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ABSTRACT An analytical model of metasurfaces made of a rectangular array deposited on a low thickness 
(10-150 µm) grounded dielectric layer is presented. The surface impedance and the equivalent circuit are 
extracted from full wave simulations. Contrary to previous works on higher thickness metasurfaces, the 
absorption corresponds to the first resonance under the patch. The equivalent circuit is made of a parallel 
resonant RLC circuit in series with an inductance Ls. The analytical expressions of the RLC components and 
of the quality factors are established from the study of the influence of the different parameters. The 
inductance Ls is attributed to the non-metallized part of the mesh. The impedance of the resonant circuit 
expresses as the product of a proportionality factor, the impedance of a single patch and a periodicity factor. 
The model is validated on different examples. Specific properties are evidenced like the quasi-independence 
of the equivalent circuit resistance versus the length of the patch, the total absorption condition and the 
extension of the model to a two patches metasurfaces. Giving a better understanding of the role of the different 
parameters, the model is useful in view of new applications development notably electrically driven tunable 
metasurfaces. 

INDEX TERMS metasurfaces, fully analytical model, rectangular patch, rectangular mesh, absorbers, high 
impedances surfaces, low thickness substrate.

I. INTRODUCTION 
ETASURFACES are thin (2D) metamaterials 
consisting of periodic or non-periodic arrangement of  

identical or distinct planar electromagnetic  microstructures. 
This structuration of the surface gives them specific properties 
for the control and the manipulation of the scattering of 
electromagnetic waves [1]- [3]. A large variety of structures 
covering a large field of applications from microwaves to 
optics through THz frequencies [4]- [6] were developed like 
for example frequency selective surfaces (FSS) [7]- [10], high 
impedance surfaces (HIS) [11]- [19], thin and perfect 
absorbers [20]- [24].  
The rise of wireless telecommunications has generated 
growing interest in tunable and reconfigurable metasurfaces 
[25]- [26]. Such devices can be made tunable in order to 
adjust their working frequency; in this objective, one 
solution consists to use active materials with properties that 
can be modified by applying an external action. Nematic 
liquid crystals are one of this materials type [27]. In fact, 
inserted between two close electrodes (thickness in the range 
5 to several hundred µm), their permittivity can be 
continuously driven with an external electric field of 
moderate amplitude (0.1 V/µm). These materials have been 
experimented as promising active materials in tunable 
microwave and millimeter devices and applications [28]-
[31]; they present other advantages like a low microwave 
permittivity ( ), an available implementation 

technology including flexible substrates and a reduced turn-
off response time at low thickness. In order to analyze the 
behavior of liquid crystal based metasurfaces, it’s important 
to develop models considering the low thickness of such 
structures.  
In the present paper, we propose an analytical model for low 
thickness periodic patch array metasurfaces. Such structures 
were largely studied [11]- [23] notably after the work of D. 
Sievenpiper [11]- [13] proposing their use as high impedance 
surface (HIS). In these different works, the effective circuit 
model is a parallel LC circuit (excepted in [22] where a RLC 
series circuit is used for the patch array giving similar 
behaviors) corresponding to the resonance appearing at the 
gap between two neighboring patches (Fig. 5.1.2 of [11]). 
The analytical model based on the averaged expressions for 
FSS impedance is sufficiently accurate only for thick 
dielectrics [14], [16], [32]; this results from the assumption 
that only the fundamental-mode plane wave propagates 
between the array and the ground [16]- [17].  
In the case of low/very low thickness, the resonance occurs 
under the patch and the electric field is orientated 
perpendicular to the ground plane in this part (TM mode). 
Few studies have concerned this case [33] for which previous 
models don’t apply. 
The main originality of this work is to propose an analytical 
expression of each RLCLs circuit elements as a function of 
the geometrical (l, w, t, pl, pw) and substrate (e’, tgd) ' 3»e
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parameters. No previous simulation is necessary. To our 
knowledge, such a model has never been proposed. The total 
absorption condition as a function of the different parameters 
is also deduced. The choice of rectangular patches and/or 
mesh offers an additional degree of freedom (patch width, 
transversal period) for the metasurface properties adjustment 
to specifications [34]. Analytical models [16], [35]- [37] tend 
to drastically reduce the calculation time and lead to a better 
insight and understanding on the device operation and on the 
influence of the different parameters. This is useful to guide 
the configuration of the device. As previously mentioned, the 
analytical modelisation of low thickness metasurfaces is of 
interest as such metasurfaces allow the electrical driving of 
active materials (LC, thin film ferroelectrics ...) and offers a 
possibility to design tunable metasurfaces. 

II. MODELIZED STRUCTURE 
The studied metasurface is a 2-D periodic distribution of 
rectangular metal patches on a thin and low losses dielectric 
layer (permittivity e’, dielectric losses factor tgd = e”/e’, e” 
dielectric losses) short-circuited by a ground plane (Fig. 1). 
The mesh is also rectangular. The incident electromagnetic 
wave is considered at normal incidence and polarized along 
the length l of the patch (Ox axis). 
 

 
 

FIGURE 1. (a) General view of the modeled structure, (b) The unit cell 
(structure mesh). The structure dimensions are the width w, the length l of the 
patch (along the field direction) and the periods pw and pl of the array. The 
parameters t, e’, tgd = e”/e’, e” represent respectively the thickness, the real 
permittivity, the dielectric losses factor and the dielectric losses of the dielectric 
substrate. 
The metasurface is characterized by the reflection coefficient 
S11(F) and the surface impedance Z(F) in the input plane (z 

= 0). These two quantities are connected via the classical 
formula: 

          (1) 

where Z0 represents the impedance of free space. Each patch 
constitutes with the ground plane and the dielectric substrate 
a micro-strip line of length l (Fig. 1.b) which behaves as a 
resonator. It is known that the incident electric field induces 
a charge distribution on the surfaces of the patch as well as 
on the ground plane resulting in an electric field under the 
patch orientated along the Oz direction [33], [40]- [42]. This 
electric field is reinforced with the small thickness t of the 
dielectric substrate. Such a configuration is favorable to TM 
modes propagation under the patch along Ox. These modes 
are reflected at each edge of the patch and a standing wave 
is formed. As a consequence, resonance phenomena appear 
at specific wavelengths lRn and frequencies FRn [40], [41]:  

     (2) 

Where c is the celerity, n is a whole number, and leff are 
respectively the effective permittivity and the effective 
length of the patch. These effective parameters are 
introduced to consider the fringing effects and the dispersion 
of the micro-strip line (see VIII. Appendix). At the resonance 
frequencies, the signal phase shift after a round trip of length 
2leff is a multiple of 2p so the wave comes back in phase. In 
this work, only the first resonance (n = 0) will be considered: 

 (3) 

At the vicinity of each resonance, the modulus of the 
reflection coefficient can strongly decrease or not depending 
of losses. In case of no losses, no absorption is observed 
whereas the phase of the reflection coefficient goes abruptly 
from +p to -p. The metasurface behaves as an HIS [10]- [17] 
known as artificial magnetics conductors (AMCs) and to 
reduce effects of surface waves. Such structures are used as 
ground planes for antenna performance improvement and 
miniaturization and also to improve computational 
efficiency. 
In case of dielectric/metallic losses, at the vicinity of the 
resonance, a part of the power is dissipated and the 
metasurface behaves as an absorber. A total absorption 
(perfect absorber) can also be obtained [23], [24], [33], [38]. 
Wideband and perfect absorbers were achieved using 
respectively the intrinsic loss of commercial substrates, 
lumped resistors or thin conductive inks [22].  
The frequency tunability of such structures can be achieved 
using an electrically active material as the dielectric substrate 
and adding non-perturbing interconnections for the control 
of the substrate permittivity. Such tunable metasurfaces are 
interesting from applications point of view. 
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III. REFLECTION COEFFICIENT AND SURFACE 
IMPEDANCE FROM FULL WAVE SIMULATIONS 
In this section, the reflection coefficient S11(F) in the input 
plane is obtained from full wave simulations using 
COMSOL software based on the finite elements method. For 
these simulations, PEC and PMC limit conditions were used. 
The surface impedance Z(F) is then calculated from the 
reflection coefficient S11(F) using (1). An example of typical 
frequency behavior for the reflection coefficient and the 
surface impedance is given respectively in Fig. 2 and Fig. 3. 
For this example, the first ( ) resonance frequency FR0 = 
34.25 GHz ( =2.95, leff = 2.55 mm) is in the middle of the 
Ka band. The substrate thickness is very low (t = 50 µm) 
compared to the wavelength in the dielectric substrate (l/ld 

> 100 with ld=l0/  where ld represents the wavelength in 
the dielectric substrate). The dielectric losses are low (tgd = 
0.014). The metallic losses are not considered in this work 
(infinite conductivity of the metal parts). At low and high 
frequencies, the metasurface behaves as a reflector (S11(F) » 
-1, Fig. 2a). A minimum of the reflection coefficient modulus 
is observed at the frequency noted FRp = 34 GHz (|S11|min = -
11.8 dB, Fig. 2b, 
index p for parallel resonance) near FR0 (-0.76%,). This 
behavior can be attributed as previously described to the first 
resonance under the patch. The resonance phenomenon is 
confirmed by the polar plot of the reflection coefficient 
S11(F) which describes a circle (Fig. 2a). 
Concerning the surface impedance Z(F), its imaginary part 
(Fig. 3a) anneals (Z(F) real) and changes sign two times in 
the studied frequency range: at the frequency FRp and at a 
higher frequency noted FRs = 37.8 GHz (index s for series 
resonance). The impedance is inductive at low and high 
frequencies (Im(Z(F)) > 0) and capacitive between FRp and 
FRs (Im(Z(F)) < 0). At FRp, Re(Z(F)) is maximum whereas it 
is minimum at FRs. These behaviors are characteristic 
respectively of a parallel resonance at FRp and of a series 
resonance at FRs of the surface impedance. Such curves were 
already reported [32], [33] notably for dielectric resonators 
[38]. 

IV. EQUIVALENT CIRCUIT AND DATA EXTRACTION 
METHOD 
From these previous results, the equivalent circuit presented 
in Fig. 4 is proposed to model the surface impedance Z(F) of 
the metasurface. It is constituted of a RLC resonant circuit in 
series with an inductance Ls (index s for an inductance in 
series with the RLC parallel circuit). This electrical circuit 
exhibits the previously found properties: the circuit is 
inductive at low and high frequencies,  

 
 
FIGURE 2 (a) Polar plot (b) modulus (blue curve) and phase (red curve) of the 
reflection coefficient S11(F) versus frequency (l = w = 2.5 mm, pl = pw = 5 mm, 
t = 50 µm, e’ =3, tgd = 0.014). FRp and FRs are the parallel and the series 
resonance frequencies.  
 
it exhibits a parallel resonance (FRp) and a series resonance 
obtained with the inductance Ls. Moreover, each part of the 
proposed equivalent circuit is connected with a part of the 
structure (Fig. 1b) and has a physical meaning. Considering 
a mesh (pl, pw) of the structure, the RLC parallel circuit 
represents the part comprising the patch, the 
dielectric layer and the ground plane. This circuit traduces 
the resonance phenomenon that occurs under the patch as 
mentioned in the section II. A parallel RLC circuit was 
already proposed in the literature for patch antennas or 
metasurfaces [40]- [42]. The Ls inductance represents the 
complementary part of the mesh which is not metallized. As 
the dielectric presents low losses and low thickness 
compared to the wavelength, it is coherent to find this part 
equivalent to a low inductance Ls (section V.B).  
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FIGURE 3 Frequency evolutions of (a) the resistance (blue curve) and the 
reactance (red curve), (b) the modulus (blue curve) and the phase (red curve) 
of the surface impedance Z(F) (l = w = 2.5 mm, pl = pw = 5 mm, t = 50. µm. e’ 
=3, tgd = 0.014). FRp and FRs are the parallel and the series resonance 
frequencies. 
 
The surface impedance of the mesurface is the sum of the 
impedances of each part : 

 (4) 

The RLC circuit impedance ZRLC(w) = RRLC(w) +j XRLC(w) 
expresses as follow where the resonance angular frequency 
wRLC and the quality factor QRLC were introduced : 

 (5) 

   (6) 

 
FIGURE 4. Equivalent circuit of the surface impedance Z(F) of the 
metasurface. 

 (7) 

 represents also the dissipative quality factor Qd of the 
metasurface [37], [38] which depends on the effective 
dielectric losses factor tgdeff.  
The expression (5) simplifies at the vicinity of the resonance 
frequency [41]: 

  (8) 

The resistance RZ(w) of the impedance surface equals this of 
the RLC circuit and the Ls inductance modifies the reactance 
XZ(w) : 

 (9) 

 (10) 

The resonance frequency pulsation wRLC is the pulsation at 
which the resistance RZ(w) is maximum. This resistance 
equals to the resistance R of the equivalent circuit (9). At 
w=wRLC, the surface impedance Z(wRLC) writes : 

  (11) 

The imaginary part of this impedance gives the inductance 
Ls : 

   (12) 

To determine the inductance L and the capacity C, the 
impedance ZRLC(w) is first deduced from Z(w) in subtracting 
of the impedance of the Ls inductance. Then, the quality 
factor QRLC of the RLC circuit is obtained from (13) where 
the frequency bandwidth DFZ corresponds to a decrease of 
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 of -3 dB around its maximum value 

: 

   (13) 

The inductance L and the capacity C are then deduced using 
(7). 
The parallel wRp and serial wRs resonance angular frequencies 
can be expressed as a function of the circuit elements in 
considering that at the resonances, the reactance XZ(w) of the 
equivalent circuit vanishes. The relation (14) gives the 
analytical expression of XZ(F) establihed from (10) : 

 (14) 

A study of the influence of last term of the numerator of (14) 
shows that this term can be neglected. In this case, 
introducing the parallel wRp and the series wRs resonance 
angular frequencies, the reactance and the resistance of the 
surface impedance XZ(w) become: 

  (15) 

 (16) 

where   (17) 

   (18) 

These resonance frequencies can also be determined in 
numerically solving XZ(F) = 0. 
The different steps of the data extraction for the previous 
example are detailed in Table I. Let’s notice that as predicted 
the difference between FRLC and FRp is not significant. The 
effective dielectric losses tgdeff obtained from the dissipative 
quality factor Qd is near of tgd.  
The Fig. 5 presents the results obtained for the previous 
example of Fig. 2 and 3. The simulated and extracted data 
for the reflection coefficient and the surface impedance are 
compared showing that the curves superimposes with a good 
accuracy in all the frequency range. The case Ls = 0 is also 
presented showing that the series resonance frequency 
becomes infinite. 
 

TABLE I. Different Steps of the Data Extraction and Extracted Data for the 
Example in Fig.2 and Fig.3. 
 

Steps Extracted data 

Full wave simulation 
S11(F) 

Z(F) = RZ(F) + j XZ(F) 

Numerical solving of 

XZ(F) = 0 

FRp = 33.98 GHz 

FRs = 37.8 GHz 

Extraction of RZ(F)max 

coordinates 

FRLC = 33.98 GHz 

R = 223.6 W 

XZ(FRLC) = LswRLC  

 
DFZ = 454 MHz 

QRLC = Qd = 74.8 

tgdeff = 1/Qd = 0.0133 

Qd = RCwRp C = 1.56 pF 

 L = 14 pH 

  

 Qr = 126.1 

 Qt = 46.95 

 
The reflection coefficient S11(F) of the metasurface 
expresses as follow (4) : 

  (19) 

Using (8), this expression simplifies at the vicinity of the 
coefficient obtained at wRp, Qr and Qt are respectively the 
radiative and the total quality factors of the metasurface 
[40,41]: 
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FIGURE 5. Comparison between Simulated (full lines) and Calculated Data 
(point markers) for (a) the Polar Plot of the Reflection Coefficient S11(F) as a 
function of frequency, (b) the Resistance RZ(F) = RRLC(F) (blue curve), the 
Reactance XZ(F) (red curve) and the Reactance XRLC(F) (green dashed lines, 
case Ls = 0) (h = w = 2.5 mm, pl = pw = 5 mm, t = 50 µm, e =3, tgd = 0.014). 
 
The relation (20) shows that, contrary to the impedance Z(F), 
the reflection coefficient S11(F) is connected with the total 
quality factor Qt and to S11min. The case of total absorption 
can be studied using these relations. The total absorption 
(S11min = 0) is obtained for R = Z0. In this case, the radiative 
quality factor Qr becomes equal to the dissipative quality 
factor Qd and the different quality factors and the absorption 
bandwidth expresses as follow [39] : 

   (24) 

   (25) 

 

V. FULLY ANALYTICAL MODEL OF A RECTANGULAR 
PATCH ARRAY METASURFACE 
The next steps are to study the evolutions of the circuit 
elements values as a function of each geometrical and 
substrate parameters and to establish the analytical 
expressions of the circuit elements. For that, a large set of 
full wave simulations was carried out varying one single 
parameter around the values of the previous example. The 
values of the circuit elements were then extracted (previous 
section) and their evolutions as a function of each parameter 
were analyzed. The results about the R, L and C elements 
connected with the patch structure (section A) are first 
discussed and then those about the inductance Ls (section B). 
 
A. ANALYTICAL EXPRESSION OF THE RLC CIRCUIT 
ELEMENTS 
 
The evolutions of the R, L and C elements values as a 
function of the different parameters are reported in Fig. 6. 
The analysis of the results allows to distinguish four types of 
evolution as a function of the parameters: independent, 
linear, inversely linear and 1/square root evolutions as a 
function of the parameter (Table II). From these results, it is 
possible to give a first expression of the circuit elements 
where the vacuum permittivity, permeability and 
characteristic impedance were introduced: 

  (26) 

   (27) 

  (28) 

The coefficients kL, kC and kR are proportionality factors to 
determine. The following relations between the coefficients 
are obtained using the expressions of the resonance pulsation 
wRp (17), the dissipative quality factor Qd (7) and the relations 
(26)-(28): 

 (29)

   (30) 

Two other relations can be obtained with the dissipative 
quality factor expressions (7) but they are not independent of 
(29) and (30): 
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FIGURE 6 Evolutions of the RLC elements values as a function of the 
geometrical and dielectric substrate parameters: (a) thickness, (b) patch 
height, (c) patch width, (d) and (e) periods, (f) permittivity, (g) losses factor, 
extracted data from full wave simulations (markers), calculated data from (36)-
(38) (dashed  lines). 
 
TABLE II Different Evolutions of the Equivalent Circuit Elements as a function 
of the Geometrical and Dielectric Substrate Parameters (- for independent of 
the parameter). 
 
Parameters R L C 
t t t 1/t 
l - l l 
w w w 1/w 
Pl 1/pl 1/pl Pl 
pw 1/pw 1/pw pw 
e’  -  '

eff1/ e
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tgd 1/tgdeff - - 
To determine the coefficients kL, kC and kR, (26)-(28) are first 
rewritten using (29),(30) to keep only one coefficient k: 

  (32) 

   (33) 

  (34) 

The value of this coefficient is adjusted to obtain the best fit 
between the extracted and the calculated circuit elements 
data all together. The following values of the different 
coefficients are obtained: 

 (35) 

Finally, for the first resonance, the expressions of the R, L 
and C circuit elements of the analytical model are the 
following : 

  (36) 

   (37) 

  (38) 

The elements circuit values calculated using (36)-(38) are 
compared to those extracted from full wave simulations in 
Fig. 6. A satisfying agreement between the data is obtained. 
These analytical expressions are sufficient to define the 
equivalent circuit of rectangular patch and/or mesh 
metasurfaces and so to determine their characteristics (the 
analytical expression of the Ls inductance is discussed in the 
next section V.B). These expressions can be used to predict 
the influence of the different parameters on their frequency 
behavior and to perform frequency simulations. A 
complementary validation of the model is given in section 
VI. These expressions can be completed with those 
previously given of the parallel resonance angular 
frequency/frequency (17), (29) and of the different quality 
factors Qd (7), Qr (22) and Qt (23). The radiative Qr and total 
Qt quality factors can be expressed as a function of the 
geometry: 

 (39) 

 (40) 

As already mentioned, the parallel RLC resonant circuit 
corresponds to the part made of the patch, the dielectric 
substrate and the ground plane. At this step, in view to 
explain the origin of these expressions of the circuit elements 
(36)-(38), it is interesting to consider the equivalent electrical 
circuit of a single patch as the parallel association of an 
inductance Lpatch, a capacity Cpatch and a resistance Rpatch and 
to introduce their expressions in these of R, L and C. These 
expressions are: 

    (41) 

   (42) 

 (43) 

where seff(wRp) represents the effective conductivity of the 
dielectric substrate (43). At the difference of Lpatch and Cpatch 
and due to the conductivity seff(w), the resistance Rpatch is 
frequency dependent. The value taken for Rpatch is that 
obtained for the parallel resonant angular frequency wRp (29).  
Let’s also notice that, the capacity Cpatch (42) and the 
resistance Rpatch (43) verify the relations (44) and (45) which 
apply to an empty capacity C0 filled with a lossy dielectric: 

  where   (44) 

  (45) 

The expressions (41), (42) can be introduced in the first 
expressions of L and C (37), (38): 

  (46) 

   (47) 

For the resistance R, introducing the parallel resonance 
angular frequency (29), the expression of Rpatch (43) 
becomes: 

 (48) 

Finally, the expression of R is obtained after the introduction 
of the expression (48) in (36) : 

  (49) 

The analytical expressions of the R, L and C elements are 
made of three parts: the proportionality factors kL, kC and kR 
and two other terms connected respectively with the patch 
and the periodicity of the metasurface. From (46), (47) and 
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(49), the periodicity factors would be  for the 

inductance and the resistance,  for the capacity C. As 

the surface impedance is considered, it is logical to find 
similar periodicity factors for the inductance ( ) and 
the resistance ( ) and a reversed periodicity factor for 
the capacity( ). However, these expressions are 
not in agreement with those proposed by different authors 
[23] where the periodicity factor is defined as the ratio of the 
surfaces of the considered part and of the mesh. For the 
patch, the periodicity factors would be  for R and L 
and  for C. A more complete study of the patch 
behavior under the incident electric field could explain this 
discrepancy. Similarly to Rpatch and Cpatch, the analytical 
expressions of the resistance R (49) and the capacity C (47) 
verify the relations (44) and (45): 

 where   (50) 

   (51) 

 
B. ANALYTICAL EXPRESSION OF THE Ls INDUCTANCE 
 
The evolutions of the extracted values of the inductance Ls 
are reported in Fig. 7 and the different observed evolutions 
as a function of the different parameters are grouped in Table 
III. Only two types of evolution are clearly observed: linear 
evolution of the inductance Ls as a function of the thickness 
t and of the patch geometry (Fig. 7a, 7b) and independence 
of Ls as a function of the substrate parameters (Fig 7d). The 
evolutions of the inductance Ls as a function of the periods 
are not obvious (Fig 7c). Moreover, similar values of Ls are 
obtained for the length l and the width w of the patch, the 
periods pl and pw and also the permittivity e’ and the losses 
factor tgd (Fig. 7b, 7c and 7d). From these results, an 
analytical model was developed giving the expression of the 
Ls inductance and completing the previously presented 
model of the patch. The basic assumption is that the Ls 
inductance is connected with the non-metallized part of the 
mesh. This part is made of the dielectric layer and the ground 
plane. The behavior of such a configuration is well known: a 
part of the incident wave (polarized along Ox) propagates in 
the dielectric substrate where a standing wave appears 
resulting of multiple reflections at the interface air-dielectric 
and on the ground plane establishes. The relation giving the 
surface impedance noted Zd (d for dielectric) is [39]: 

 

 
 

 

 

 
FIGURE 7 Evolutions of the Ls Inductance Values Extracted from Full Wave 
Simulations as a function of the Different Parameters: a) thickness b) width and 
height of the patch c) periods d) permittivity and losses factor, extracted data 
from full wave simulations (markers), calculated data from the model (dashed 
curves). 
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TABLE III Different Evolutions of the Ls Inductance as a Function of the 
Geometrical and Material Parameters (- for independent of the parameter). 
 

Parameters Ls 

t t 

l, w, linearly decreasing 

pl,pw undefined 

e’, tgd - 

 (52) 

In our specific case of low thickness and low losses of the 
substrate, the relation (52) simplifies and the surface 
impedance reduces to a surface inductance Ld depending 
only of the thickness t of the substrate: 

 (53) 

As previously observed for the R, L and C elements (section 
V.A), for a periodic array metasurface, it is necessary to 
introduce the periodicity factor which is here the ratio of the 
surfaces of the non-metallized part (plpw-leffw) and of the 
mesh (leffw). Finally, the surface inductance of the non-
metallized part is expressed as: 

 (54) 

The predicted values of the inductance Ls (54) are reported 
in Fig. 7 (dashed lines). The predicted evolutions of the Ls 
inductance agree with those found from full wave 
simulations. The relation (54) explains the evolutions of the 
Ls inductance as a function of all the parameters. However, a 
discrepancy is observed about the values of the Ls inductance 
which are all higher than the calculated ones of a value DLs 
of about 12 pH. This shift slightly decreases when one of the 
periods increases, has a reversed behavior with the patch 
dimensions and does not depend on the permittivity and the 
dielectric losses. An additional inductance would exist at the 
surface of the non-metallized part of the metasurface. In 
particular, it is not possible to confirm if the inductance Ls 
tends to zero at very low thickness. 
Up to date, we have no clear explanation to propose about 
this additional inductance. A capacitive mutual coupling also 
exists between neighboring patches resulting in an additional 
capacity. This capacity is in parallel with the inductance Ls 
and increases the apparent value of the inductance Ls. The 
value of this capacity can be estimated using the following 
relation established in [16] for square patches where g and p 
represent respectively the gap between two patches and the 
period:  

  (55) 

The application of this relation to the example of section III 
(g = 2.5 mm) gives C = 10 fF. This value becomes 150 fF for 
g = 10 µm. So, this capacity is found too small to create the 
observed shift of the Ls inductance value and the capacitive 
mutual coupling between neighboring patches is negligible. 
Other possibilities could be an additional inductance due to 
higher order evanescent modes [41] generated by the 
incident wave at the air-substrate interface or an inductive 
coupling effect between adjacent patches. 

 VI. VALIDATION OF THE MODEL AND APPLICATIONS 
 
A. VALIDATION OF THE MODEL ON DIFFERENT 
STRUCTURES 
 
In order to validate the model, the previous example and 
three structures with different geometry were studied. The 
results of the different COMSOL simulations and of the 
model are reported in Table IV. Compared to the example, 
the thickness is lower (25 µm) for the structures 1 and 2 and 
higher (120 µm) for the structure 3. The patches and the 
meshes are also rectangular (except structure 1 which has a 
square patch).  
To take into account the fringing and the dispersion effects 
(see VIII-Appendix), the resonance frequencies and the 
circuit capacity and resistance are calculated for three 
different values of the permittivity: the substrate permittivity 
e’, the low frequency eff ective permittivity  and the 
permittivity taking into the dispersion [42]. The 

extension of the patch length Dl is also considered with the 
effective length leff [40], [41]. 
Concerning the parallel resonance frequency, lower 
deviations between simulated and calculated data are 
obtained using e’ or  permittivities. For the R, L and 
C circuit elements values, higher deviations are observed 
(maximum value 8.8 % for the resistance R). These results 
are satisfying if we consider that these results include 
possible errors introduced by full wave simulations and by 
the effective permittivity values. For the inductance Ls, the 
previously discussed shift in section V.B is observed. 
 
B. VALIDATION OF THE MODEL WITH A TWO PATCHES 
STRUCTURE 

The model assumes that the equivalent circuit of the 
metasurface is made of the series connection of the 
equivalent circuit of each part of the mesh that are the patch 
and the non-metallized part of the mesh. To verify  
this, we propose to apply the model to a two patches 
metasurfaces. In this case, the expression (4) becomes: 

 (56) 

Where  and  are the impedances of each 
patches (patch1 and patch2). The circuit elements 
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TABLE IV Comparison of the COMSOL Simulated Data (in red) and the Model 
Predictions (in blue) for Different Structures and Relative Errors in orange. 
 

Example 
t 
(µm) 

l (mm) 
leff 
(mm) 

w 
(mm) 

pl 
(mm) 

pw 
(mm) e’  tgd 

50 2.5 2.55 2.5 5 5 3 0.014 
 COMSOL Analytical model 

   

FRp 33.98 33.97 (-0.03) 34.57 (1.7) 34.25 (0.8) 
R 223.6 217.75 (-2.62) 221.55 (-0.92) 219.55 (-1.8) 
L 14 14.28 (2.0) 
C 1.56 1.54 (-1.28) 1.49 (-4.49) 1.51 (-3.2) 
Ls 58.8 46.82 
Structure 1 
t 
(µm) 

l (mm) 
leff 

(mm) 
w 
(mm) 

pl 
(mm) 

pw 
(mm) e’ tgd 

25 2.5 2.52 2.5 5 4 4 0.02 
 COMSOL Analytical model 

   

FRp 29.75 29.72 (-0.1) 30.03 (0.9) 29.87 (0.4) 
R 80.41 82.5 (2.6) 83.37 (3.7) 82.92 (3.1) 
L 8.33 8.84 (6.1) 
C 3.44 3.25 (-0.1) 3.18 (-7.6) 3.22 (-6.4) 
Ls 32.59 21.51 
Structure 2 
t 
(µm) 

l (mm) 
leff 
(mm) 

w 
(mm) 

pl 
(mm) 

pw 
(mm) e’ tgd 

25 2.0 2.02 4 4 6 4 0.02 
 COMSOL Analytical model 

   

FRp 36.91 37.06 (0.4) 37.11 (0.5) 37.31 (1.1) 
R 105.26 110 (4.5) 110.15 (4.6) 110.74 (5.2) 
L 8.82 9.45 (7.1) 
C 2.11 1.95 (-7.6) 1.95 (-7.6) 1.93 (-8.5) 
Ls 32.26 20.82 
Structure 3 
t 
(µm) 

l (mm) 
leff 
(mm) 

w 
(mm) 

pl 
(mm) 

pw 
(mm) e’ tgd 

120 2.0 2.11 3 4 6 4 0.02 
 COMSOL Analytical model 

   

FRp 35.66 35.52 (-0.4) 36.77 (3.1) 35.87 (0.6) 
R 434.3 396 (-8.8) 409.9 (-5.6) 399.9 (-7.9) 
L 35.83 35.48 (-1.0) 
C 0.56 0.57 (1.8) 0.57 (1.8) 0.53 (-5.4) 
Ls 126 111 
 
expressions  are those previously established in section V.A 
(36)-(38). The expression of the Ls inductance becomes: 

  (57) 

It is expected to observe two absorptions in the studied 
frequency range. For comparison, COMSOL simulations 
were performed for the Metasurfaces comprising the two 
patches (patch1 and patch2), the patch1 only and the patch2 
only. Patches are square with different sides: l1 = w1= 2.5 mm 
and l2 = w2 = 2.2 mm. All other parameters are similar to 
these of the previously studied example. The modulus of the 
reflection coefficients as a function of the frequency are 

compared in Fig.8 for the different structures. The model 
predictions are also reported (56), (57). From Fig.8, we can 
notice a good agreement between simulated and calculated 
data showing the validity of the model. The resonance 
frequencies observed with the model are slightly higher than 
the simulated ones (maximum deviation + 1.7%). A reversed 
behavior is observed for the maximum absorptions 
(maximum deviation -0.5 dB).  
The use of several different patches in the periodic mesh is 
of interest in view of applications for example absorbers. 
Such structures allow to consider several different 
absorptions (absorption frequency and absorption level) in a 
given frequency range. These absorptions can be chosen 
narrow and spaced to select specific frequencies or 
juxtaposed to broaden the absorption frequency band. 
 
C. APPLICATION TO PERFECT ABSORBERS 
 
The model predicts that the resistance R does not depend on 
the patch length (relation (36)). Only a slight decrease is 
observed from full wave simulations (Fig. 6b). On the other 
hand, the resistance R increases linearly with the patch width 
(Fig. 6c). So, acting on these 2 parameters, it is possible to 
adjust independently the resonance frequency and the 
absorption level of the metasurface. This property has been 
used for patch antennas design. The total absorption 
condition is obtained from relation (36) in the case R = Z0: 

   (58) 

All the parameters of relation (58) can be used to obtain the 
total absorption alone or with others. In particular, it can be 
obtained by adjusting the width w of the patch (rectangular 
patch). The optimum width value wopt to obtain the total 
absorption is deduced from the relation (58): 

   (59) 

As an example, we propose to change the width of the 
previously studied two patches metasurface to obtain two 
total absorptions in the studied frequency range. As 
expected, the relation (59) gives similar values of the width 
for the patch’s length: 
 

wpatch1 = 4.18 mm     wpatch2 = 4.12 mm (60) 
 
The COMSOL simulation and the model predictions of the 
modified metasurface are presented in Fig. 9. These results 
show that, as predicted, the structure has now become a two 
patches structure with two total absorptions.  

VII. CONCLUSIONS 
 
This work presents a fully analytical circuit-based model of 
low thickness and rectangular patch/mesh metasurfaces.  
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FIGURE 8 COMSOL simulated |S11(F)|dB for the two patches (blue line), patch1 
only (yellow squares), patch2 only (green crosses) metasurfaces, the model 
predictions for the two patches metasurface (red line), (h1 =w1 = 2.2 mm, h2= 
w2 = 1.7mm, pl = pw = 5 mm, t = 50 µm, e’ =3, tgd = 0.014). 

 

FIGURE 9 COMSOL simulated |S11(F)|dB for the total absorbing two patches 
metasurface (blue line), the model predictions (red line) and the previous two 
patches metasurface (yellow dashed line), (h1 = 2.2 mm, w1 = 4.18 mm, 
h2=1.7mm, w2=4.12 mm, pl = pw = 5 mm, t = 50 µm, e’ =3, tgd = 0.014). 
 
The model is elaborated in two steps on the basis of full wave 
simulations (wave simulations (COMSOL software). First, 
the surface impedance and the equivalent circuit are deduced 
from the frequency evolution of the reflection coefficient. 
Secondly, the analytical expressions of the circuit elements 
were established from the analysis of their evolutions as a 
function of the geometrical and substrate parameters. The 
expressions of the quality factors are also obtained. Contrary 
to previous works on such metasurfaces with higher 
thickness, the absorption corresponds to the first resonance 
under the patch which behaves as a resonator and the electric 
field is orientated perpendicular to the incident electric field. 
The equivalent circuit is a parallel RLC resonant circuit in 
series with an inductance Ls. The parallel RLC circuit 
represents the part comprising the patch, the dielectric layer 
and the ground plane. The impedance of this resonant circuit 
expresses as the product of a proportionality factor, the 
impedance of a single patch and a periodicity factor. The Ls 

inductance is connected with the complementary part of the 

mesh. Its value depends of the dielectric layer thickness and 
of a periodicity factor. 
The model is validated on different examples which a two 
patches metasurface. Specific properties are evidenced like 
the influence of the periodicity, the quasi-independence of 
the equivalent circuit resistance versus the height of the 
patch, the possible extension of the model to multi-patches 
structures. The total absorption condition is established and 
an example of application is given adjusting the width of the 
patch. This model is useful in view of new applications 
development notably electrically driven tunable 
metasurfaces which need low thickness. 

VIII. APPENDIX: ANALYTICAL EXPRESSION OF THE 
EFFECTIVE PARAMETERS OF THE MICROSTRIP LINE 
 
The effective parameters of the microstrip line introduced in 
the model are the effective length leff of the patch, the 
effective permittivity and the effective losses factor tgdeff. 
They are involved in key quantities such as the parallel 
resonance frequency FRp (6,33) and the R, L and C elements 
of the equivalent circuit (39-41). They are introduced to 
consider the fringing effects occurring in the cross section (

) and at each edge of the patch (edge effects, leff). There 
have been numerous investigations to establish analytical 
expressions of these parameters [40-46]. We have retained 
the expressions (60-67). The expressions (61), (62) give the 
effective length of the microstrip line [40-41]. The increase 
of the length Dl depends on the permittivity and the thickness 
of the substrate and on the width of the patch. The model 
needs also the value of the effective permittivity at the 
resonance frequency FRp. This calculation is made in two 
steps. First, the low frequency effective permittivity  
and the characteristic impedance Zc0 of the microstrip line are 
obtained from relations (63) which only apply in the case of 
a substrate thickness lower than the width of the patch [42]. 
As the frequency increases, the dispersion phenomenon 
appears [43-45]. The effective permittivity increases with 
frequency to be equal to the permittivity of the substrate at 
very high frequency. So, secondly, the dispersion is 
considered with the model of Hammerstad-Jansen [46] 
which is qualified of simple and accurate. The permittivity 

 is determined using relations (63)-(66) [42]. In this 
model, the frequency Ft represents the cutting frequency of 
the first mode. 

   (61) 

  (62) 
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  (63) 

    (64) 

  (65) 

The effective dielectric losses factor tgdeff can be evaluated 
in extending the relations (63-65) to the case of a complex 
effective permittivity. For that the permittivity e’ is replaced 
by the complex permittivity e* = e’-je” in these expressions 
[47]. The effective dielectric losses are then calculated using 
(66) and (67). In our case, the deviation between tgdeff and 
tgd is found very small.  

 (66)  (67) 
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