescence efficiency [45], 
chemical reactivity [38], the formation of two-dimensional and three-dimensional aggregates [46, 47], 
and the attachment of quantum dots to surfaces is accessible by tuning the nature of the ligand [48]. 
Further studies were concerned with surface modifications to render QDs water soluble [49, 50]. 
Moreover, coating the surface of nanocrystals with organic dye molecules provides a new class of 
materials which will be important for photovoltaic, fluorescence markers in biological or medical 
applications or as LEDs [51, 52]. 

The intrinsic optical properties of ZnSe, used in the present experiment, are determined by the 
band gap energy (BGE) which is 2.7 eV as compared to CdS (2.42 eV), CdSe (1.73 eV), and CdTe 
(1.49 eV) [24, 25]. The larger BGE energy of ZnSe is of disadvantage for several optical applications as 
compared to analogous Cd compounds, because the UV/Vis absorption and emission of ZnSe occurs at 
higher energy in the visible spectrum (UV, blue to green). The empty Zn2+ sites on the surface of ZnSe 
are electron deficient which are able to interact with electron rich parts of a molecule. This concept is 
used to stabilize the quantum dots by such ligands which contain lone electron pairs suitable to enter the 
electron deficient sites on the surface of QDs. Accordingly, the choice of dyes for surface 
functionalisation of QDs is determined by their electronic properties of the active sites which should 
overcome the binding strength of the original ligands (oleic acid, TOPO) (see Scheme 2). Furthermore, 
it is desired that the interaction of the dye with the quantum dot surface is detectable by UV/Vis 
spectroscopy. A further rrequirement is that the UV/Vis emission of the linked dye is clearly separated 
from that of the ZnSe QDs. For this purpose, pyridine ring containing dyes are especially useful because 
the electron density of the lone electron pair at the nitrogen of the pyridine ring is sufficient to bind at 
the ZnSe surface, as has been shown previously for CdSe or CdSe/ZnS [27]. 
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Scheme 2 Schematic presentation of ligand exchange on a ZnSe QD surface using styrylpyridine 
molecules 

Therefore, several pyridyl substituted fluorescent dyes (4-(4-N,N-dimethylaminostyryl) pyridine 
(1), 4-(4-N,Ndiethylaminostyryl) pyridine (2), 4 
(4Bis(2hydroxyethyl)aminostyryl)pyridine (3), 4-(4-Bis(2-hydroxyethyl)styryl)quinoline 
(4), and 4-(4-N,Ndiethylaminostyryl)-2-hydroxyquinoline (5)) were used to functionalize the surface of 
ZnSe nanoparticles (see Scheme 3). The base strengths of styrylpyridines are slightly higher compared 
to that of pyridine itself which is known to be able to displace ligands such as TOPO or oleic acid from 
semiconductor nanocrystal surfaces [43].   

The formation of QD-dye assemblies via spontaneous adsorption of functional dye molecules on 
the surface of ZnSe nanocrystals is assumed to be a dynamic process during which the dye molecules 
and the originally ligands (oleic acid) are in rapid equilibrium. Advantageously, the pyridine moiety of 
those dyes is conjugated with the chromophoric system by which a surface functionalization of the QDs 
is directly and readily measurable by means of fluorescence spectroscopy. The pyridine ring is electron 
withdrawing. Its electron withdrawing strength is similar to that of nitrobenzene. Therefore, electron 
 
 

 
 
 
Scheme 3 Molecular structures of pyridyl functionalized dye molecules for ligand exchange reaction on 
ZnSe QD surfaces. 
 
donating substituents in the 4-position of the pyridine ring enhance the push-pull character. The Lewis 
acid attack of Zn2+ ions upon the lone electron pair of the nitrogen improves the electron withdrawing 
character of those dyes which is measurable by a bathochromic shift in the UV/Vis absorption and 
emission bands as seen by the model reaction of 1 with a Zn-salt (see Fig. 7). 
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Fig. 7 Influence on UV/Vis absorption- and emission band of 1 by complexation of Zn2+ ions in 
methanol (solid lines: UV/Vis absorption bands; broken lines: emission bands) 
 

Related to these features, a bond between the dye and the electron-poor metal atoms at the 
surface of ZnSe nanocrystals through the pyridyl ring reduces the electron density at the nitrogen 
heteroatom in a similar way, although not to the same extent, which leads to a slight increase of the 
push-pull character of the chromophor. As a consequence a bathochromic shift of the emission band is 
the result and could be simply observed by optical measurements (see Fig. 8). The emission maximum 
of  dye 1 in toluene is observed at 430 nm and shifted bathochromically by 16 nm upon titration to a 
ZnSe solution indicating the formation of dye-ZnSe nanoassembly. All used pyridyl substituted dyes 
except the quinoline derivative 4 show similar effects upon titration to a ZnSe solution, a bathochromic 
shift of 10 nm to 17 nm of the dye emission band (see Table 1 and supporting information). 
Simultaneously, a quenching of the nanocrystal photoluminescence which is assigned to an energy 
transfer from the Qd to the dye is observed.  
 

 
 
Fig. 8 Increase of Luminescence spectra of pure 1 (at 430 nm) and 1-ZnSe nanoassembly (at 446 nm) 
with increasing dye concentration (dotted to solid line) after titration to a ZnSe solution (2.5·10-5 mol/l) 
 
Table 1 Observed emission maxima of pure dye solution and dye/ZnSe nanoassemblies after excitation 
at 295 nm. 
 
 
 

Dye ZnSe(nm)a dye (nm)b dye/ZnSe(nm)c L(nm) 
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1 345 430 446 16

2 345 433 450 17

3 345 430 446 16

4 345 465 465 -

5 345 475 485 10
 
a emission maxima of ZnSe in toluene; b emission maxima of the dye in toluene; c emission maxima of the dye in  dye/ZnSe assemblies in 
toluene 
 

We note that the PL emission band of the ZnSe is not typical for QDs with respect to the 
structured band shape. This is attributed to several trap states due to non-uniformity of the particles 
(discussed in more detail in the supporting information). The two bands at longer wavelengths (345 and 
360 nm) are much more affected by due to quenching upon titration with dye solution as compared to 
the band at 330 nm which is well explained by the spectral overlap of ZnSe emission- and dye 
absorption bands (supporting information). This supports the hypothesis of excitation energy transfer 
from ZnSe particles to the surface-bonded dyes.  

The strongest shifts of the dye emission bands upon titration to ZnSe solution were observed for 
styrylpyridines 1 to 3 accompanied by a slight blue shift of the ZnSe emission band by about 6 nm 
which is still not fully understood. Dye 4 is not able to coordinate to the QD surface via the nitrogen 
hetero-atom due to steric hindrance (see Scheme 4). The annelated ring in quinoline derivatives plays a 
similar role as ortho-nitrogen in pyridine rings for which it is known that an adsorption onto QD  
surfaces des not take place due toi steric hindrance [27]. According to geometric reasons in the case of 
the styrylquinoline derivative 4, an anchoring of the nitrogen lone pair orbital can occur only for an 
orientation of the dye nearly parallel to the QD surface. From the absence of a bathochromic UV/Vis 
shift of the emission band in the latter case, we conclude that a parallel orientation of the dye with 
respect to the QD surface is not favored. Therefore, the observed quenching of the nanoparticles 
emission can only come through an interaction of the particle surface with the OH groups of the dye. 
While the assemblies of ZnSe nanoparticles and dye 3 were soluble in ethanol, we assume that the 
bonding proceeds via the nitrogen hetero atom and/or the free OH groups. This is not observed for dye 4 
which supports our suggestion of a preferred interaction between free OH groups of 4 and the QD 
surface. The introduction of an OH group in 2-position of the quinoline ring leads to a new type of 
styrylquinolines which seems to be able to form nanoassemblies with ZnSe QDs affecting the 
chromophoric system. The partially negative charged oxygen atom of 5 is able to interact with the ZnSe 
surface with less steric hindrance. However, this interaction between the oxygen and nanocrystal 
surface is only of weak nature compared to that of the stronger basic pyridyl nitrogen with ZnSe 
resulting in a weaker bathochromic shift of the emission band. 

 

 
 
Scheme 4 Different binding behavior of dyes 4 and 5 at the QD surface 
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4. Conclusions 
 

In summary, we presented a synthesis route for fluorescent silver nanoparticles via zeolite templates 
consisting of only a few atoms. Beside these, some larger silver particles in the range of 5 to about 15 
nm in diameter are present on the surface of the zeolite Y. For this reason, a significant plasmon 
resonance band is observed at 385 nm in the UV/Vis spectrum of the zeolite/Ag powder. Importantly, 
the silver particles were prepared without any additional reducing agents in the zeolite Y matrix by 
using a silver(I) carboxylate. Thereby, the structure of the inorganic matrix serves both as size director 
and as stabilizer. The obtained powders exhibit a detectable fluorescence even after storage under 
ambient conditions for several months (see supplement).  

The investigation of individual Ag clusters with sizes of about 1 nm via wide field microscopy 
showed a photoblinking in time domains of up to a few seconds, a time scale which is in most cases 
irrelevant with respect to biological applications [44]. Thus, both the synthetic route and the material 
itself show great potential for application in many research fields, such as biological imaging, optical 
sensing, and single-molecule studies. Especially the investigation of Ag nanoparticles with respect to 
excitation energy transfer is a promising perspective because the silica substrate might be further 
modified, for example with fluorescent dyes. 

With respect to excitation energy transfer in the UV range, we have presented a concept for the 
functionalisation of ZnSe QD surfaces with fluorescent pyridyl substituted dyes which affects both, the 
chemical and optical properties and therefore leads to new class of nanoassembled material. 
Advantageously, this process is readily detectable by means of fluorescence spectroscopy. In this 
regard, a variety of ZnSe–dye assemblies with high potential for application as LEDs or bioimaging 
sensors might be available via a very simple preparation route. The creation of white light emitting 
diodes by surface modification of QDs with fluorescent styrylpyridine dyes is, for example, an 
interesting field which will be further investigated. 

Concluding, we demonstrated that both metal and semiconductor nanoparticles are subject to 
modifications via the environment which results both in size selection and tuning of optical properties 
of (self-aggregated) nanoassemblies.  
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Abstract 

Room-temperature ferromagnetism was observed in Ge 

nanoparticles fabricated by different methods.  The magnitudes of 

the saturation magnetization in these samples were different from 

the other methods, but the largest saturation magnetizations were 

always measured in samples with smaller sizes and higher 

densities of Ge nanoparticles.  The saturation magnetization was 

determined by both the size and inter-particle distance of Ge 

nanoparticles.  

1. Introduction 

Nanoparticles due to size effect may exhibit properties different 

from their bulk counterpart.  By reducing the size of a material, 

degenerate energy bands split into discrete levels at the band edge 

which make nanoparticles possess different stable structures unlike 

their bulk materials.  The surface effect is also significant in 

nanoparticles due to their large surface to volume ratio.  Dangling 

bonds or unsaturated spins appeared inside the nanostructure or on 

the surface of nanoparticles may induce the un-expected 

magnetism.  Ferromagnetism observed in many non-magnetic 

materials, such metallic (Au and Pd) nanoparticles [1, 2], 

semiconductor (CdSe and GaN) nanoparticles [3, 4], and carbon 

nanostructures (nanofoam, graphene etc.) [5, 6], has been related 

to the structural defects, surface effect, charge transfer or quantum 

size effect.  However, magnetism in most nanoparticles is weak 

and below room temperature.  Semiconductors possessing large 

room temperature magnetism have long been pursued for their 

potential applications in spintronics. Room-temperature 

ferromagnetism in p-type Si single crystal wafers has been 

observed during ion implantation (50 KeV, Si and Ar) or neutron 

irradiation [7](Dubroca 2006).  Paramagnetic defects were 

believed to be one of the factors responsible for the observed 

magnetism.  Room-temperature ferromagnetism in Ge 

nanostructures and nanoparticles were reported recently [8].  The 

observed magnetism was attributed to the quantum size effect and 

the magnetic coupling among Ge nanoparticles. 
 

2. Experiments 

Ge nanoparticles with various sizes were fabricated by different 

methods, such as thermal evaporation, inert gas condensation and 

co-sputtering.  Densely packed two-dimensional layer of 

polystyrene nanospheres with sizes from 20 to 500 nm were used.  

High purity intrinsic Ge (6N) were used to fabricate nanoparticles 

with different sizes.  A low deposition rate of about 1 Å/min was 

operated in the thermal evaporation process at base pressures of 

about 1x10-7 Torr. Different helium pressures were used in inert 

gas condensation.  The argon gas pressure was kept at 5x10-3 Torr 

in co-sputtering. Different analytical tools, such as 

transmission electron microscopy (TEM), scanning electron 

microscopy (SEM) and atomic force microscope (AFM) 

were used to characterize the surface morphology and 

particle sizes.  Vibrating sample magnetometer (VSM) and super 

conducting quantum interference device (SQUID) were used to 

measure the magnetization of the nanoparticles at room 

temperature and low temperatures, respectively. 

3. Results and Discussion 

The rough surfaces covered with nanospheres provided 

unconventional templates for the island-like film growth.  The size 

of the islands (nanoparticles) was determined by the curvature of 

the nanosphere and the thickness of the film.  Ge nanoparticles 

were generated either on tops of or at the concaved spaces among 

nanospheres.  Fig. 1 shows the SEM images of 5 nm thick Ge 

films on different polystyrene nanospheres.  Most evaporated Ge 

films were covered the tops of nanospheres.  Parts of Ge vapor 

may pass through spaces among large nanospheres and directly 

deposited on the substrate.  Ge films may also accumulate on the 

concaved spaces among small nanospheres.  Continuous films 

were formed when the film was thick enough to cover both tops 

and concaved spaces.   

 

Fig. 1. SEM images of 5 nm Ge films on (a) 200 nm, (b) 

100 nm, (c) 50 nm and (d) 30 nm polystyrene nanospheres. 
 

The magnetic properties of the Ge nanosparticles were measured 

mainly with VSM at room-temperature since the transition 

temperatures of the Ge nanoparticles were over 300 oC.  SQUID 

was only used to measure the temperature dependence of the 

magnetization at low temperatures.  The diamagnetic contribution 

in the magnetic measurements was mainly come from the Si 

substrates.  Si substrates with nanospheres were also diamagnetic.  
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Ge layers directly deposited on Si substrates without nanospheres 

were also diamagnetic.  The diamagnetic contribution from the Si 

substrates and the nanospheres has been subtracted away from the 

magnetization loops for easy comparison.  Room temperature 

magnetization loops plotted versus the external magnetic field for 

samples with 5 nm thick Ge layers deposited on different 

polystyrene nanospheres were shown in fig. 2.  Hysteresis loops 

with small remanence and coercivity were clearly seen.  In the 

sample with 5 nm thick Ge layer on the nanospheres with a 20 nm 

in diameter, the remanent magnetization was only about 50 

emu/cm3 and the coercive field was only about 35 Oe.  The 

paramagnetic behavior may be attributed to the softness and the 

disorder of the magnetic moments in Ge nanoparticles. 

 

 
Fig. 2. M-H loops of Ge nanoparticles on different sizes of 

nanospheres and Si substrate. 
 

A plot of the summary of all samples with saturation 

magnetizations (room-temperature) versus the thickness of Ge 

layers deposited on different nanospheres (polystyrene) was shown 

in fig. 3.  It is clearly shown the majority of the Ge layers were 

non-magnetic.  Magnetism was only observed on few samples 

with thin Ge layers (< 10 nm) on small polystyrene nanospheres (< 

100 nm).  Thick Ge films always showed the diamagnetic property 

which may support us to rule out the inclusion of magnetic 

impurities.  It was also noticeable that the decline of the 

magnetism in Ge nanoparticles with layer thickness less than 5 nm 

on different polystyrene nanospheres with sizes less than 100 nm. 

 

Fig.3. Summary of saturation magnetizations of different thick Ge 

films on different sizes of nanospheres. 

 

Different Ge nanoparticles have also been collected in inert gas 

condensation method by adjusting the helium pressures.  In Fig. 4, 

the TEM plane view images show different sizes of Ge particles 

fabricated at different He pressures.  The Ge particles collected at 

high pressures (1 Torr) and at the center area of the copper plate 

were agglomerated into large particles with an average size over 

20 nm, as shown in Fig. 4(a).  Most of Ge particles were 

amorphous but parts of them were crystalline.  Ge particles were 

uniformly distributed when collected at locations away from the 

center region.  As the helium pressures were decreased from 0.1 to 

0.01 Torr, the average sizes of Ge particles were decreased (11.5 

nm, 4.5 nm and 1.5 nm), as shown in Fig. 4(b), 4(c) and 4(d), 

respectively.   

 

 
Fig. 4. TEM images of Ge particles collected in He pressure of (a) 

1 Torr, (b) 0.1 Torr, (c) 0.05 Torr and (d) 0.01 Torr. 

 

In Fig. 5, different magnetizations were shown in the M-H loops 

of above four samples (a - d, corresponding to the four samples in 

Fig.4, from Fig. 4(b) to Fig. 4(d)).  The magnetization of these 
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samples was affected by both the size and the density of Ge 

nanoparticles.   

 

 
Fig. 5. M-H loops of different magnetizations of Ge particles (in-

let is the enlarged loops at small fields). 

 

By co-sputtering, Ge nanoparticles have been mixed into other 

different matrix materials, such as Al, Cu, Sb, Bi and SiO2, and the 

magnetic properties have been investigated.  The magnitudes of 

the saturation magnetization in these samples were much smaller 

than other methods, but the largest saturation magnetizations were 

always measured in samples with smaller sizes and higher 

densities of Ge nanoparticles.  The ferromagnetism always 

disappeared if large Ge particles or Ge continuous films were 

formed.  The detail will be discussed elsewhere.  The room-

temperature ferromagnetism was attributed to the magnetic 

coupling among Ge nanoparticles, in which magnetic moments in 

Ge nanoparticles might arise from the size effect however both the 

defect and surface effects might also be included.   

  

4. Conclusions 

Magnetic properties in Ge nanoparticles fabricated with 

different methods have been discussed.  The magnetic 

moments in the Ge particles were determined by the size 

and the nanostructure.  The measured room-temperature 

ferromagnetism was determined by the magnetic coupling 

among Ge nanoparticles which was affected by the inter-

particle distance or the density of the nanoparticles. 
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